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INTRODUCTION

Samuel B. Trickey
Quantum Theory Project
Depts. of Physics and of Chemistry
University of Florida
Gainesville, Florida 32611

From the earliest days of modern quantum mechanics, the notion that the density
ought to have a central role in many-Fermion systems has been unrelentingly appealing.
The initial manifestation of this siren song was Thomas-Fermi theory/1,2/. As Lieb has
shown/3/, TF theory is one of the two limiting cases (the other being the hydrogenic atom)
in which simple, exact resuits about a Fermion system can be obtained. This theme, exact
results from density-based theory, is a hallmark of modern density functional theory (DFT)
as well. At several points in this volume that theme is pursued.

The early augmentation of TF theory by Dirac/4/ to provide a density-based treatment
of exchange and then by von Weizsacker/5/ to provide a gradient contribution to the
kinetic energy, established another theme which continues to this day, namely local
approximations and gradient corrections. Again, several authors address the current
evolution of that theme in this volume.

The next major step, at least so far as was perceived in the west, was Slater's
landmark 1951 paper/5/ which actually introduced the local density approximation (LDA)
as we now know it. Contrived as a computationally tractable average of Hartree-Fock
(HF) one-electron potentials, it was not obvious for many years (and much controversy)
that in fact the Slater approximation is just a simple LDA. The scheme was remarkably
successful, particularly given that both its motivation and primary initial use — to predict
one-electron energies in solids from the LDA eigenvalues — are now known to have
significant formal limitations. That success engendered widespread interest in the theory
and also stimulated development of a large body of calculated results which eventually
nurtured insight into the formal content of the LDA.

A paper which might have played a role in the development of the theory but did
not because of geopolitical considerations was Husimi's 1940 publication of the essential
features of what are now called Fermion reduced density matrices/7/. If one could obtain
the one- and two-particle reduced density matrices directly, the result would be a many-
Fermion theory which is aimost as economical procedurally as DFT. For example, all of
HF theory for the ground state is determined by the one-particle reduced density matrix,
an object which is only somewhat more complicated than its diagonal component, the

ADVANCES IN QUANTUM CHEMISTRY Copyright © 1990 by Academic Press. Inc.
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2 Samuel B. Trickey

density. It is therefore unsurprising that Fermion reduced density matrices were re-
invented independently in the western literature (in 1954 by L&éwdin/8/). |t is also no
surprise that a portion of that work was devoted to analyzing the connection with Slater’s
LDA.

Another theme which continues to this day and is addressed in this volume, repre-
sentability, first emerged from the intense research into the properties of reduced density
matrices which began then. The particular form of the problem is N-representability: given
a Fermion reduced density matrix, what are the necessary and sufficient conditions that
it have a proper N-Fermion wave function (pure or ensemble) as its antecedent? A good
picture of the early status of that problem is in Coleman’s review from a few years later/9/.
Today we are sensitive not only to issues of N-representability but also V-representability
[e.g., given a density, what are the necessary and sufficient conditions that it arise from a
potential V(r) with, perhaps, certain stipulated properties?].

In the light of recent developments in central and eastern Europe, it seems especially
sad that Gaspar's 1954 publication of a remarkably prescient version of the DFT total
energy in the LDA/10/ went unnoticed in the west for many years. In essence he reversed
Slater's procedure. Instead of performing the orbital variation of the Hartree-Fock total
energy expression and then making the LDA in the one-electron potential as Slater had,
Gaspar made the LDA in the exchange term of the HF total expression, then performed the
variation. Although contrived as approximate HF theory, it is obvious retrospectively that
Gaspar's scheme has all the structure of modern DFT-LDA, though the paper provided
no formal underpinning.

It was this intellectual and historical setting into which Hohenberg, Kohn, and Sham
tossed their famous dual bombshell: the Hohenberg-Kohn theorem/11/ and the Kohn-
Sham variational procedure/12/. These provide both a formal basis for the focus on the
density as the fundamental variational quantity for at least the ground state of many-
Fermion systems and a practical procedure for executing the variational calculations.
Furthermore, they validated the historical fascination with the density while simultaneously
giving a formal setting (and justification, at least for the weakly inhomogeneous system)
for the LDA.

This volume is in honor of the twenty-fifth anniversary of that remarkable achievement.
The incredible outpouring of papers, involving both applications and formal advances, over
those twenty-five years is testimony in itself of the pivotal role those papers have played.
So rich is that literature in fact that any effort to provide even a selected bibliography would
omit many worthwhile papers while overwhelming the page limits for the volume.

In the interests of brevity, | eschew the ritual summary of contributions to the volume.
They can speak more eloquently for themselves than could any paraphrase. From the
safety of the editor’s chair, let me put forth instead a list of some of the challenges which
still confront DFT, in some cases within the LDA, in others not.

1. Although the “third HKS paper”/13/ was rather neglected until recently, it argues
clearly that, because the one-electron propagator (Green's function) is a ground state



Introduction 3

average it is a functional of the density alone. In spite of both this fact and substantial
recent progress (much of it treated in this volume), we do not have a purely DFT
formulation for calculating the one-eleciron propagator and its attendant microscopic
dielectric function and mass operator (and this is at the level of the GW approximation/14/,
which sets the vertex function to a deita function}. The state of the art is to use DFT-
LDA quantities as inputs to a direct calculation of the propagator. Furthermore, those
calculations are all paramagnetic.

2. As noted at the 1985 Sanibel Symposia/15/, we do not have a systematic
understanding of the separated atom limit of the GW procedures that so far have appeared.
Since one of the appeals of DFT and LDA is a well-defined separated atom limit, this
deficiency is somewhat vexing.

3. LDA separated system limits that are understood are not entirely satisfactory, since
the LDA enforces a single Fermi level, hence unphysical orbital occupancies and fractional
charges can and do occur at large separations. The result is conceptually (and perhaps
practically) disastrous for such problems as atom-surface interactions/16/.

4. There is at least one fractional occupation number problem which seems paradoxi-
cal. On the one hand, there is the Janak-Slater theorem/17/ which relates the Kohn-Sham
eigenvalues, occupation numbers, and total energy by ¢; = dE/8n;. This result is custom-
arily used to argue that fractional occupancy will occur only at the Fermi level. However,
there is also the generalized Kohn-Sham formulation/18/ which shows that any model
one-particle reduced density matrix may occur, hence fractional occupancy may aiso oc-
cur well below the Fermi level. (In particular this would happen if the exact one-particle
reduced density matrix for an atom were to be used to construct the explicit kinetic energy
term in the Kohn-Sham procedure applied o that atom.)

5. In practical applications of DFT-LDA, there is a well-known but littte-understood
bond contraction problem/19/. Put roughly, the problem is that the more sophisticated the
electron gas model used for the LDA, the more contracted the bond. This is odd in view of
the spurious self-repulsion in LDA which, naively at least, might be expected to generate
a tendency to bond expansion. Discussions among practitioners sometimes focus on the
notion of bond contraction being required in order to overcome self-interaction, but the
argument seems to risk anthropomorphism (as if the system somehow “knows” that it
must get to a certain binding energy, hence contracts until it achieves it!).

6. Relatively little is known about how to disentangle what Perdew has dubbed
the doppelgénger problem, the intertwining of spurious self-interaction and derivative
discontinuities (with respect to particle number). In connection with this problem, it is
remarkable to note how little is known (other than the work by Talman and co-workers/20/)
about the mode! non-interacting systems which occur in the Kohn-Sham procedure. It
is also remarkable how few details are known about what variational trial many-body
state implicitly corresponds to a given LDA. For example, it has been clear since at least
1973/21/ that simple “rho-to-the-one-third” LDA does not correspond to the HF trial state
for the inhomogeneous system, but to what does it correspond? Reliable knowledge
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regarding both the model non-interacting system and the implicit variational state in at
least a few well-defined cases might be quite helpful in unmasking the doppelgénger.

7. To my knowledge, no pure DFT treatment of a free negative ion has ever been
achieved without artificial constructions like charge-balancing spheres.

In addition to these and similar challenges, there exist such new opportunities as time-
dependent DFT. Let us hope that the second quarter-century of DFT will be as fruitful,
challenging, and enjoyable as the first has been.
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ABSTRACT

Reminiscences of how our first work on the density functional theory
came about are presented. An attempt is made to describe the motivations

and outlook of the authors during these developments. Qur account covers
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8 P.C. Hohenberg, Walter Kohn, and L.J. Sham

the formulation of the two basic theorems expressing the ground state of a
many-electron system in terms of the particle density distribution, and of
the variational solution in terms of a single-particle Schrédinger equation. In
conclusion, some challenges and directions for further progress in this field

are indicated.

1. INTRODUCTION

Since, from its beginning, we have had a lot of fun with density functional
theory, both doing it and watching other partisans (and even “enemies”),
we are quite excited about this 25-year review of its spectacular success
story. (We trust that the editor will tactfully suppress failures.) As our
own contribution to this volume we offer an account—to the best of our
recollection—of how it all began /1,2/; there is no great drama here, but
still it is perhaps a case history in which this or that reader may find some
interesting or amusing points and from which perhaps she/he may even draw
some worthwhile conclusions.

However, we do not want to appear entirely as relics of the past. There-
fore, we end the chapter by drawing on our vast experience (beware!) to sug-
gest a few challenging and/or promising directions in which the field might

move in the future.

2. HOW IT BEGAN

In the fall of 1963 two of us, Pierre Hohenberg and Walter Kohn, found
ourse]ves inhabiting, on an intermittent basis, the spacious office of Philippe
Noziéres in the venerable building, 16 rue Lhomond, of the Ecole Normale
Supérieure in Paris. Having survived a strenuous term as Department Chair-
man at the brand new University of California at San Diego, Kohn was there

on a Guggenheim-supported sabbatical leave hoping to recuperate. Hohen-
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berg had just spent an exciting year at the Institute for Physical Problems in
Moscow, after completing his Ph.D. at Harvard in 1962. His training was in
many-body theory, dealing primarily with systems with complete translation
symmetry, and it was with some trepidation that he accepted Kohn's offer
to work with him on the inhomogeneous electron gas.

Kohn had been much interested in the electronic screening charge around
a charged impurity in metals. His former associates, J.5. Langer and S.H.
Vosko, had calculated the charge distribution, n(r), around a weak point
charge in a uniform electron gas /3/. With Vosko he had helped to explain
measurements in dilute copper alloys, Cuy_ .M, (M = Zn, A¢,...), of the
C'u quadrupole resonance, whose intensity was spectacularly reduced by the
screening charges of very small concentrations of multi-valent metals /4/.

In Paris he began to think about the cohesive energies of concenirated
substitutional metal alloys, MY M® (z < $), where the nuclear charge
difference Z? — Z() > 1. A simple, useful model for such alloys had been
the rigid band model: one assumes the same band structure for the alloy as
for pure M) and (for Z® —Z() = 1) simply “pours” into the available band
states an additional electron for each added M atom. This was obviously
pretty rough and ready.

A better model for such an alloy was the average periodic crystal with
nuclear charge Z = (1 — z)Z®M + 2Z® in each cell, and Z electrons/unit
cell {the same number as in the rigid band model). In this model the band
structure itself depends on z; it obviously gave the right limits for z = 0 and
1, and it was easy to see that if the difference, A = Z(®) — Z() was treated
as a small parameter, this average crystal had the same energy, to first order
in A, as the actual alloy for all z, no matter what the spatial distribution
of M® was (including even all many-body effects). The difference in energy
between the actual crystal and the average crystal, to first order in A, is

obtained by first order perturbation theory in Av(r), the difference between
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the two external potentials:

(Bo(r) = [ Ao(r)a(r)dr
- B - B n(22)

= N[(1-2)Z0 4220 _ 7] <%> ~ 0, (1)

where £, Z;, R, refer to cell £ and its nuclear charge and position, and ()
means expectation value in the average crystal ground state. Of course, as
in all first-order calculations, one can legitimately ignore the changes of the
ground state wave function and density due to the perturbative potential,
Av(r).

From screening of isolated impurities, however, it was known that typi-
cally most of the screening charge lodged in the central cell. Thus, whereas

in the average crystal the total charge in each cell is
Q=

in the real crystal the charge in cell £ with nuclear charge Z, is

ell e f(r)dr = Z,all ¢, (2)

Qe = Lellln(r)dr ~ Zy (either Z(M) or Z), (3)

Particularly if Z(®) — Z() was large (say > 2), there was empirical evidence
that the non-uniformity, from cell to cell, of the real density, n(r), would
give rise to significant higher-order effects omitted in the lowest-order average
periodic crystal.

The importance of the electron density n(r) for the energy became even
clearer from the following simple considerations. Let us “turn on” the differ-
ences AZ; between Z, and Z by replacing AZ; by AAZ, keeping Z fixed, and
letting A grow from 0 to 1. We denote the density distribution corresponding

to the value A by n,(r). Clearly we have, rigorously,
1dE

EQ=1)-B3=0) = [ ZZdr= /0 ) / Av(r)ny(r)dr,

[ ac(ryitryar, (4)
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n(r) = ' dAny(v)dr. (5)

0

To second order in AZ, the correct energy is obtained from (4) by using
o 1 1 _
A(r) & slnazo(r) + mam(r)] = ZlA(r) +n(r)). (6)

At this point the question occurred to Kohn whether a knowledge of
n(r) alone determined—at least in principle—the total energy E. Several
indications that this might be so came to mind:

For a uniform electron gas, of density ny, a small sinusoidal perturbing
potential, v;(¢)e’", produces a small density change, ny(g)e*?", proportional

to v1(q),

n1(q) = a(q)vi(g); (7)

here ofq) is the g-dependent density-density response function. For an ar-
bitrary small perturbing potential, vi(r), the corresponding density change,

ny(r), is obtained by Fourier analysis

ni(r) = /Kl(r — v (r')dr, (8)

where

Ki(r—7) = #/a(g)e*q‘(“")dq. (9)

This describes the familiar linear screening of a perturbing potential in a

metal. In precisely the same way one can obtain the inverse linear relation-

ship.

vn(r) = /Kl(r ~ rny(r")dr, (10)
where

> 1] 1 1 g(r—v' ’

I(](T*T)-:W/me‘]( )dr (11)
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Thus a small change of density, n,(r), uniquely determines the external po-
tential, v;(r), producing it. Formally this inversion can be carried to arbitrary

order,
v(r) = /f{,(r — )[n(r") — neldr’
+ / Ro(r — 7 — ) [n(r') = ng][n(r") — noldr'dr” + ... (12)
where [n(r) — ng] is the change of density caused by the external potential
v(r).

Also, the familiar Thomas-Fermi approximation is easily inverted. The

conventional self-consistent equations for the density n(r) are

n(r) = k= veg(r)]*/? (13)

where g is the chemical potential,

1 /2m\32
T3 (h_z) ’
and
n(r’
Vesf(r) = WH/%‘”" (14)

They can be trivially solved for v(r) in terms of n(r),
n(r! ,
v(r) — p = —[n(r)/7]* - / |r—(_—37|dr . (15)

Again, n(r) determines v(r) uniquely. (We consider all potentials differing
only by an additive constant as equivalent.)
A third example is a single particle in an external potential, v(r). Its

wave function satisfies the Schrédinger equation

2 () + o) ~ () = 0, (16)

and

n(r) = 4*(r); (17)
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[¢(r) may be taken as real]. Therefore

2 2
ofr) ~ B = g—VY(r)[(r) = gV} (). (18)

The combination of these three examples made the following hypothesis
plausible: A given ground state density n(r) is produced by a unigue v(r).
Such a simple result (if true), clearly does not depend on the details of the
many-electron wave function, and so we looked for a proof based on general
principles.

Now, as mentioned above, we were thoroughly aware that the density en-
tered the expression for the energy explicitly through the term [ v(rjn(r)dr.
We therefore turned to the total energy as a quantity which might enable us
to prove our conjecture. One of us (W.K.) had used energy variational prin-
ciples extensively, beginning with his Master’s and Doctoral theses. He loved
them! So we naturally turned to the question whether the assumption that
two different potentials v’(r) and v(r) give rise to the same density, n(r), was
consistent with the Rayleigh-Ritz variational principle for the ground state
energies E’' and E associated with v’(r) and v(r). The Rayleigh-Ritz prin-
ciple states the following: Let H be the Hamiltonian, consisting of kinetic

energy, external potential and interaction energy,
H=T+V+U; (19)

let ¥ be the ground state wave function associated with v(r); and let ¥, be

any different wave function (apart from an immaterial constant phase factor,

e’?). Then
(U, HY,) > (¥, HY) = E, (20)

where the strong inequality, >, rather than > enters (at the time we assumed
non-degeneracy, whenever required). To highlight the role of the density we

wrote (20) in the form

(B, (T + U)) + [ w(rn(r)dr > (9,(T + U)®) + [o(r)n(r)dr. (21)
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In particular, it was tempting to try ¥, = ¥, the ground state associated
with v'(r), for which, by assumption, n,(r) = n(r). Substitution into (10)

gave
(W', (T + U)T) > (T, (T + U)¥). (22)

Very strange, since U and ¥’ enter this argument on an equal footing! Re-

versing their roles gives
(0,(T + U)¥) > (¥, (T + U)¥). (23)

These two inequalities are obviously inconsistent. Their addition results in

the manifestly false relation
0>0. (24)

Thus the original assumption that the two different potentials v(r) and v'(r)
gave rise to the same ground state density n(r) must have been false. Reductio
ad absurdum! We had proved that a ground state density n(r) uniquely
defined the potential v(r) giving rise to it.

On the one hand, especially in view of our examples, this was perhaps
not so astonishing. On the other hand, since a knowledge of v(r) completes
the definition of the Hamiltonian H, it means that, through H, a knowl-
edge of n(r), a function of three variables, implicitly defines the entire 3.NV-
dimensional ground state wave function ¥(ry,---ry) and its energy E. For
that matter it also defines all excited states W;(ry,---rx) and energies Ej,
Green’s functions, transition rates,...! [t was inebriating!

For a specific example, let ni(r) and ny(r) be two periodic densities,
one belonging to a metal and the other to an insulator. In principle, the
functional forms of these densities alone, coupled with the information that
they are ground state densities of electronic systems, allow one to decide

which is which—but one needs very subtle spectacles!
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Somewhere around this stage of our work, we naturally became very
nervous. We began to feel that either we had made some terrible blunder or, if
our conclusions were indeed true, they ought to have been discovered decades
ago. However, rethinking and restructuring our argument did confirm our
result; and in our literature search, which led us to much work on one-
and two-particle density matrices (on the whole quite discouraging), and on
N-particle phase space theorems, nowhere could we find the simple, direct
theorem we had proved.

To Hohenberg, the new results bore interesting analogies with the for-
mal work on Stationary Entropy and Renormalization, which had just been
completed by his thesis advisor Paul Martin and Cyrano De Dominicis, also
working together in Paris. In two rather forbidding papers /5/ these authors
had shown that not only could the one-body potentials be eliminated in favor
of the single-particle distribution function, but the program could be formally
extended to all vertices, including the anomalous (one- and two-body) po-
tentials which occur in superfluids and superconductors. The present work
with Kohn had concentrated on only the first step in this procedure, but the
aim was to develop quantitative methods which might lead to useful approx-
imations. Moreover, it took a number of intense but informative discussions
with De Dominicis and his colleague Roger Balian to convince them that the
procedure worked with the density rather than the distribution function.

Since all the information about the ground state was implied by the den-
sity n(r), one ought to be able to formulate the Raleigh-Ritz principle entirely
in terms of the density, n{(r), rather than the many-body wave function,
U(ry,- - - ry)—another seemingly mad thought. But this turned out to be
quite easy. The conventional Rayleigh-Ritz principle said

E< (U, HY,) = / w(F)ne(r)dr + (Us, (T + UYT,). (25)

We now considered (very naturally in view of the foregoing) those ¥, which
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were ground states, U’, belonging to various external potentials v'(r) with
densities n’(r):
E < (W, HY) = / o(r)n'(r)dr + (W, (T + U)T'). (26)
We had seen that ¥’ was determined by n'(r), or, in other words, was a
functional of n/(r). Since T and U were fixed, given operators, this made the
entire last term a unique functional of n’(r), which we called F[n'(r)]. F was
in principle determined for all ground state densities. It could be defined as
follows. Let v'(r) have a ground state energy E’ and density n'(r), then
Fln'(r)] = E' — / o(r)n' (r)dr. (27)
E’ and n/(r) can, in principle, be either calculated or measured. This de-
termines F for a particular n'(r). By repeating for all v(r) one can, in
principle, obtain F[n/(r)] for all ground state densities n'(r). At the time,
on the basis of our examples, we felt that all “reasonable” functions n'(r)
were ground state wave-functions. By “reasonable” we meant obvious char-
acteristics: being positive; [ n'(r)dr = N’, an integer; as well as possessing
sufficient smoothness. We did not worry about this very much, feeling that
exceptions would probably not be physically relevant /6/.

Equation (27) could now be written as follows. Define
Efw() = [o(r)n(r)dr + Fln'(r)] (28)
for all ground state densities, n’(r). Then clearly, for a given v(r),
E < E,[n'(r)], (29)

and the equality is attained only for the correct n(r) of the ground state
corresponding to v(r).

Here was the formal variational principle we had been looking for. For
practical purposes we first extracted the mean field Coulomb energy from

F[n] and wrote

Fl'(l = [ %drd’r’ + Gln'(r)], (30)

|
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which defines G. Various approximations for G[n’], gradient expansions,
dropping exchange and/or correlation effects, led back to the Thomas-Fermi
equation and various refinements. An expansion of n around a constant
mean value, ng, yielded another approximation. Our interest, at that point,
was not the actual calculation of F[r'(r)] from a solution of the N-particle
Schrédinger equation—a pointless objective since after such a solution the
physical problem would be solved by conventional means without further
need for anything else. Our interest had rather been to assure ourselves of
the existence of this functional. We felt—and still feel—that the main sig-
nificance of our work was that it resulted in a clear and formally rigorous
reformulation—now called density functional theory—of quantum mechani-
cal ground states in terms of the density, a vantage point from which existing
approximations could be more clearly understood and appraised and from
which new and better approximations could be derived.

One incident still remains quite vivid to Hohenberg, and that is the discus-
sion he and Kohn had after they had proved the basic theorems and explored
some possible approximation schemes for F[n]. The question arose as to what
this method might be good for, and Kohn suggested that one could try using
it to improve current techniques for calculating band structure in solids. Ho-
henberg’s immediate reaction was to say, “But band structure calculations
are horribly complicated, isn’t that sort of stuff better left to professionals?”
To this (according to Hohenberg) Kohn simply replied, “Young man, I am
the Kohn of Kohn and Rostoker!”/7/.

3. IMPROVING THOMAS-FERMI

In the Spring of 1964, Hohenberg was getting ready to go to Bell Labo-
ratories where he worked on other problems, and Kohn returned to La Jolla

to find a group of postdocs and visitors eagerly awaiting a first-hand account
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of the new work. After his seminar, Kohn suggested to David Mermin that
there ought to be a finite temperature version of the Hohenberg-Kohn theo-
rems. Knowing the variational theorem for the grand potential with respect
to the correct density matrix, Mermin did the extension in a day /8/. Lu
Sham had recently arrived from Cambridge as a post-doc with Kohn. He
was given the task of applying the Hohenberg-Kohn theorems to solids, in
particular to impurities in semiconductors and metals.

There was at the time in La Jolla a certain amount of skepticism over the
theorems. It arose out of the feeling mentioned above, which was to recur
frequently especially in quantum chemistry circles, that the one-particle and
two-particle density matrices were needed to furnish all the information on
the ground state, and that the density, corresponding to the diagonal part of
the one-particle density matrix, contained much less information. N. Fukuda,
visiting from Tokyo, would construct counter-example after counter-example
purporting to demonstrate the non-uniqueness of the potential given a den-
sity distribution. The job of resolving these fell to Sham. These exercises
did deepen our understanding of the density functional theory. In the end,
it was the simplicity of the original reductio-ad-absurdum argument which
overcame the skepticism for the theorems. The next step remained to find
applications for them.

At that point Hohenberg and Kohn had been able to rederive the Thomas-
Fermi theory and some known, as well as some new, improvements thereof.
We realized, of course, that the density from the Thomas-Fermi theory had
some serious defects, particularly the lack of quantum oscillations, such as the
shell structure in atoms and the Friedel oscillations due to an impurity. How-
ever, the partial summation of the infinite gradient series by HK contained
the Kohn singularity and, thus, the physics of the Friedel oscillations. Kohn
and Sham /9/ were able, for the one-dimensional non-interacting system, to

find a simple way to relate the density to the potential when, in addition
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to a slowly varying potential, there was a local perturbation or when the
density vanished in some region. The key was the important role which the
WKB wave at the Fermi level played in reproducing the density oscillations
rather accurately. In principle, the method was easily extended to two or
three dimensions by the path integral method. However, finding the classical
path for any but a spherical potential was a daunting task. Despite Sham’s
vaunted skills at solving Cambridge Tripos problems, he found it easier to
solve the one-particle Schrodinger equation numerically than to find the clas-
sical paths for a billiard ball across a table pock-marked with a periodic array

of dents.

4. AND WHY NOT THE HARTREE EQUATIONS?

At the same time we realized, of course, that Hartree and Hartree-Fock
equations were much better approximations in producing the density than
the Thomas-Fermi method. These also could be derived from a Rayleigh-
Ritz principle for the ground state. Furthermore, the Hartree equations
could be regarded as a self-consistency problem for the density, n(r), which

had emerged as our principal actor. Here are these familiar equations for N

electrons.
|7+ ontr) = | i) =0 @)
vg(r) =v(r) + / l:(_—r,r),ldr’, (32)
N
n(r) = 3 lb;(r)l*. (33)

The self-consistency cycle is as follows: (a) Assume a trial n(r); (b) calculate
the Hartree potential vy(r) from (32); (c) calculate the N lowest single-
particle orbitals 1;(r) from (31); (d) recalculate n(r) from (33) and check for
consistency with the original n(r) of step (a). If not consistent, repeat with

a new starting density until self-consistency is obtained.
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There was enough family resemblance with the HK theory to make us
feel that we ought to be able to extract the Hartree theory, perhaps also
Hartree-Fock, and we hoped even for inclusion of correlation effects from the
HK variational principle. But how on earth could we extract single-particle
equations from the HK variational principle for the total density and energy?

The clue was to consider a gas of non-interacting electrons in an external

potential, v(r), from the standpoint of the HK theory. Here we had

Eufn(r) = [ v(r)n(r)dr + Fln(r)], (34)
where F, was the F-functional for non-interacting (or single-particle) elec-
trons. Of course we knew, independently, that for these non-interacting

electrons the density, n(r), could be obtained by solving the single-particle

wave equation,

[— Q}%V’ +o(r) - 65] ¥;(r) =0, (35)

and calculating

N
n{r) = ; |2/)j(r)|2. (36)

For this non-interacting system

N
Ein(r)l = 26 = [ v(rn(r)dr = Tin(r) (37)
where, evidently,

T,[n(r)] = kinetic energy of a non-interacting
electron gas of density n(r), (38)

in the appropriate external potential v(r). The HK analysis, applied to this
non-interacting system demonstrated that T,[n(r)] was indeed a universal
functional of n(r) only; for n(r) = v(r) — ¢;(r) = T, = ,7":—12]- [V,]%. So

now we saw explicitly that the variational principle
Efe(r)] = [o(n'(r)dr + Lin' ()], (39)

B0 = o)+ T Ll s (10)
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was solved by the equations (35), (36). We were edging up!

Going back to the interacting system, from which we wanted to extract
the Hartree equations (or better) it was natural to write E,[n’(r)] in a
form similar to (39). This meant extracting T,[n'(r)], the kinetic energy for
non-interacting electrons from F[n'(r)] for interacting electrons [Note: not
T[n(r)], the kinetic energy, (3° %V?), for interacting electrons of density

n(r)]. So we wrote

! ]
Fin(n] = T + 5 [ 0
Since, by the HK theory, both F[n (r)] and T,[n'(r)] are functionals of the

() (” DR drdr' + Egl[n'(r)). (41)

density which are, in principle, known, Eq. (41) defines the last term, E,.,
which we called exchange-correlation functional.

The HK variational principle gave

B = 6{ [wriot)ar + T+ [+ )

[ 0+ [ ,Y;)qd ’ 55(1:) * 52%«)] bn'(r) = 0. (42)

This has the same structure as Eq. (40) with the replacement
n'(r ﬁ
u(r r)+ / .
"= oo+ | e
Since Eq. (40) was solved by Eqs. (35) and (36), Eq. (42) could be solved by

(43)

A "
N

W) = S ()P, (45)

= v(r +/' dr + vg(7), (46)

vae(r) = 51’?}”;). (47)

These self-consistent equations are very analogous to the Hartree equations
and, like the latter, must be solved self-consistently: One starts with a trial-

density n(r). Assuming that the functional E,.[n(r)] is known (see below),
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one constructs v, from (47), then v g from (46), solves (44) and recalculates
n(r) from (45). This cycle is repeated until self-consistency is achieved.
Evidently, the Hartree equations are obtained by ignoring v,. altogether,
in Eq. (46). However, much more interesting, if v,, is calculated from the
correct E,., the system of Hartree-like equations, (44)-(47), yields—as we
were rather amazed to note—the eract ground state density n(r) and—by

Egs. (28) and (41)—the ezact many-body ground state energy,
L ro(n(),
T,[n] + / o(r)n(r)dr + 5 / o drdr’ + Belnr)

E

z:,jej -3 ’% 4 Baln()] = [velrinr)dr. (48)

At the time we simply assumed that for all “reasonable” systems the needed
quantities, T,[n], E;.[n] and their first variations existed. Much later, Levy
and Lieb /6/ showed interesting examples, for ground states with degenera-
cies, of reasonable-looking densities for which these quantities did not exist.

It was clear that there was no theoretical underpinning for taking the
energy eigenvalues, ¢;, from the Kohn-Sham equation (44) to be the true
excited state energies. We were, however, able to construct a local density
approximation for the self-energy operator to obtain the quasi-particle ener-
gies of solids /11/. Nevertheless, the temptation of using the simpler (44)
for the band structures in solids proved irresistible. This has yielded useful
first approximations for most energy band calculations. Only recently, after
it was clearly established that the ¢; gave inaccurate band gaps in semicon-
ductors and insulators, have serious efforts begun to calculate bands from
Green’s functions for which DFT provides a starting point.

Extensions to systems with external potentials v(r) and magnetic fields,
H,(r), where n(r) was replaced by ni(r) and n(r) were obvious, and we
made them. We included only the effects of spin coupling at the time. It was
also straightforward to obtain formally exact self-consistent single particle

equations for finite temperature ensembles.
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5. PRACTICAL APPROXIMATIONS

Up to this point the theory had been purely formal. For useful applica-
tions we had to find sufficiently simple and yet effective approximations for
E..[n(r)]. Of course, knowing that even setting E..[n(r)] = 0 leads to the
Hartree equations, which had a long history of yielding valuable results, we
felt that even rather crude approximations to E..[n(r)] would yield a practi-
cally useful theory. HK had already used rather obvious gradient expansions

for G[n]. Now we naturally used them for E..[n]:
Egeln(r)] = /ch(n(T))n(T)dr +0(|Vn(r)"), (49)

where €,.(n) is the exchange-correlation energy per particle of a uniform gas
of density n(r). Using the approximation in (49), we obtained the exchange-
correlation potential to be the exchange-correlation part of the chemical po-
tential of the homogeneous electron gas, y,.(n).

We recognized that the exchange part of this potential, p;(n), was two-
thirds of the famous Slater local exchange potential /10/. Slater derived his
approximation in two steps: (1) the wave functions in the exchange operator
were replaced by plane waves, and (2) the exchange was averaged over the
entire Fermi sea. Our result corresponded to taking the exchange at the
Fermi level in step (2). We were reassured by the thermodynamic argument
that the density was determined by the chemical potential in a slowly varying
external potential.

Keeping only the leading term in (49) gave the so-called local density
approximation (LDA) on which at least 90% of all applications to date have
been based. Gradient expansions for systems of slowly varying density and
perturbation expansions for systems of nearly uniform density were obvious
extensions—which, in practice, turned out not to be very useful.

The first chapters of this story had been written.
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6. LOOKING AHEAD

In the intervening years DFT has mushroomed, both in important further
theoretical developments and in applications. Much of this story is told in
the other chapters of this volume.

What of the future? In recent years we have increasingly seen DFT used
fruitfully as a starting point or in conjunction with other methods, such as
Green’s function theory, hypernetted chain equations and Monte Carlo or
molecular dynamics methods. Perhaps we will see more of these “marriages”
in the future.

Time-dependent density functional theory has been formally developed,
but it has not yet found a practical incarnation of an ease and utility compa-
rable to LDA for stationary ground and excited states and thermal ensembles.

The practical implementations of DFT all take the uniform electron gas as
their starting point for approximate representations of exchange-correlation
effects. But in bounded systems (atoms, molecules, surfaces, etc.) the bound-
ary region(s), where the density tends to zero and where the Kohn-Sham
wave-functions evanesce rather than oscillate, are essentially different from
a region of a uniform electron-gas, even if the density does not vary rapidly.
We hope that good theories for these tails and for the transition regions link-
ing them to “good” interior regions will soon be devised. Another potential
area for future progress is the problem of strong local electron correlation,
occurring most notably in the recently discovered high temperature super-
conducting oxides. The Hubbard model has been extensively used to study
the effects of strong intrasite correlation. Density functionals can be used
to derive this model and corrections to it, starting from a more realistic
Hamiltonian.

Of course, a number of “classic” DFT developments are still fairly recent

(excited states, diamagnetism, superconductivity) and we expect consider-
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able future applications and experience—applied DFT is always partly an
art!

Interestingly, there is an analogy in the formal aspects of our original
work /1/ with modern developments in the description of spatially structured
states in systems far from thermal equilibrium /12/. The weakly inhomoge-
neous approximation, valid for |n(r) — ng| < ng, corresponds to the Landau
expansion of unstable systems near threshold, and leads to the well-known
“amplitude equations.” The slowly varying approximation, |Vn|/n < n!/3,
corresponds to the gradient expansions which are carried out in nonequilib-
rium systems far from threshold, and lead to “phase equations.”

Finally, stepping back for a wider look, we expect future uses of DFT
concepts for other physical problems involving spatially inhomogeneous en-
vironments. Examples might be the Landau theory of Fermi liquids for in-
homogeneous systems; phase transitions in systems with surfaces; Landau-
Ginzburg theory of superconductivity; and localized or generalized spins in

inhomogeneous magnetic fields.
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1. INTRODUCTION

In its simplest form, the Hohenberg-Kohn theorem /1/ establishes a one-to-
one relationship between an “external” potential v(r) and a ground state density
p(r). It is thus also possible to say that v is a functional of p: in principle, given
p one could determine v, and then the ground state energy Fo. It follows that

the Fy is also a functional of p:

Es = Elp) = Flol + [ o(x)p(x) dr (1)

where F[p] is “universal” in the sense that it does not depend on v. Hohenberg

and Kohn went on to show that

E=Flfl= [o(v)ilr) de + F[3] > Eo = Elp] (2)

where g is any proper trial density. One could thus approximate E and p by
finding the j that minimizes £. This is the basis for density functional theory
(DFT). Note that the density is assumed to have a fixed normalization. We
assume p integrates to n, the number of electrons in the system. An alternative
normalization is sometimes convenient and we will use d = p/n, which integrates
to 1.

Two questions immediately arose: what, explicitly, is the functional F[p]
and how is the set of acceptable trial densities {f} characterized? An acceptable
density must be n representable /2/, i.e. it must be a possible density for some n-
electron system, and it must be v representable /3/, i.e. there must be some local
potential »(r) for which it is the ground state density. Most of conventional DFT
has addressed the first question by using an orbital approach for the kinetic energy
and approximations based on electron gas theory for the exchange-correlation
energy. The second question has been largely ignored.

As will be shown in the next section, any reasonable density is n repre-
sentable. The v-representability question is much more difficult, but fortunately
it can be effectively avoided for purposes of formal discussion. This is accom-

plished by the Levy-Lieb constrained search functional /4, 5/,

Filpl = gin [¥(F+ O)¥r, 3)
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where 7" and U are the kinetic energy and electron-electron interaction terms,
respectively, in the Hamiltonian and the set {¥|¥ — p} consists of all normalized
n-electron wavefunctions that give the density p. A number of mathematical
technicalities, such as whether the minimum should be an infimum and some
subtle conditions on p, will be ignored here.

While the Fi[p] is well-defined and provides an algorithm in terms of which
a calculation could in principle be done, there was no explicit characterization of
the set of wavefunctions consistent with a given density. Such a characterization
becomes possible if the functional is extended as suggested by Valone /6/: instead
of considering only wavefunctions, one considers all n-electron density matrices
consistent with the given density. The characterization of the set of one-electron
reduced density matrices that are ensemble n representable, i.e. can be obtained
by integration over the coordinates of n — 1 electrons in an n-electron density
matrix, has been known for some time /2/. It is also straightforward, as will be
shown below, to characterize the set of one-electron reduced density matrices (or
one-matrices) that correspond to a given density. While the constrained search
approach is of prime importance for formal investigation, it does not lead to
efficient actual calculations. It is much easier to do a single, direct variational
calculation than to do a constrained search at each step in a variation based on
the density.

In addition to the computational advantages that may be associated with
the use of a density rather than a wavefunction, density functional theory pro-
vides the attractive feature that the density is an experimental observable while
a wavefunction is not. The momentum density is also observable and provides
additional information about the system. The possibility of a theory based on

both coordinate and momentum densities will be considered.

2. BASIS SETS AND MODELS

Much of conventional density functional theory has involved numerical rep-
resentations of the density. In some cases, particularly for molecular systems,

this approach has been found unsatisfactory and basis sets similar to those used
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in other molecular electronic structure methods have been introduced. Perhaps
more important for present purposes, the use of a basis set avoids many of the
formal mathematical difficulties that we do not expect to be important in actual
calculations anyway. This is particularly true in the case of finite basis sets.

The introduction of a finite basis set defines a model in which operators are
replaced by finite-dimensional matrices. Model problems can be solved exactly,
to within the numerical precision of the computer being used, and it is commonly
assumed that by increasing the size of the basis set and judiciously choosing the
basis functions one can build a model problem that approximates as nearly as
desired the physical problem of interest.

The introduction of an explicit basis set suggests the introduction of creation
and annihilation operators and the use of a second-quantized formalism. This
formalism deals with some aspects of the problem with such efliciency that other
aspects may be overlooked. For present purposes we will want to call attention to
and deal explicitly with certain details that are usually included only implicitly

in a second quantized treatment. We will thus not use such a treatment here.

2.1. Particle Number and Order

Consider the Hamiltonian operator, in the ordinary coordinate representa-
tion of the Schrédinger picture, for an n-electron system. It can be written as
A=T+V+0U where, in atomic units,

1 - " . LI |
T:Z(—EV?> s V:Zv(r]’), U= Z T_k (4)

J=1 i=1 k>j3=1"7
are the kinetic energy, external potential, and electron-electron interaction con-
tributions, respectively. Each of these is an n-electron operator in the sense that
it is an operator acting on n-electron functions, but it is also common to refer to
T and V as one-electron operators and to U as a two-electron operator, because
they involve the coordinates of only one or two electrons at a time. To resolve
this ambiguity a more precise terminology will be used here: T and V will be
referred to as being of order 1 while U is of order 2. All will be called n-electron

operators.
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2.2. Fundamental Hilbert Spaces

Assume that the model problem is defined in terms of an orbital basis set
{xj> 7 = 1,...,b}. Orthonormality will be assumed for convenience, but the only
essential requirement is linear independence. These functions span, and thus
define, a Hilbert space H,°. (In the notation used here for spaces, a numerical
subscript is a particle number. The superscript 0 in this case refers to the fact
that this is an orbital rather than a spinorbital space.) From the b orbitals we
can construct 2b spinorbitals that span a spinorbital space H;.

For any p between 2 and 2b we can define a determinantal function &, =
Apxkl Xk where the index set K, = ky,...,k, labels a set of occupied orbitals
and fi,, is the p electron, normalizing antisymmetrizer. There are (?,b) such func-

tions possible and we thus have a sequence of Hilbert spaces H, of dimension
Qb)
2 )

2.3. Matrices and Restricted Operators

2.3.1. Matrices

In a configuration interaction (CI) calculation we would (at least in principle)

construct the full CI Hamiltonian matrix H with elements

Hgor, = / &3 &, dr. (5)

All the information required to construct this ?Lb) X (,zlb) matrix is contained in

the much smaller matrices of the one and two electron integrals
1
/X;(r) (——2-V2 + v(r)) xx(r)dr
. 1
J[ 30— xue)on(r2) deadr (©)

It

fik

Gikim

If spin and symmetry-adapted configuration functions are used, rather than single
determinants, the construction of H from f and g or of a reduced density matrix
from the CI wavefunction expansion coeflicients is more complicated. It is the
triumph of modern CI methods that this construction is still possible in highly

efficient ways.
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2.3.2. Restriction of Operators

One can restrict attention to the model problem defined by a particular basis
while still dealing, at least conceptually, with operators rather than matrices.
For any general n-electron operator W, the model-problem operator W"Hn is an
integral operator with kernel

W(N;N) = S Wik, 84, (V)&% (V') (7)
Jn, Kn

where N stands for the set of coordinates of n electrons and N’ represents a
similar set with a prime on each coordinate. This is equivalent to defining the
model operator by restricting the domain of W to H, and projecting its range
onto H,, i.e. WIHn = P[M,)WP[H,]. The integral kernel formulation has the
advantage of making clear the relationship between density matrices, normally
expressed in terms of integral kernels, and other operators.

The reduction superoperator /7/ defined initially for density matrices can
be applied to any operator. For any p and ¢ with 1 < ¢ < p < n, an operator
kernel D(®)(P; P') is reduced to an operator with kernel D(9)(Q; Q") by dividing

the coordinate set P into subsets (¢, R) and integrating over R:
D(Q;Q") = LyD(P; P') = Clpan) [ DO(Q, B Q' B) R ®)

The coefficient C(pgn) depends on the normalization convention in effect for

reduced density matrices.

2.4. Local and Nonlocal Operators

A distinction is made between local density functionals and nonlocal func-
tionals. In general, the concept of locality is representation dependent: the kinetic
energy operator is nonlocal in the coordinate representation but would be local
in the momentum representation. More often in DFT, one is concerned with
nonlocality in the sense of an integral operator like the self-consistent field (SCF)
exchange operator and its possible approximation by a local operator. The con-
cept of locality must be reexamined in a basis set model.

In lattice models or related treatments, the analog of a local operator is taken

to be a diagonal matrix. This is not an appropriate identification for a basis set
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model of the type being considered here. We certainly think of v(r) as a local
quantity, but in general the matrix corresponding to this potential function will
not be diagonal. On the other hand, it is always possible to choose a basis so
that the matrix of any operator, such as the kinetic energy, will be diagonal. A
more useful definition of locality in a matrix model is thus that f is local if there

is a function f(r) such that

fe= [ x5O Epar)dr ©

(The generalization to operators of higher order is obvious.)

In a model problem with a finite basis, it is possible that two or more op-
erators that are distinct for the exact problem will have the same matrix in the
model. They can thus not be distinguished in the model problem. In particular,
a non-local operator like the kinetic energy or an SCF exchange operator may
have a matrix which can be reproduced by a function, i.e. a local operator, in the
model. In extreme cases (to be discussed later) one can define reasonable models

in which all operators are equivalent to local operators.

2.5. Equidensity Orbitals and n Representability

2.5.1. Special Equidensity Orbitals

A particular choice of an orbital basis can be made which is specially suited
to problems associated with a given density /5, 8, 9/. Suppose that d(r) = p(r)/n
is a function which is nowhere negative and which is nonzero almost everywhere.
(Typically, the density will vanish only at infinity.) It is then possible to construct
a vector-valued function F(r) such that
O(Fg, Fy, F,)
d(z,y,2)

An explicit construction of such a function has been given /9/, although it does

= 8r3d(r) . (10)

not lead to a computationally effective method. One can also imagine a basis
set model in which this equation is approximately satisfied in some least squares

sense. Given F, a set of orthonormal functions is constructed as

By (r) = [d(r)] /2K F @) (11)
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where the components of k are all integers or all half-integers. This set of special
equidensity orbitals (SEDOs) becomes complete in the limit as all integer (half-

integer) values between —co and oo are included for each component of k.

2.5.2. n Representability

It is readily shown by the use of SEDOs that any density satisfying the
positivity and normalization conditions is n representable /8/. From Eq. (11),
|¢x|* = d for any k, and thus any function having only SEDOs as natural or-
bitals will have density p. Such functions include any single determinant made up
of SEDOs times spin functions, or any linear combination of such determinants
where any two determinants in the expansion differ by at least two SEDO spinor-
bitals. Of particular interest for a singlet state, any expansion in terms of doubly
occupied SEDOs will give p. More complicated and thus more flexible functions

can also be constructed.

2.5.3. Absence of physical significance

Although the SEDOs are useful for formal manipulations, it seems unlikely
that they can have any physical significance /10/. At the simplest level, one might
imagine that there is a one-electron Schrédinger equation with some kind of ef-
fective potential of which the SEDOs are solutions. If the potential is assumed
to be local, then it can be eliminated between two of the equations, giving a rela-
tionship between the two SEDOs involved. This becomes a differential equation
that the density must satisfy, and such will be the case only in very rare, special
circumstances. One could probably concoct an energy- and density-dependent
nonlocal potential that would work for any specified, finite set of SEDOs, but it
would be difficult to attach any physical significance to the result.

As an alternative, one might hope to express a set of SEDOs as a unitary
trarsformation of some other set of orbitals that would not be equidensity but
that could be, e.g., solutions of some effective one-electron equation. At the level
of an independent particle model where the n-electron wavefunction will be a
single determinant, such a transformation can be shown to be impossible except

in special cases. This point will be discussed further below.
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2.6. Negative Consequences of a Finite Model

Although the introduction of a finite basis model has many formal advantages
and is often necessary in practice, it can have interesting negative consequences.
These are unlikely to be of concern in a practical calculation but are nevertheless

worthy of consideration.

2.6.1. Loss of n representability

It will be shown below that there are reasonable basis sets for which there
is a one-to-one relationship between charge density matrices and densities. It is
possible in at least some such bases to construct a matrix which has a negative
eigenvalue and is thus not an n-representable reduced density matrix but which
nevertheless corresponds to a density function that is nowhere negative /11/.
This apparently reasonable density is thus not n representable.

This means that for models in which non-n-representable densities are possi-
ble, it is necessary to impose an n-representability constraint. Such a constraint
can be explicitly stated when the densities are in one-to-one correspondence to
charge density matrices because the conditions for n representability of a charge
density matrix are know. In practice in such a case, since the density and den-
sity matrix have the same information content and involve the same number of
independent parameters, it is probably more efficient to parameterize the density
matrix in a way which guarantees its n representability and to use it rather than

the density as the fundamental quantity.

2.6.2. Loss of the Hohenberg-Kohn theorem

It is also possible to find model problems for which the Hohenberg-Kohn
theorem does not apply /11/. In particular, there can be Hamiltonian matrices
which differ only by the matrix of a local potential, so that they correspond to
systems with different local potentials, but which have the same ground state
density.

For a one-particle system without spin, this situation can arise in a straight-
forward way. Start with some potential vy, construct the Hamiltonian matrix

with some finite basis set, and find its eigenfunctions. Then transform the basis
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set to consist of these eigenfunctions, which will be denoted by o, ...,%_, with
1o the ground state. There are b products of the form ¢g#;, j = 0,...,b. If
a function Av can be found which is expressible as some linear combination of
all basis set products and is orthogonal to each of the products ¥§v;, then the
Hamiltonian with potential v = v, + Av will also have ¥ as an eigenvector,
and Av can be chosen (at least in most cases) so the 1y is still the ground state
eigenfunction of the new Hamiltonian.

For a many-electron system the starting point is the set of all products of
eigenfunctions of the full CI Hamiltonian, ¥V ;. Integration over the coordinates
of n — 1 electrons and over the spin of the final electron gives a set of functions
in the orbital product space. There will be many of them, and they may span
the whole of . If they do not, however, a Av orthogonal to all of them can be
found and a new Hamiltonian matrix with the same ground state constructed, as
above.

The conditions on a basis set which would assure a Hohenberg-Kolhn theorem
in the n-electron case must be very complicated, and have not been determined.
A necessary condition is that the partially-integrated products ¥g¥; span F.
Fortunately, the Levy-Lieb functional remains well-defined and our analysis can

proceed.

3. MATRIX AND DENSITY SPACES

In the preceding section, basis functions and model Hilbert spaces were dis-

cussed. We now consider spaces with matrices as elements.

3.1. Matrix Spaces &,

Consider the set of all linear operators from Hj to itself, i.e. the set of
all one-electron operators restricted to the model problem. Every such operator
can be represented by a 2b X 2b matrix, and we introduce the space & of such
matrices. For each Hilbert space H,, the operators restricted to the model problem
correspond to f,b) X (gb) matrices in a space &,. For completeness, we include

also the one-dimensional space & of “1 x 1 matrices.” A scalar product can be
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introduced for elements in each &, as (A,B) = tr AfB, A,B € &,. Each of these
spaces is thus a metric space and, in the finite-basis case, just a Euclidean vector
space [12/.

It can be shown that each matrix space £, can be decomposed into orthogonal

subspaces
gngp0®gpl®"'®gpp (12)

The significance of these subspaces is in connection with the reduction map I:JZ
from &, to &; [cf. Eq. (8)]. The index 7 of the subspace Epr is called the reduction
index. It has the following meaning: The operators or components of operators in
Epr are in one-to-one correspondence with operators or components of operators
in &n for each ¢q between p and x. If an attempt is made to reduce an operator
in &pr to & with ¢ < 7 the result is zero, i.e. the operator is annihilated by the
attempted reduction. The CI H has components in &g, £n1, and &2, but not in
subspaces with larger reduction indices.

The space &° of spin-free one-electron operators contains b X b matrices. An
important example of such an operator is the integral operator with the charge

density matrix as kernel,
Yorie) = 5 e ()X () - (13)
5k

The Léwdin normalization tr-y = n is assumed.

3.2. The Density Space

The “collapse” map § giving the density from the density matrix consists of

setting r' = r in the integral kernel /11/
p(r) = 69° = 40(rir) = 3 45xi (1)xi(x) (14)
Ik

All densities in the model problem can be expressed as linear combinations of
products of the orbital basis functions. We denote by F the space spanned by
these products.

Note however that even for orthonormal orbitals {x;}, the products {x;x};}

will in general be linearly dependent. This linear dependency may be exact, for
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basis functions of simple forms, or only approximate to within the numerical
accuracy of a computer. Nevertheless, as the size of the basis is increased we
must expect more and more linear dependencies among basis function products.
It is because of this linear dependency that the density matrix contains more
information than does the density /13/.

For any given basis set the linear dependencies are determined. It is then
possible to decompose £;° into orthogonal subspaces defined with respect to the
collapse map: £° = £ + K where £ consist of matrices associated with local
operators and K is the null space of the collapse map. The dimension of £ is the
same as that of F, and the elements of £ are in one-to-one correspondence with
those of F. Despite the dependence of this decomposition on linear dependencies
among basis set products, it can be shown that it really depends only on the
orbital Hilbert space H1%: it is not affected by a nonsingular transformation of
the orbital basis /13/. It has also been shown that for a complete basis both
L and K are infinite dimensional, and that in fact for any function f(r) in F
there is an infinite-dimensional subspace of £,° each element of which collapses
to f. In particular, since the basis set model problem is the same as the physical
problem when the basis is complete, any density can be obtained from an infinite
number of charge density matrices. This was noted previously in connection with
the n-representability of any density.

The SEDOs introduced earlier have particularly simple linear dependencies

among their products. Each product is of the form
8 (r)gx(r) = d(r)e kD F® . (15)

All products with the same value of k — j will be not only linearly dependent, but
identical. No set of orbitals arising from a physical problem is likely to have as
many linear dependency conditions, relative to the number of orbitals in the set,
as a SEDO set of comparable size. Since any unitary transformation of orbitals
preserves the £, K decomposition, the physical orbitals cannot be transformed to
a SEDO set of the same or comparable size.

The characterization of the set of n-electron density matrices that give den-
sity p can now be explicitly given: p determines the component of v in £, call

it 7,. Combining this with all elements of K defines a subspace of £°. The
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intersection of this space with the set P (™) of ensemble n-representable one ma-
trices defines the subset P, collapsing to p. The inverse of the reduction map
applied to P, defines a set in &0 £n1. Combine this set with £r28...§ Enpn and
then intersect the resulting set with the set P, of all positive, Hermitian, trace 1

matrices in £,. This intersection is the required set.

3.3. Linearly Independent Product Bases

3.3.1. Definition of a LIP Basis

If a basis set of simple analytic form such as trigonometric functions or
harmonic oscillator eigenfunctions is used, then exact linear dependencies among
products arise very quickly. The number of linear dependency conditions can
easily be found by simple counting arguments. Consider for example the oscillator
functions ¢, = C,,“H'n(a:)e’”z/2 for 0 € 7 £ Nmax. Each product ¥y, 9, will be
of the form Py, n,(z)e~" where P, ,, is a polynomial of degree ny + ny. The
number of products possible is nmax{7max + 1)/2, but there are to most 2nmax + 1
linearly independent polynomials of degree not exceeding 2npyax.

With basis sets more typical of those used in practical calculations, such as
Cartesian Gaussian functions on various atomic centers, it is very unlikely that
exact linear dependency conditions will arise. Simple examples show, however,
that near linear dependencies can quickly become a problem. An attempt to
orthogonalize the set of product functions, or to solve an generalized eigenvalue
problem with the product functions as basis, will fail because the overlap matrix
will have eigenvalues very close to zero.

If one is willing to sacrifice some accuracy, or if the number of electrons is
not too large and the basis is chosen with great care, then a model problem can
be defined for which all basis function products are linearly independent. Such a
basis will be referred to as LIP /13/.
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3.3.2. Consequences of a LIP basis

Any one-electron operator f is defined in the model problem by its matrix
elements f;;. Now consider a function ¢ defined as a linear combination of ba-
sis orbital products, ¢(r) = Y1, dimxi{r)x5(r). Can the expansion coefficients
{@1m} be chosen so that the matrix of ¢ considered as a potential is the same as

that of f? The answer is always “yes” for a LIP basis. The requirement is that
fik = ;Ajk,zmqﬁlm (16)
where
Bitim = [ GEXIEXEx(E) dr

J 6@ b xm (o)) a7

is just the transpose of the overlap matrix for the orbital products. Since this
matrix is nonsingular for a LIP basis, it can be inverted and a ¢ yielding f can
be found. This means that in a LIP basis any operator is equivalent to a local
potential.

If a LIP-basis model can be constructed which gives a good approximation
for a problem of interest, then it will have a number of interesting properties.
Exact local expressions can be found for the kinetic energy and SCF exchange
energy. It cannot be assumed, however, that these expressions will be similar
to commonly-used local density functional approximations. Their significance
thus remains open to question. For example, the kinetic energy functional is
T(p] = [(r)p(r) dr where t is independent of p but depends on the basis. A one-
electron density matrix, and thus possibly a single-determinant wavefunction, can
be determined by experimental measurements sensitive only to the density, such
as x-ray diffraction, only within the context of a LIP model.

An important question now arises: How good can a LIP model be? No
complete basis can be LIP /15/, so we cannot hope for exact results even as
a limit. On the other hand, many of the basis sets that have been used for
calculations of reasonable quality are LIP. From a formal point of view, there
must be an optimum LIP basis for any problem. No investigation of the precise

characterization of such a basis or of an example has yet been reported.



Density and Density Matrices in Density Functional Theory M
4. ENERGY CONTRIBUTIONS

The energy of the electronic system, and thus the energy functional whose
existence is established by the Hohenberg-Kohn theorem, are usually divided into
sums of contributions. This is always possible so long as each new piece is rig-
orously defined and as the final piece is defined to be the total minus the sum
of the other pieces thus far defined. Such a division is useful provided that the
individual pieces as rigorously defined correspond closély to the different physi-
cal contributions to the energy they are intended to describe. The original and
“cleanest” separation is that of the interaction with the external potential, leav-
ing a functional F[p], as in Eq. (1). Several other contributions can be separated
with varying degrees of success. It should be recalled that the important criterion

in the present discussion is formal justification rather than practical utility.

4.1. Coulomb Energy

It is certainly possible to define a Coulomb energy contribution in a straight-
forward and useful way. Let

UCoul // pl(:)ﬂ(r drdr' (18)

This is immediately recognizable as the classical Coulomb energy, and is a straight-

forward local functional of the density. The principal problem with separation

of this term is that includes a self-energy contribution that must be removed

elsewhere. This point will be further discussed below.

4.2. Kinetic Energy

The separation of kinetic from potential energy contributions is certainly
attractive, but is surprisingly difficult to do in a well-defined way. One reason
is that there is no simple kinetic energy functional of the density. The kinetic
energy is inherently a nonlocal property, and expansions in terms of gradients of
the density lose their attractiveness after a few terms.

The Kohn-Sham approach uses the kinetic energy of a system of noninter-

acting electrons having the same density as that specified /14/. It is not as clear
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as one might wish just what this really means, or whether the resultant kinetic
energy is really the total kinetic energy. A well-defined starting point is to use
the constrained search algorithm for the kinetic energy only. Having introduced
a basis set, we define

T[p] = min Trty (19)

¥eP1,

where t is the matrix of one-electron kinetic energy operator, < is the charge
density matrix, and Py, is the set of all ensemble n-representable <’s that yield
the density p.

If a SEDO basis is used the characterization of Py, is very simple /15/.
Consider a truncated set of SEDOs in which each component of k is restricted
to the range ~» to v. The restricted kinetic energy functional T, [p] is an upper

bound to T'[p] which becomes tighter as v is increased. It can be shown that

{n) (n)
twlpl+ Y ru < Tlp] < twlo) + > Kk (20)
® k

where
2
wwlpl = 5 [ 2 ar, (21)

K is a matrix with elements

K= [ 0V 0 V(- DexpliCk - §) Adr, (22)

and K, is an eigenvalue of K. The sums extend over the n smallest eigenvalues
or the n smallest diagonal elements. The actual value of T, [p] can in principle be
obtained numerically for any v.

A more general analysis of the constrained search kinetic energy functional
shows that it is consistent with the Kohn-Sham method /16/. The kinetic en-
ergy for a given density will be that of a single determinant function where the
orbitals in the determinant are solutions of a one-electron Hamiltonian with an
appropriate effective potential.

It has been pointed out that an exact treatment of the kinetic energy is
possible if the one-electron density matrix rather than the density is taken as
the fundamental quantity. An alternative is to assume knowledge of the momen-

tum density 7(p), since T = 1 [p?x(p)dp. Potential energy functionals of the
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momentum density are even worse that the kinetic energy functional of the coor-
dinate density, so a purely momentum DFT is not very attractive, but a theory
based on functionals of =(p) and p(r) is possible. These two densities together
require less information than the density matrix, and have the added advantage

that they are in principle observable.

4.3. Exchange-Correlation Energy

The meaning of the term “correlation” in electronic quantum mechanics is
not the same as it is in probability theory. A large part of what would be correla-
tion is separated out as an “exchange” effect. While not restricted to SCF theory,
these ideas have their cleanest expression there, and SCF theory is precisely that
level of approximation where everything is determined by the one matrix.

In a truly uncorrelated system, the two-electron density would be just a
product of one-electron densities: P(ry,rz) = p(r1)p(rz). To examine exchange,
one must consider the density matrices rather than just densities. For a two-
electron density matrix in the Lowdin normalization trI' = n(n — 1)/2, one can

think of defining a part of I' in terms of v as /17, 18/
1
Ter(1,21,2) = 5 [y(1; 1)r(2:2) - v(1; 20 (1) - (23)

The subscript cz refers to the obvious interpretation as Coulomb and exchange
contributions. It is well known that for a state described by a single determinant
this is exact for all of T. It is less well known that I' = T, requires a single
determinant state. If the consistency condition ¥(1;1') = %5 [T'cz(1,2;1/,2) d2
is imposed it is found to require 4% = 7. This idempotency arises only for
one-matrices arising from single determinants. The spin-polarized form of this
relationship involves “Coulomb” interactions among all electrons but “exchange”
interactions only among electrons of the same spin. The consistency condition
then requires that the spin-up and spin-down one-matrices each be idempotent
and again implies a (spin-polarized) single determinant.

The conclusion to be drawn is that if an attempt is made to separate an
exchange functional in a model more general than SCF, then the left-over part

will not be pure (correction to SCF) correlation, but will also include a correction
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to the exchange contribution. It may still be useful in some contexts to make an
approximate separation of these effects because the exchange piece is such a large
part of the total.

It is clear from Eq. (23) that the probability of finding two electrons with
the same spin at the same place is zero. This will be true for any model that
takes proper account of the Pauli principle. When SCF theory is developed in
terms of the Fock operator eigenfunctions, the energy expression involves a sum
over all orbitals except the orbital that the operator is acting on. This sum
can be extended to include that orbital as well because Coulomb and exchange
contributions cancel and the total expression is the same whether it is included or
not. If Coulomb and exchange contributions are separated, then this extra term
will be responsible for the apparent “self energy” contribution in the Coulomb

terms.

5. CONCLUSIONS

It has been noted here that basis sets are often appropriate in density func-
tional theory, for formal or practical reasons or both. In the DFT associated with
a basis-set model, linear dependency conditions among basis set products play a
key role.

The Levy-Lieb-Valone constrained search algorithm defines an energy func-
tional that remains valid in basis set models where the Hohenberg-Kohn theorem
does not apply and can be explicitly stated in terms of the collapse map and one-
matrix n-representability conditions. Only a limited set of densities are possible
in a basis-set model, and some of them may fail to be n representable. For any
reasonable density, however, one can choose an appropriate (potentially complete)
basis in terms of which that density is n representable.

A constrained search kinetic energy functional can be stated explicitly. Al-
ternatively, the kinetic energy can be expressed exactly in terms of the one-matrix
or in terms of the momentum density. A joint functional E[p, 7] would involve
coordinate and momentum densities, both of which are experimentally observ-

able. Both densities are determined by the one-matrix and they are linked by
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consistency conditions. Relevant to this is the renewed interest in a phase-space
description, whether in terms of the Wigner function /19, 20/, which has p and 7
as marginals, or in terms of the Husimi function /21, 22/, which is a probability
density for finding an electron of the system in a Gaussian wavepacket (coherent
state) centered at a specified point in phase space.

In the model defined by a LIP basis, exact local functionals exist for the
kinetic energy and SCF exchange energy. The one-matrix and momentum density
are determined by p in a LIP basis. Such a basis cannot become complete and
experience indicating how good a description of a physical system can be provided
by a LIP basis remains to be developed.

It has been noted that an exchange contribution to the energy can be sepa-
rated in a consistent way only for an SCF-like treatment. Also, as is well known,
self energy problems are associated with the separation of a Coulomb contribution
from the rest of the two-electron energy. A basis set analysis does not eliminate
these problems. While the set of two-electron density matrices associated with a
given density is easily characterized, usable n-representability conditions on the
two-matrix are not known.

Despite these limitations, the use of basis set models, especially with partic-
ular choices of basis orbitals, can make major contributions to our understanding

of density functional theory and of its relationship to density matrix theory.
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DENSITY MATRIX FOUNDATIONS OF DENSITY FUNCTIONAL THEORY:
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1. INTRODUCTION.

We discuss in this chapter, within the context of a density
matrix approach based on the 1-matrix, where pure-state N-repre-
sentability conditions are explicitly incorporated, how the
Schrodinger equation may be exactly reduced to a set of 2nm
coupled equations (m is the number of single particle orbitals)
which give solutions for both the ground state and excited
states.

These coupled equations, given by Nguyen-Dang et al. via a
realization of the two-step variational procedure introduced by
Levy and Lieb, are shown to yield, under appropriate simpli-
fications the usual Kohn-Sham equations. The relevance of these
novel equations, in relation to molecular physics and condensed
matter theory calculations, is discussed.

The basic aspiration of much of the work done in density
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functional theory and derdsity matrix theory /1/ has been to set
up a formalism totally equivalent to the Schrédinger equation,
for pure states or to the Liouville equation, for ensembles
which, nevertheless, bypasses the use of N-particle wavefunctions
or N-matrices, respectively /2/. Due to the particular nature of
the Hamiltonian for Coulomb systems, where at the most one has to
deal with two-particle interactions, we could, in principle,
reduce the many-body problem into an equivalent problem totally
cast in terms of the 2-matrix, D2(1,2;1',2’) an object which
regardless of the number of particles of the system always
depends upon only 12 spatial coordinates. This represents a
conslderable simplification if we consider that the N-particle
wave function for systems of interest in chemistry, materials
science or biology depends upon 3N spatial coordinates, where N
can easily attain the value of thousands. But unfortunately, the
construction of an alternative formalism based on the 2-matrix
has met with a difficulty which until now is unsurmountable: the
pure-state N-representability problem /3/. This problem has to
do with the necessary and sufficient conditions which must be
satisfied by the 2-matrix 1in order that the variation of the
energy expression, solely based on D2(1,2;1’,2’ ), yield the exact
ground-state energy of the N-particle system.

The difficulties which one encounters In the case of the
2- matrix persist when one attempts to reformulate this
problem on the l-matrix D1(1,1') or, even simpler, in terms of
its diagonal part, the one-particle density p(1) = D1(1,1). The
pure~state N-representability problem for the l-matrix is still
unsolved /4/. This, plus the fact that the explicit
expression for the energy as a functional of the 1-matrix is
unknown has barred the way to a direct construction of a
variational principle based on D'(1,1’). However, when the
1-matrix does not refer to pure states, the N-representability
conditions are known /5/ and hence, in this context, a quantum

theory for ensembles may be developed. The only obstacle to
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such an undertaking still is the lack of an explicit functional
form for the energy in terms of the l-matrix.

An alternative approach to the variational problem for
pure-state 1-matrices, where wuse 1is made of the known
N-representability conditions for ensemble 1-matrices, has been
advanced by Nguyen-Dang, Ludefia and Tal /6/. This seemingly un-
usual approach may be justified by resorting to the two-step pro-
cedure of Levy /7/ and Lieb /8/, which is founded, in turn, on
the Hohenberg-Kohn theorems /9/.

It is the purpose of the present work to extend the results
of Nguyen-Dang et al. /6/ in order to show that the variational
principle not only leads to coupled equations for the ground
state of the system, but that it also provides us with a first
description of excited states. Furthermore, we show that the
usual Kohn-Sham equations /10/ can be regarded as an
approximation to these exact orbital equations. The alternative
perspective whereby these coupled equations may be viewed as
extended Kohn- Sham equations where the symmetry of each state
has been explicitly introduced, is also discussed.

In Section 2, we succinctly review the Hohenberg-Kohn
theorems, and their relation to the two-step variational prin-
ciple of Levy /7/ and Lieb /8/. In Section 3, we describe the
constrained variational procedure which is used in the deter-
mination of the auxiliary universal functional and analyze in
this respect the importance of N-representability conditions. In
Section 4 we discuss the connections between the system of
coupled orbital equations which result from this formalism and
those of Kohn-Sham /10/. In Section S we discuss the problem of
multiconfiguration in terms of D1(1,1') and finally in Section 6,
as an example, we discuss the relation of this approach and a

particular type of problem in condensed matter physics.
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2. THE HOHENBERG-KOHN THEOREMS AND THE TWO-STEP VARIATIONAL
PROCEDURE.

Consider a Hamiltoniani operator ﬁv defined as the sum of the
kinetic energy operator T, the electron-electron interaction
operator \7“ and an external potential operator Qext:

N

Ho=T+V _+V =H + [H V@) (1)
where V(?l) is the i-th component of the external potential. We
shall refer to this Hamiltonlan as belonging to the Ho-family of
Hamiltonians. Ordinarily, this external potential describes the
nuclear-electron interaction.

Let us assume that ;iv has a non—degeneraate ground state \P:
which is a solution to Schrédinger’s equation HV\F: = E:\P: . Then,
we may define the following set of external potentials (which

need not necessarily describe nuclear-electron interactions):
N

= M = 0 2 possesses a non-degene-
Vi = {V(r)lﬂ" H * 121 VIED Tate ground state }

(2)
It 1s clear from this expression, however, that not any
arbitrary external potential may be used in Eq. (1). Associated
to each ground-state wavefunction \I!: we have a ground-state

density p:(?) defined by (here [ includes spin sums)

Pl =Y fdz... IdN ¢ (1,2, 09 (1,2,...,N) (3)
o 1 & o o
1
consider now the set of one-particle densities

A: = {p(?)l such that p(?) comes from a ground-state wave-

function corresponding to an Ho -family of Hamiltonians with

V(r) e VN} (4)

equation (4) is the general expression for what is known as the

representability condition on a density.
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The first Hohenberg-Kohn theorem establishes a one-to-one
correspondence between p(r) e A: and V(r) e VN which, symbolical-
ly may be put as p:(r) «— V(r). The above correspondence
indicates that for a given density p:(?) € A: , We can univocally
obtain the external potential V(r).

Through this inverse mapping, the exact ground-state energy
E: may be determined from the sole knowledge of p(r). In other

words, E:(r) is a functional of the ground-state density

E = E‘o’[p:(?)] (5)

equation (5) embodies the statement of the second Hohenberg-Kohn
theorem.

There are the following points which we would 1like to
emphasize here. In the first place, the Hohenberg-Kohn theorems
refer specifically to ground state densitles corresponding to the
Ho—family of Hamiltonlans and not to any arbitrary density. In
the second place, the functional expression given by Eq. (5) is
not an explicit one. In fact, E:[p:] must be interpreted in

terms of the ground-state wavefunction as follows
v v,
Eo[po(r)]

this means that the second Hohenberg-Kohn theorem does not tell

[}

T+ V¥ 4 Jd‘r’p"('r’)V(?), (6)
] ee o [

us how to express either the kinetic energy or the electron-elec-
tron interaction energy in bona fide functionals of the ground-
state density p:(?). In this sense, it is just an existence
theorem valid only at the exact ground state level. (Remember
that E:[p:] not being known we could resort to E: D'(l,l')] as a
more practical approach, without invalidating (5)).

In order to further clarify the above ideas, consider the
inequality

N
<v |H, +l; V(?l)l\llp> =E ;4 o p(?) e NL_ -

and v €2
p N
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where the Hohenberg-Kohn set N:x of one-particle densities 1is
defined by

N:K = {p(}’)}p(?) =0, I d2p(?) = N} , (8)

and where ZN is a subset of the antisymmetric N-particle Hilbert

space L;(Ran) and is given by
e, = {w|w e LZ®R™M) ;- <[P <w, <u|®> = 1} (9)

clearly, the equality in Eq.(7) is attained when ‘Ilp = \prv = \Il: .

(]

Notice that the exact ground-state density p:(-r)) belongs to N:x

and also that A: is a proper subset of N:x
A i (10)
v HK

For a one-particle density which satisfies the condition
p(®) ¢ A, p) e N:K. t.e. p(?) e N"HK\A: the first Hohenberg-
Kohn theorem does not guarantee a one-to-one correspondence
between p(r) and V(r). In fact, it has been shown that there
exlist densities p(-r)) € N"HK for which it is not possible to define
a V(r). Namely, densities which are not V-representable /11/.
Now, if there 1s not a one-to-one correspondence, then there is
not an linverse mapping and hence one cannot express the exact
state energy as a functional of p(r).

A variational principle for the energy, based on the one-
particle density, must be restricted, according to the Hohenberg-
Kohn theorem, to those densities which belong to the set of
V-representable densities A:. Such a variational principle is
given, for example, by

S5

v _ " Nurdy . 9 N
E = 1nf{< Wp|H°|\Pp > + I drp(f)V(F) ; \Ilp—-) p(r) e 4, \Pp € 2“}

(11)
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Notice that since p(f‘)) is restricted to belong to the set At,
the N-particle wavefunctions \I!p € 93“ are, In fact, also res-
tricted to be wavefunctions which yield V-representable one-
electron densities. The problem with this restriction is that
the necessary and sufficient conditions which describe A: remain
unknown.

Let us comment here in passing that a correct interpre-
tation of the energy functional in Eq.(11) has been given by
Nakatsuji and Parr /12/ by assuming that the infimum is searched
along a continuous path leading from some reference external
potential Vref(r) € V to the actual potential Vir)) e v, In
this way, the functional is only defined for ground-state wave-
functions corresponding to external potentials along these con-
tinuous paths.

The two-step constrained variation of Levy /7/ and Lieb /8/
avoids the need to rely on the unknown set A::. This is done by
defining a universal functional FLL[p(?)] (LL stand for Levy-
Lieb)as follows

Dy o o . 2
FLL[p(r)] = 1nf{< \I/p]Holwp > \pr—) p(F) e N:xL . \Irp € ZN} (12)

where p(r) is a given density belonging to the Hohenberg-Kohn-
Lieb set N:‘m which is defined by

N = [e@|p@ = o, Jd?p(?) =N, Vp e L2(RY),

jd?[Vp(?)lK]z < } (13)

The energy is then calculated by means of the second variational

step

E = mf{FLLtp(?)J + jd?p(?JV(?) ; p(R) e n"m} (14)

Let us notice that I\I"HKL is contained in Nnux' Hence, we have the

following inclusions
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A o (15)

v HKL HK
Eq. (12) implies a constrained variation, where at all stages the
condition \Ilp - p(?) € N::KL must be observed. This means in

practice that if \Ilp i1s represented in some general form, such as
for example a configuration interaction (CI) expansion with M

Slater determinants <DI constructed from an orbital set 4:i /13/

k:
M

wp(1,...,N) =sz e (1,...,N) ; I= {11 V1 <...<1N} (16)

then, this condition may be implemented by requiring that
» _ * Ij =
[p\ll] B Z Z CCl Piy (17)
Pl 1=1 J=1
this follows from the fact that if we Iintroduce the CI wave-
function given by Eq.(16) into Eq. (3), then the one-particle

density (expressed in terms of the orbital set ¢‘ ) becomes
K

) @ Z Z [p\p]”quwjm; b= e,

I=1 J=1

U = {( 0% 4 -1y = {J-3} ; =zero otherwise}

for a given density (expressed in terms of the same orbital
basis) the values of {CI} are fixed (the only conditions which
p(1) = must satisfy are those that ensure that it belongs to
N:xx_)' This means that at all stages of the variation there are
some restrictions on the values which the CI coefficients may
take. These conditions enter directly into the characterization
of the universal function FLL[p(?)] /6/,/13/.

The cruclal point which we would like to stress is that the
requirement that the N-particle wavefunction correspond to a pure
state is a basic ingredient of the first variational step leading
to the universal functional FLL[p(?)]. Since in the second step
the one-particle density is varied until the infimum of the right
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hand slde of Eq.(14) 1is attained, it 1is clear that at the
extreme point of variation, the CI wavefunction would become the
exact ground-state wavefunction \I/: /13/. 1In other words, the es-
sential condition which makes it possible to reach the exact
ground-state energy by means of this two-step variational pro-
cedure 1s the pure-state-representabllity of the one-particle
density.

Because in Egs. (12) and (14), p(?) € N“m is apparently the
only requirement on p(r), and since for any one-particle density
p(?‘)) € N"}m. it is always possible to construct a single Slater
determinant from which this density may be obtalned, it has been
assumed that p(?) € N::KL already implies that the condition of
pure-state N-representability is satisfied. But as we have
argued above, these conditions must be incorporated into the
variational problem at the level of the constrained variation
whereby FLL[p(?))] is constructed.

Furthermore, the fact that p(_r)) may be derivable from a
single Slater determinant does not guarantee that the infimum
value of the right hand side of Eq.(14) yield the exact ground-
state energy E:. For this reason, any arbitrary or approximate
universal function ELL[p(?)] may not be used when implementing
the second variational step. A non-N-representable functional
would invalidate the variational principle so that depending on
the nature of the approximation, the right hand side of Eq.(14)

may yield values above or even below E:.

3.  BUILT-IN PURE-STATE N-REPRESENTABILITY CONDITIONS
FOR D'(1,1’).

There are two basic reasons for choosing the 1-matrix
D'(1,1') instead of p(-r)) as the basic quantity in an "orbital”
version of density functional theory. The first, is that the
kinetic energy is an exact functional of p'(1,1’). The second,

that the ensemble N-representability conditions on D'(1,1°) are
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known. Furthermore, if one desires to derive one-particle
orbital equations, then the most reasonable starting point is a
variational principle for D1(1,1') /14/,

In order to bypass from the outset the V-representability
problem, one may use an approach similar to that of lLevy /7/ and
Lieb /8/ and set up the two-step variational procedure for
Dl(l,l’). This has been done by Nguyen-Dang et al. /6/ in the
following way. The universal functional is defined by

FID'] = inf {Tr [HOD"] ;D eP " - ! e P; c E;} (19)

and then the energy is obtained by means of
E,ID'] = inf {F[D‘] + Id? v(?) p'(r,r); D' e E;} (20)

in the above expression, P" is the set of pure-state N-matrices

D" and is given by

P, = {D"|D" = |w<y|, V20, 0% =0", ot =",

TrD" =1, Ve :eu} (21)

P; is the corresponding set of pure-state N-representable
1-matrices Dl(l.l’). The necessary and sufficient condition
which characterize P; remain unknown. This is not the case for
E; , the set of ensemble representable 1-matrices, whose complete
characterization is given by the following conditions /5/.

1 _ 1 5 1 s — * ’ . < <
E, = {D (1,1°)|p*(1,1") _1; AV (g (') ; 0=2 s 1,

Z A =N } (22)
i=1

where the Al's are the occupation numbers and the wi(l)'s, the
natural spin orbitals of Dl(l,l’) /15/.
The constrained variation indicated in Eq. (20) is carried

out using the auxiliary functional /6,13/
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(o] = Tr(H D" - € (TrD’- 1) - Trl[g (Lp" - D‘)] (23)

where & is the Lagrange multiplier which 1includes the
normalization condition in Dl(l,l’) and a« 1s the Lagrange mulpli-

er matrix which guarantees that
1 , 1N d s
Dw(l,l ) = L“Dw = Idz...JdN v (1,2,...,N) ¥ (1’,2,...,N) (24)

reduces to a given 1-matrix Dl(l,l’) € E; . The above
restriction 1is equivalent (in a CI representation of the
N-matrix) to Eq. (17). Notice that at this point, or at any other
point of the variation, all that is required from the Dl(l,l’) is
that they belong to E;. Since the variation must be restricted to
pure-state N-matrices, the additional condition (idempotency) is

also imposed
so" = p¥ 5 D' + (aD") DV (25)

carrying out the first wvariational step one gets /6/ the

universal
1, _ . | N ) 1 )
FID'] = Tr [“oDo] = Tr 0] = [a1 @ (D' 1) | (26)

where D:. is the N-matrix at the extreme and the one particle

operator a is given in a matrix representation by

(27)

zl®™

the effective one-particle operator 1is essentially, therefore,

just the Lagrange multiplier corresponding to Eq.(23). Defining
H D'l = Tr [(a’ + V) D'l = Tr (nD'] (28)

we may set up the following auxiliary functional in order to

perform the second variation implicit in Eq. (20):
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1. 1 - 2_ _ _
Q [D'] =H (D] u[1Z1 T n] Z ZBU (< WJI[IJ) 6U]

1=1 j=1
(29)
The normalization condition on Dl(l,l’) is incorporated through
the Lagrange multiplier p and the orthonormality condition on the
one-particle orbitals {wi} , through the Bij’s.

The operator (1) depends upon the Ai’s and the orbitals
thl)' Hence, the auxiliary functional Gh[DI] also depends upon
these quantities. But instead of the Ai's, it turns out that the
natural variable p of the problem are the square roots of the

occupation numbers (T‘ = Az/ZL

This conclusion was obtained
when the present method was applied to a 2-particle system, for
which the exact coupled equations for the natural orbitals may be
derived in a more direct way /16,17/.

Bearing the above in mind, we obtain the following sets of

Euler-Lagrange equations

anv[D‘l

—?ti—— = 0 v iE(l,...,m}; m>N (30)
SQVID1]

W = 0 v ie{l.---.m); m>N (31)

from Eq. (28) we have
m
1, _ 1, _ 2
10 = 10ty = ]k, GARTA RS (32)

thus, taking the derivative of Eq.(32) with respect to T, one
gets

su [D') sh
= M = Z o420 ZhKKr (33)

e =8¢

using that Eq. (30) may be rewritten in matrix form as
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(hy, - 1) Rz R. A
R
21 (hzz_") R2m T, =9
R R (h  -u) T
mil m2 mm n (34)
vhere
dh [{t },{y }]
R =4t 3 3 4 (35)
13 STJ i

Eq. (34) is an eigenvalue equation which leads to a polynomial in
g for each u(p), there corresponds the column vector ?(p{
The orbital equations are obtained by explicitly varying

Eq. (31). This variation yields

(p) 2
r | SR pie} [z"”] Jdl h(p)(l’)w;p)(l’)l

aw;(l) 1

m
(p), (p) _
‘; B v (1) =0 (36)

Notice that these orbital equations depend upon the particular

2(p)

"state" p described by T Furthermere, since Eqs. (34) and

(36) must be solved self-consistently, it follows then that as-

) 1(p)

sociated to each u(p there must be a l1-matrix D for state p.

See Section S below for further discussion on this point.
4. CONNECTION WITH THE KOHN-SHAM EQUATIONS.

Although at first sight the system of equations described by
Eqgs. (34) and (36) do not seem to resemble the usual Kohn-Sham
orbital equations, the correspondence can be made evident by re-
membering that according to the first equality of Eq.(26). The
universal functional F[D'] may be computed from Tr[ﬁbD:] , where
D: is the N-matrix at the extreme point of variation. Thus, we

have
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2

~ u 1 2) (1,2;1,2)
Tr(HD] = Icu [- > V:»] D (1,1 )|1,_)1 Idljdz ? X
1 2
(37)

Using Eq. (37) we can put

— -‘>I 1 1]

H (D'l = Idl [- v + V(rl)]Do(l'l N
D%(1,2;1,2)
dejdz J———- (38)
-7

2 I
and compute

8H_[D'] . )
g[l—%ﬁ— = Ak J‘dlalﬂk(l) [' E + V(r )] wk(l)
k

6D (1,2;1,2) 501(1,1)
J‘dl J'dz 55 T) ¥ (39)

where in the last term we have used the chain rule for the
functional derivate plus the fact that po(l) = Dl(l,l). It has
been shown by Fritsche /18/ that the second term in Eq. (39) may
be rewritten in terms of the effective potentlial

2
u(1) = J'dz 80°(1,2;1,2) (40)
prli

Using Eqs. (39) and (40) we may transform Eq. (31) (or Eq. (30)) into

P [_1 o2 2> (p) (p) (p)
A [ L@ evi) +u (1)]w (1) = z AN (a1)

Fixing the occupation numbers (assuming that p = O describes
the ground state) as follows

Ai°’ =1 k=1,...,N
(42)
A =0 k>N

k

we set the following orbital equation
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21 2 2> (o) (o) (o) (o)
[ 5> U HV(E) +uU (1)] (1) = Z (1) (43)

Diagonalizing the Q(O) matrix by means of the transformations
=uy , e=upu (44)

one finally obtains the Kohn-Sham equations

1 2 > (o) (o)
{_ AR IAREA (1)] 8. (1) = e (1) (45)

Notice however, that since the occupation numbers were fixed
through Eq. (42), there is no companion equation, such as Eq. (34)
to the usual Kohn-Sham Eq. (45). In this sense, Eq.(45) only
refers to the ground state /19/.

S. MULTICONFIGURATION, STATIONARY STATES, CALCULATIONS AND

THIRD THEOREM IN DENSITY FUNCTIONAL THEORY.

From the considerations mentioned above where we discussed
that even if the name density functional theory suggests the use
of the electronic density itself and alone, when one comes to the
calculation of all relevant properties, the most successful
practical schemes (eg. Kohn & Sham), one way or another, rely on
the use of the first order density matrix Dl(l,l’) as mentloned
above. Therefore, if an approximation to D1 is computed anyhow,
and having abandoned the conceptual advantage of using just the
density p, one is tempted to extract full profit of the first
order density matrix. (at a Hartree-Fock level the results can
be obtained exactly). One practical calculational scheme is
sketched here.

The first order density matrix has the multiconfigurational

form

p'(1,1') = ) cM'c? ) atls’ (1), (1") (46)

AB' 1
A B 1Er j€B

where {CA} is the set of multiconfigurational parameters
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of orthonormal wave functions out of which the configurations A
are constructed:
Al = 1 if {1’ in A} -1 = {J’ in B} -j (a7)
AB 0 otherwise
(for bosons the values of A:; depends on the occurrence numbers
of the ¢ in A).
The minimization procedure with respect to the ¢ yields

£ £ £ _
kl + Ve"" -pa = o] (48)
where
1 ’
£ - afs veffD (1,1 )drldri, (49)
eff, { 63
1
and
1 2 1 ,
o aL R RALEE )|1,_)1dr1] (50)
i P
¢1
and
£ _ A* B 1]
a, ch C z 8,5,(1) (51)
A B j€B

As a result we have that as the "kinetic energy" term is

-y ¥ Z[‘B"¢(1)V¢(1)+hc]/4 (52)
AB 1E€A JEB
And its contribution to the one-particle equation, that 1is, its

*
derivative with respect to ¢1 , Will contain terms like
U
-ct C Y ¢ (1) (53)

not necessarily positive, depending on the relative signs of the
CA. Then the differential equations for the basis functions ¢1
will be coupled. This is most important for molecules and solids
where a LCAO scheme for the ¢1 can be used. This coupling is an
effect arising from the use of the full first order density

matrix, where contributions to correlation will appear. If
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natural orbitals are used for D' then (53) becomes diagonal, the
projection of the resulting orbitals being used to weight the
different configurations.

A second, and also very Important consequence, 1is the
appearence of local density fluctuations given by (46} when the
non-diagonal CA.CBA:; +# 0. This point has been discussed by
Fritsche. The solution of the variational equation (48) is to be
found in conjuction to the ones given by a/ac* = 0 where the
coefficients CA are optimized. In practice we can compute the
total energy EB({CA}B) and find a set of numerical minima for EB
each solution EB corresponding to a stationary state of the
system described by {CA}W

Then it is clear that the internal symmetry of the system,
through a set of parameters (CA}B is a necessary part of the
theory. The parameters c* should be included (hidden or explicit)
elther in the construction of the density function (as in the
Kohn-Sham procedure as a particular case) or in the energy
functional itself.

We have called this statement the "Third Theorem" of density
functional theory /19,20,21,22/. We have also discussed the
effects of this internal structure of the density on the

excitations of the system.

6. EXAMPLE: REAL AND CONFIGURATION SPACE WAVE FUNCTIONS OF f

ELECTRONS IN CONDENSED MATTER.

6.1. Real Space Wave Functions.

For the study of rare earth and actinide elements containing
systems we can start by considering again that the total wave
function of a material which can be written as a fixed
configuration interaction (CI) sum, 723,24/, where as usual each
configuration is represented by one determinant constructed from
appropriate single particle wave functions of different angular
momenta. Each single particle wave function °1 is, on the other

hand, constructed (usually) as a linear combination of atomic
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The calculation of the single particle 4f-electron wave
functions in atomic problems shows that even if these states are
occupied only after the S5s, Sp and 6s orbitals, the charge dis-
tribution of the 4f is such that most of it is inside the sphere
of maximum charge density of the 5s and Sp. This is also the case
for the 5f electrons, in the actinlides, relative to the 6s and 6p
states. The physical reason for this behaviour is the dominant
role played by the effective f potential V£=3(r), a radial
potential well confining the f-wave function (for n f electrons)
to a small region of space. The resultant f-wave function ¢; can
be appropriately called atomic-like. When the rare earth or
actinide atom is in condensed matter, the boundary conditions and
the potential well changes drastically, mainly in the outermost
part of the Wigner-Seitz cell, through the superposition of the
atomic potential wells, with a 1lower potential in the
interstitial region. The change in the potential makes it
necessary to include an extra contribution wf, , with large am-
plitude in the bonding region, to construct an appropriate f wave

function W; in this material as:

vy = [an./;f +V1-a wf,]; I ¥, |%a = 1, I ¥, % =1 (54)

The auxiliary wf, wave function is not of atomic character,
on the contrary it must have contributions outside the sphere
where the 5s, 5p and 5d (or 6s, 6p and 6d for actinides) have
their maxima. The wr’ is (usually) taken to be orthogonal to Wf
The angular part is of course the same as the 4f (or 5f); in
molecular and solid state calculations the wf,are usually termed
"polarization" wave functions. Because the two components wf and
wr, are orthogonal, the f charge density will have two main
contributions: the atomic-like part a® and the delocalized part

2 n
(1 - a%),
n
The coefficient a is given the subscript n because it

strongly depends on the total amount of f-character for a given
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configuration £ being considered. The lower the average energy
of the f-electron band in the f" configuration for that atom in
condensed matter, the larger the a is expected to be (a: ~ 1).
We can also think of wr and wf, as "configurations", with the
same amount of £ = 3 character, which are mixed by the condensed

matter boundary conditions.

6.2 Configuration Space Wave Functions.

Here we want to consider that the amount of f character in
the rare earth or actinide can change either by pressure,
alloying, excitations, etc. and then the total wave function V¥

could now be written in terms of w: as
£
v=) (55)
n f
Then in the procedure described in Section 5 we would have to
optimize both the c" and the a (perhaps written in the form "
and C'™). The sum Z |Cn[2 will then give the total amount of f

n
character (better said & = 3 character) and the sum Z [C"|2a: the
n

total amount of atomic-like f character. These numbers have been
discussed by several authors (see references in /23,24/) and is
related to mixed valence, valence fluctuations and the high elec-
tron correlation presented by these materials. The different
conditions favor the contraction or expansion of the ¢ = 3
auxiliary wave functions, arising from the extra terms in (53),
and indirect changes in all angular momenta components because

the f charge localizes or delocallzes.
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CONSTRAINED-SEARCH FORMULATION AND RECENT COORDINATE
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Abstract

The constrained-search formulation, which simplifies and
generalizes the original Hohenberg-Kohn theorem and solves
the v-representability problem, is briefly reviewed. The
constrained-search formulation is then combined with
coordinate scaling to derive bounds for the exact
exchange-correlation functional. The asymptotic bounds are
not generally satisfied by commonly employed approximations.
Coordinate scaling is then employed to present formulas which
extract ground-state energies from experimental electron
densities and to present a set of three necessary and
sufficient conditions for the exact orbital-generated
Kohn-Sham exchange potential which is a local operator.
Finally, coordinate scaling equality requirements are
revealed for the correlation hole.
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1. INTRODUCTION

Hohenberg and Kohn' ushered in modern density functional
theory by asking and answering the following question: what
is it that Thomas-Fermi’ and extended Thomas-Fermi
functionals are trying to approximate? It seems suprising
that it took almost forty years for this question to be
asked. In part because the question was asked and answered,
and in part because of its numerical success, density
functional theory has blossomed during the twenty five years
since the Hohenberg-Kohn theorems. Witness the large number
of density functional papers at the Sanibel Symposia and at
the March Meetings of the American Physical Society. Density
functional sessions now constitute regular parts of the
advertised programs of these annual conferences.

The present chapter first briefly reviews the simplified
and generalized "constrained-search" proofsyﬁ of the
Hohenberg-Kohn theorems for ground states. This chapter then
combines the constrained-search orientation with coordinate
scaling to derive various properties of the exact
exchange-correlation functional, Exc’ for ground-state
calculations. Several of these derived properties are not
satisfied by commonly employed approximations to Exc' This
fact should be considered when one attempts to improve upon
the existing exchange-correlation functionals. Further
implementation of coordinate scaling in this chapter results
in formulas which generate energies from experimental
electron densities and results in a theorem for the exact
orbital-generated Kohn-Sham exchange potential. The chapter
concludes by revealing coordinate scaling equality

requirements for the correlation hole.
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2. SIMPLIFIED AND GENERALIZED PROOFS OF HOHENBERG-KOHN
THEOREMS A AND B FOR GROUND STATES.

2.1. Constrained-Search Proof of Theorem A. Ground-State

Density Determines "Everything."

Consider N interacting electrons in a local

spin-independent external potential v. The Hamiltonian is

_)
H+ T+ V +§ v(ri) (1)

where T and Vee are, respectively, the kinetic and
electron-electron repulsion operators. According to
Hohenberg-l(ohn1 Theorem A, a given ground-state density, n.,
determines H within an additive constant and thus determines
all the ground-state and excited-state properties of H.

By means of the "constrained-search" for:mulation,s'.5 the
proof of Theorem A becomes quite direct. A proof by
construction is employed. That is, the proof actually shows
how one determines, in principle, H from no.

Note first that all those antisymmetric wavefunctions, ¥,
which yield the given n_ possess the same expectation value
with respect to any local-multiplicative external potential
v. (The electron-nuclear attraction operator is an example
of a local external potential.) Consequently, of all those
¥'s which yield n_, the ground-state ¥ is obtained as the one

which minimizes <T + Vee>' (Call this wavefunction W:ln.)
o
If degeneracies exist such that more than one ¥ gives this

minimum, then all the ground-state ¥'s are obtained, one at a
time, by the above procedure. Furthermore, all the ¥'s which
give the constrained minimum must obviously be ground states
of the same local external potential.

Once a ground-state, Wﬁin, has been determined, then the

total local-multiplicative Sotential operator, V = Vee +
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Zv(?i), is obtained within an additive constant by inverting
i

min min

HY - E ¥ . That is
n on
o) o
min , min
V-E_ = -Twno /wno (2)

where the operator T is specified completely by the number of
electrons which, in turn, is determined from no by
integration. Hence, H has been determined, within an
additive constant, and the proof is complete. (Observe,
incidentally, that since H is specified only to within an
additive constant, Eo cannot be determined without further
information. However, further information is not required
for excitation energies which involve only energy

differences.)
2.1.2. Hartree-Fock Density Determines "Everything".

Hohenberg-Kohn Theorem A has been extended to the
Hartree-Fock density,sn8 Nyps in a rigorous manner® through
the Fock Hamiltonian.® (See also Ref. 3). Consequently, uE
contains all the information about H, including the

correlation energy.7'8 That is,
Nyp 2V 2 (EO-EHF) = Ec[nHF]' (3)

The existence of the universal correlation energy functional,
Ec[nHF]’ provides hope for a practical addition of Ec[nHF] to
E after one has performed a traditional Hartree-Fock

HF

calculation for E and nyps one does not need the exact no!

HF

Namely,7'8

E = Eq+ Ec[nHF]. (&)
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However, Hartree-Fock calculations are impractical for very
large molecules and solids so that in these cases it is
perhaps best, at present, to employ traditional
density-functional techniques. This brings us to the

variational Hohenberg-Kohn Theorem.’

2.2. Constrained-Search Proof of Theorem B. Existence of

Universal Variational Functional for <T + vee>'

Hohenberg-Kohn Theorem B states that there exists a universal

F[n] such that
E - min[fv(?)n(?>dar+p[n]]. (5)
n
F{n] is universal in that its value is independent of the
particular v of interest. Again, the constrained-search

formulation provides a direct proof. Simply define F[n] to

beS-S
F[n] = min<¥|T + V.l (6)
¥->n
or
Fln] = <™ + v [¥™0, 7)
n ee n

where Wzln minimizes <T + Vee> and is constrained to yield
the trial n. Equation (5) follows directly because Eq. (6)
implies that

min [fv(?)n(?)dar + F[n]] (8)
n

- min[min <W|H|W>]
n ¥->n

=~ min <¥|H|¥> = E
¥ o
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It also follows from the constrained-search proof3 of Theorem

A that

E - [v@n (Hdr + Fln_]. (9)

Harriman®’ has shown that N-representability is no problem
for any trial n and Lieb™ has shown that Wﬁin always exists.
In addition, Valone'' has provided an ensemble-search
generalization of Eqs. (6) and (7). Moreover, Perdew, Parr,
Levy, and Balduz, Jr. have provided a fractional electron
number generalization in connection with their discovery of
the "derivative discontinuity" of the energy.12 The
definition of F[n] in equations (6) and (7) and its
ensemble-search generalization follow in the spirit of
Percus’ definition™ of a universal kinetic energy functional
for independent fermion systems. Percus, however, did not
address the v-representability problem. The F[n] in Eqs. (6)
and (7) solves the v-representability problem by liberating
the original Hohenberg-Kohn functional from the

c1s s e . 35
v-representability restriction.

3. PARTITIONING OF F[n].

For the purpose of achieving an accurate approximation to
F(n] for computational uses, it is convenient to partition

F[n] according to'

F[n] = Ts[n] + U[n] + Exc[n] (10)
where
T _[n] = <0 T]elt s, (11)

where U[n] is the classical electron-electron repulsion
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in is that wavefunction which yields

energy, where QE
n and minimizes just <T>, and where E_ =E_+ E is the
Xc X c
exchange-correlation functional.
The exchange component, Ex’ is normally defined in

density-functional theory as®®
min mi
E (n] = <e0""|v__[e0"™> - U[n] (12)
which gives the correlation component as™
E [n] = <®™07 4 v o™ o™ oy o0 (13
c n ee' n n ee' ' n

There are other ways to partition Exc' This particular
partitioning, however, will prove useful here for the
derivations of coordinate scaling properties for the whole
Exc' Also, see Sabin and Trickey18 for a detailed analysis
of correlation contributions in local density models.

The wavefunction @:in is quite often a single determinant
and a ground state of a non-interacting system, especially
when n is the interacting ground-state density of a
closed-shell atom or molecule. In this common case Qﬂin is
the same as the original Kohn-Sham non-interacting single
determinant ground-state wavefunction. In any case, there
are slightly different ways of defining Ts[n], but virtually
all the definitions involve a constrained-search minimization
with just <T>.

In most practical calculations EX and Ec are approximated
but, at present, TS is computed exactly by the use of

orbitals in the Kohn-Sham procedure.“

4. BOUND FOR DENSITY-FUNCTIONAL EXCHANGE.

Most often approximations to the Ex of Eq. (12) are

compared to the traditional exchange as defined in
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Hartree-Fock theory. The later exchange, which shall be

called EZF, is defined by

HF HF HF
E [n] =< |V |e "> - Un] (14)

where QHF is that single determinant which yields n and
minimizes®'® <T + Vee>' Exact values for EgF are known for
many more cases than with Ex' This is the main reason why
the value of EiF is so often employed to judge the quality of
an approximate Ex'

It is usually tacitly assumed in the literature that
Ex[n] approximately equals ESF[n], which is probably
generally close to being true. It is nevertheless worthwhile
to learn more about the relationship between Ex and EEF,

especially since approximations to Ex are getting better all

the time, With this in mind, it is now asserted that17

E [n] =2 E [n] (15)

when Qﬁin is a single determinant.

To prove17 Eq. (15), use the fact that the definitions of

@:in and QﬁF dictate that

<™ 4y |20 s o o4y |ofES (16)
n ee''n n ee' ™ n

min : :
when Qn is a single determinant and that always

<atiF 7| gfFs > ™17 7| ePns (17)
n n n n

The combination of Eqs. (12), (14), (16), and (17) gives Eq.
(15).

Equation (15) can be expressed equivalently as®’

F

lim 7-1Exc[n1] > E: [n] (18)

s o

77
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where nv(?) - 13n(1?), because the left-hand-side of Eq. (18)
equals Ex as proven later [see Eq. (40)]. Equation (18) is
useful when the approximate Ex is not clearly discernible
within the approximate Exc’ In any case, it 1is noteworthy
that approximate functionals do not often satisfy Eq. (15) or
Eq.(18).

5. COORDINATE SCALING THEOREM.

Coordinate scaling has proven to be quite helpful for
understanding the forms of Ts[n], Ex[n], and Ec[n], and for
approximating these functionals. In the development below
use shall be made of the following scaling theorem of Levy

18 min,a

and Perdew. If w is that antisymmetric wavefunction

which yields n and minlmizes <T + aV R then
ﬂawz min, a(ﬂel, ﬁrz,...ﬂrN) minimizes <T + ﬁaVee> and yields

the scaled density n_, where nﬂ(?) - ﬂan(ﬂ?).

5.1. '1's and Ex Scale Homogeneously.

Observe that ¢:1n - Wzin,o. Since inn corresponds to «a
= 0, it follows from the above theorem™ that
A2 min()\r ces A?N) is that wavefunction which yields ny

and minimizes just <T>. In other words,

min > /2. min, > >
@nA (rl,...,rN) =\ én (Arl,...,ArN). (19)
This means that'®
2
TS[nA] = A Ts[n] (20)

18
and

Ex[nA] - AEx[n] (21)
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where it has been taken into consideration that T is
homogeneous of degree -2 and Vee is homogeneous of degree -1.
(Unlike T and E, the true kinetic energy and the true
electron-electron repulsion energy do not*® scale
homogeneously. It is thus pertinent that Levy, Yang, and
Parr'® have defined a modified true kinetic energy functional
and a modified true electron-electron repulsion functional
which exhibit homogeneous scaling.)

According to Eq. (20) the local density component of Ts
must have the form fnﬁ/3 (Thomas-Fermi form), and according
to Eq. (21) the local density component of Ex must have the

&/3

form fn (Dirac form). The forms of nonlocal improvements

upon fnsl3 and fn/‘/3 are also dictated, to a significant

extent, by Egqs. (20) and (21). For instance’

5/3

T (nl = am[n*® + b0 fn|¥n|*d’r (22)

+ () [n(@)2V[n??|vn| )d’r

where the second term is von-Weizsidcker-like and the third

term helps produce a correct property of the functional

derivative (it has been shown?'?? that
6Ts[n] 1 52 1/2, 1/2
———— 2z - = Vn'"/n""). Each term in Eq. (22) scales
> 2
én(x)

as A% (The tilde is used to signify that the functional is

an approximate one.) Attractive nonlocal exchange

functionals now include the one by Perdew and Wang:23

E (n] = -8/’ (@) Q(s), (23)
where Q(s) = (1 + as® + bs* + css)U1f and where s =
Ivnl/n“”. The Ex in Eq. (23) scales correctly. Namely,
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E [n] - -ﬂAfds(Ar)n(A?)“aQ(sA)- AE_[n] (24)
because
s, = |90, |/0,*" = |vODn0D) | /mODH . (25)

It is important to note that by the Coordinate Scaling

Theorem™ EgF[n] does not satisfy Eq. (21) because ¢EF

minimizes <T + Vee> and not just <T>. Hence, if one'’s
approximate exchange functional satisfies Eq. (21) it follows
that one is really approximating Ex and not EEF. This point

is not always appreciated.
5.2. Ec Does Not Scale Homogeneously.

Unlike Ts and Ex’ Ec does not exhibit homogeneous

scaling.18 The reason for this is the fact that

min aN/z min, >
LA IR S S (Arl,..A,ArN) (26)

because, by the Coordinate Scaling Theorem,18 the scaled

3N/2, min
¥

wavefunction A (A?l, cees A?N) minimizes <T + AVee>

and not <T + vee>' As a result,

Fln,] < A*T(n] + AV [n]; A 1, (27)

where T[n) = <¥" "|T[¢"™> and V__[n] = <o™"|v_ [¢™'",
ee ee’' n

n n n
Equation (27) leads to the following inequalities:m

Ec[nA] > XEC[n]; A>1
(28)
Ec[nA] < AEC[n]; A<l
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AE [ny] < M((@E [n 1/3v) ) - E [n]) + 2E [n] -

(3Ec[n1]/37)7_1 (29

Also, from Vee[nA] > 0 and from the fact that Ts[n] < T[n],
it follows that

A-lEc[nA] > -U[n]-E_[n]. (30)

Equations (29) and (30) dictate limiting bounds™ on E_:

R -1

2Ec[n] - (aEc[nY]/a—y)‘Flz }_1)1(1)1 by EC[nA] > - U[n] - Ex[n] (31)
As a tribute to the local density approximation (LDA), it

should be stressed that the LDA has satisfied Eqs. (28-31)

for all n's tested thus far.'?

5.3. Asymptotic Scaling Bound For Ec Not Satisfied By LDA.

Quite recently asymptotic scaling requirements for Ec

have been derived from the observation that

E (n] =<¢™ 0T+ v |[¢™ ™01+ v o™ (32)
c A n ee' n n ee' n
A A A A
impliesza
E [n ] - )‘2[<‘Ilm1n,a|,rlwm1n,a> . <@mln|TI¢mln>] (33)
ct A n n n n
+ /\[d’mln,a’ I‘len,a> ) <¢m1nlv |¢m1n>]
n ee' n n ee' ' n
becausezl'
min /2 min,a, > >
LA PN (1, S ATR), (34)
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where a = A™'. Focus upon very small |a| and first consider

when Wﬁin’a may be expanded in a power series in a:
i i v m
min,a min
v e+ L agn]. (35)

m=1

Substitute Eq. (35) into Eq. (33) to yield
E [(n,] = a[n] + b(n] A+ en] A+ L. (36)

which dictates that Ec[nA] is bounded as -,

For a common and important situation we have knowledge

about the bound on lim Ec[nA]' Consider
A-x0
o N >
H =T+ 1§1 v (E) +aV 37)

Call E: the ground-state energy of H:. Now focus upon the
a0 limit and express E: in the form of the following

perturbation expansion:

a 2 3
ES - Eo + aEl + a E2 + a E3 + ... (38)

It has recently been shown that?®

lim Ec[nA] > E
A0

2 (39)

min
when Qn is the non-degenerate ground-state of H:. The

constant E2 is already known for densities composed of
hydrogenic orbitals. For instance,

E2 = -0.16 a.u. when n is the two-electron ground-state
2
density of H. =T - ¥ r
s i=1

-1
i
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The LDA does not satisfy Eq. (36) or Eq. (39) because the
LDA expression for Ec is unbounded as A » ». This fact
should be considered when one is trying to improve upon the

LDA. (The result that the LDA goes as -log A when A > =

arises from the Gell-Mann-Brueckner high-density formula.)

5.4. Projection of E_ and E_ from E_ .
X c xc

Not all approximate exchange-correlation functionals are
such that an exchange component can be easily separated from
a correlation component. For the purpose of testing how an
approximate Exc scales it may thus be necessary to project
the corresponding exchange and correlation components from
the approximate Exc' With this in mind, observe the Egs.
(36) and (39) reveal that lim 7*Ec[n71 = 0. This

17,24 Lag
implies™’
-1
E_(n] = limy Exc[n7] (40)
Y3
-1 17,24
since ¥ Ex[nyl - Ex[n] for all y. Accordingly,
-1
Ec[n] - Exc[n] - lim v Exc[n7]‘ (41)

S

with Eq. (41), Eq. (39) becomes®’

-1
lim (Exc[nA] - lim~y E_ [n ]} 2 E (42)

Ao - Xc' YA 2

where nyk(?) - (YN ’n(D).
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6. FORMULAS FOR GROUND-STATE ENERGIES FROM EXPERIMENTAL
DENSITIES

Experimental electron densities are becoming ever more
accurate by x-ray diffraction’ and electron diffraction
methods . %’ However, few total energies or cohesive energies
of solids have been extracted from these densities.
Consequently, it is the purpose of this section to reveal
formulas that should be useful for such energy
determinations,

The first expression that comes to mind, of course, is

the one involving the whole F[n]. Namely

total

B - fv, (Pn (Dd’r + Fln ] +V

NN (43)

total | : <
where Eooa is the total ground-state energy associated with

ground-state density n_ for electron-nuclear attraction
operator ven' Also, E:mml is the sum of the electronic
energy, Eo, and the nuclear-nuclear repulsion energy, VNN'
Now, since F must be approximated, it is worthwhile to put
forth formulas which do not involve the whole of F.

Coordinate scaling shall now be invoked for this purpose.

Since n is a ground-state density it follows that

2 A A
T Uy, ®n®dr + Fall), =0, (44)

where ni(?) = Xano(x?). The implementation of Eq. (44) with

consideration of the homogeneous scaling properties of Ts,
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Ex’ and U, lead to

2T_[n ] + Jv__ (D) [3n2(1’))/a)\] O
Uln,] + E_[n_] + (3E_[n}]/ar), ; = O. (45)

Equation (45) allows us to completely eliminate either TS or
Ex from Eq. (43). 1If, at any equilibrium nuclear
configuration, we eliminate TS then Eq. (43) becomes

total 1 > > 3 1
E, -3 fven(r) n (f) dr + 2 Un ] +

1 A
NN + Ec[no] -3 (aEc[no]/aA)A=1. (46)

lEmi+iv
2 "x'o 2
On the other hand, at an equilibrium nuclear configuration,
if we eliminate Ex then Eq. (43) becomes
total

EEh = - T [n ] + E_[n)] - (3E_(n}1/3N), ). (47)

Numerical estimates on atoms with Eqs. (46) and (47) have
been encouraging.28

Whether one decides to use Egs. (43), (46), or (47)
should depend upon the situation. If F[n] were known
exactly, then it would perhaps be best to employ Eq. (43) for
approximate ground-state densities in order to take advantage
of the stationary characteristic of the energy functional.
However, F[n] will never be known exactly for computational
purposes. Hence, Eqs. (46) and (47) should be seriously
considered as alternatives to Eq. (43). Presently,
approximations to Ts appear to be significantly less
accurate?® than approximations to Ex’ in part because Ts is

usually much larger in magnitude than either Ex or Ec (In the
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Ne atom, for example, TS= -128 a.u., Ex = .12 a.u., and Ec =~
-0.4 a.u.). For this Eq. (46) is probably the best to use at
the present time. In Eq. (46), not only has TS been removed
but also the error in EX in Eq. (46) is half that in Eq. (43)
when ng is employed.28

In the future, it is certainly possible that TS might be
computed as accurately as needed by the explicit

min

determination of & Promising techniques for this purpose

n
have recently been ;ut forth by Aryasetiawan and Stott,30
Levy and Goldstein,28 and by Cioslowski.®* It should be
noted that Cioslowski's procedure31 constitutes an explicit
realization of the constrained-search method. Observe also

that Eq. (47) does not require knowledge of Ex at allt
Hence, perhaps Eq. (47) is the one for the future.

7. E_ FROM v_.
X X

There has recently been a rebirth of interest in
improvements upon the original orbital-generated Slater
potential,32 as shall be discussed in the next section., Use
shall be made of the following relation of Levy and Perdew’®
which actually enables one to determine Ex from its

functional derivative, vx:

E_[n] - - fn(@)? 'v’vx([n];?)dsr (48)

Levy and Perdew'® derived Eq. (48) by utilizing the adiabatic

33-35

connection technique (here the electron-electron

repulsion coupling constant was taken to the zero limit)
together with the developments of Averill and Painter,36
which in turn, followed the development of Slater for Xa
theory.37 A simpler proof is now given.

Following Ghosh and Parr,38 for X close to unity the
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definition of Ve implies
> 3
E (n,] - E [n] - fvx([n];r)(nx-n)d Y 49)

to lowest order in JnA = n,-n. Next divide Eq. (49) by i-1

and let A > 1. This gives

(3E_[n,1/3%),_; = [v ([n];2)(am,/a0), _ &’ (50)

or

(BE_[n,1/8%), ) = - [a@F-Fv ([n];D)dx (51)

which is the Ghosh-Parr relation.’® Now, Levy and Perdew
proved18 Eq. (21), Ex[nA]- AEx(nI. Combination of Eqs. (21)
and (51) proves Eq. (48). (It is important to note here that
Eq. (48) is specific to the definition of exchange as given
by Eq. (12) which employs Qmin and not @HF. In contrast, Eq.
(48) is not satisfied by E: and VEF because EEF[nA] >

AEEF[n].)

8. ORBITAL-GENERATED KOHN-SHAM EXCHANGE-CORRELATION
POTENTIAL.

The Kohn-Sham procedure“ is the most practical one at
present for quantitative calculations. Since orbitals are
employed in this procedure anyway, and not just the density,
there has been recent interest in the employment of
orbital-generated exchange-correlation potentials where the

Kohn-Sham equation takes the form
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(- 3 7+ v@ + ulnli®) + v (14,1 D)18; = ¢ é,;

i=1,2,..., N (52)

where (¢i) > n and u = §U/én. Upon self-consistency,

2 2 2 s
vxc({¢i),r) becomes Vee ([no],r), where vxc([n],r) is the
customary Kohn-Sham exchange-correlation potential and n, is
the ground-state density associated with v.

The next section shall discuss approximations to

> 2
vx((¢i),r), the exchange component of vxc((¢i),r).

8.1. Theorem For Exact Exchange Component.

Ou-Yang and LeVy3g have recently proved the following
theorem which should prove useful for helping to approximate
v (16,10,

Consider a local exchange potential Gx((¢i);?). Then
Gx([n};?) = Qx((¢§s};?) is the exact Kohn-Sham exchange
potential, vX([n];?) - 6Ex[n]/6n(?), if [1]: Gx satisfies Eq.
(48),

E [n) = -[dra(DF-Fv_([n];D) (53)
where
E_[n] = <¢i°(¢‘;5}|vee,¢z°(¢‘;s)> -U[n); (54)

{2]: &x satisfiles

v (0, 152) = 2% ([a] D) (55)
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and [3]: Qx is a functional derivative.

Here ¢§s signifies a Kohn-Sham orbital and @iD(¢§S) is the
corresponding Kohn-Sham single determinant. (Note that

SD XS min
L (¢i b=
single determinant. This identity shall be assumed in the

; min |
in those prevalent cases where Qn is a

present discussion.)

Slater

The original Slater potential is Ve ((¢i);?) =

fnx(?,?')|?-?']qdar', where nx(?,?') is the exchange hole at
?'. The Slater potential satisfies condition [2] but
definitely does not satisfy condition [1] and most likely
does not satisfy condition [3]. The LDA, cn“? satisfies
conditions [2] and (3] but not [1].

Recently, as a possible correction to the Slater

potential, Ou-Yang and Levy39 have put forth the following

potential, hl:

Bl (16,1 B)=vy " ((6,1:D)
d n (§?f?’)
~(L-y[n])flar forr FrT 2 < (56)
[57 |
@ 2o (2. 2)
e IR
3In(2)+2-Vn(@) 22|

where g=(r',0,¢), and where y[n] is an arbitrary constant.
Equation (56) was stimulated by the Harbola-Sahni potential
and the above theorem.

The above potential satisfies conditions [1] and [2],
decays (:or.'rect:lyl'0 as -r-l, and is exact for one and two
electrons. It is unlikely, however, that hl satisfies
conditions [3].

With y=o0, hl becomes the Harbola-Sahni pot:ential,l'1 LA
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for spherical densities. The work of Harbola and Sahni has
been responsible, in large part, for rekindling interest in
improving the original orbital-generated Slater potem:ial.32
It has been demonstrated that v yields highest-occupied
orbital energies that are far superiorl'2 to those determined
by the LDA exchange, and it has been shown by Wang, et glha
that L is exact in the uniform limit, but that W differs
from Ve in higher order terms.

The third condition is difficult to test. Hence, it is
best to establish as many necessary conditions as possible.
With this in mind, let's investigate in what ways hl acts
like Ve because hl satisfies conditions [1] and [2] and in
what ways hl might not behave like v, even though hl
satisfies conditions [1] and [2]. Well, from Eq. (21),
condition [1], and Eqs. (48) - (51), it is clear that hl
behaves like Ve with respect to a variation in n due to

coordinate scaling. That is**

Ex[n’\]—Ex[n]=fhl([n];}))Sn)‘dar (57)

to lowest order in SnA = n,-n. It can also be shown that the
satisfaction of condition [2] guarantees39 that hl is not
the functional derivative of G[n] = Ex[n] + B[n], where B[nA]
= B[n]. (The functional derivative of G satisfies condition
[1] but not condition [2].) On the other hand, the
satisfaction of only conditions [1] and [2] obviously leaves
open the possibility that hz does not behave like Vg with
respect to variations which do not involve coordinate scaling
of the density. So, it would be worthwhile to investigate
non-scaling variations to derive additional necessary

conditions,.
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Additional fundamental conditions arise from those
variations which leave Ex unchanged.“ For instance,
consider a translation or a rotation of the density. For
each of these 6Ex = o by the homogeneity and isotropy of
space. By employing a development which is somewhat
analogous to the one leading to Egqs. (1) and (2) of Ref. (18)

. 44
we have obtained

J&rv_((n};7)¥n(@)=0 (58)
and
fdarvx( (n];?)2xVn(2)=0. (59)
Slater 44
The potential v has been tested with respect to Eq.
(58) and vilnm! has been found not to generally satisfy Eq.

(58).

9. FUTURE CONSIDERATIONS: COORDINATE SCALING EQUALITY
REQUIREMENTS FOR THE CORRELATION HOLE

I believe that future research will focus heavily upon
the correlation energy functional for both inclusion in a
full density-functional calculation or for inclusion as a
tack-on to a Hartree-Fock calculation. It is my feeling that
coordinate scaling requirements are stringent enough to
dictate much about the form of Ec’ especially for systems
where the density is relatively inhomogeneous. Consequently,
I conclude this chapter by asserting recently derived
scaling requirements for the correlation hole for use in the

33-35

following well-known adiabatic connection formula for

E :
c
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1p.-1 _ 9 — 2 D> 3. A
Ec[n] - Efr12 a(f))p ([n];f,,f,)dr,dr, (60)
where
- 2 2y 2 2
P (0], E) = [ p (In,A]5%),T,)dA. (61)

Here p ([n,A];? ,? ) is the correlation hole of Wmhhx.
c 1’72 n

attractive feature of Eq. (60) is that it implicitly includes

(An

the kinetic contributions to Ec). Eq. (60) is the particular
adiabatic connection form of Langreth and Perdew’ and
Gunnarsson and Lundqvist.“

The correlation hole Pe is the unknown that has to be
modeled. With this in mind, it is already known, of course,

. 45,48
that it satisfies 5

fpc([n,,\];—r)l,?z)dar2=0 (62)

for arbitrary n and arbitrary X. I shall now reveal scaling
equalities,ZA involving pc[n,A], which are satisfied by the

exact EC and should help us obtain approximations to it.

Perhaps the most important new equality is™

pc([n,x];'r’l,‘r’z) - xapc([na,l];x}’l,,\?z) (63)

With the latter expression, Eq. (60) becomes

1,1 -1 .2 22 8 3
E [n] = — J M nE e ([0, 1] (¥ T,)dr dr,d) (64)



Constrained-Search Formulation and Coordinate Scaling

Equation (63) follows from 2 Wmuhk(?l,...,?N) -
n
Aawzw:i"(A?l,...,A?N) which arises as a corollary to the

a
"coordinate scaling theorem" of Levy and Perdew'® (See

Section 5). Further, from Ref. 18 and the definition of Pos
Eq. (63) implies®

. 3 a2 42y
lim X pc([na,l],Arl,Ar o, (65)

)
A0 2

-1_,2 22 L3 3 . ;
and Afrlzn(rl)pc([na,ll,rlrz)d rld r%; which is never
positive and decreases monotonically” with increasing X,

. 24
satisfies

lim Afr;,n@p ([ ,1]:r),7,)dr;,d'r, =
Ao
-U[n]-Ex[n] = -U[n] (66)

and thus decreases to a finite negative constant.

: min, A v
The 2-matrix of ¥ c T (%%, !xlxz), is

n n,
conveniently partitioned as

r .=r>+r° (67)

where Fﬁs is the 2-matrix of the Kohn Sham single

i c . . R .
determinant, @Z n, and Pn 5 1s the correlation contribution
R

to Fn,k’ which is related to pc[n,A] by

C

22y L 33 22 >
pc([n,A],rl,rz) ZFD,A(r1r2|rlr2)/n(rl). (68)

93
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Finally, from Eqs. (13), (64), and (68), we have

2(1-N)_1ffV2F; 1(x'lexx?_)dx2dx +

-1, 2 2.3 3
frlzn(rl)pc([n,l],rl,rz)d rdr, =

1 -1 - TN
S x " n(¥)p (In ,1];T,,T,)dr,dT, (69)

Equation (69) should prove a strong constraint if one wishes

to model the I'’ in terms of the density.
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DENSITY-FUNCTIONAL THEORY OF THE BAND GAP
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1. INTRODUCTION

The density-functional theory /1,2/ (DFT) gives a framework for the
interaction effects in an inhomogeneous system which, in the simple local-
density approximation (LDA), has proven to be quantitatively rather good for
many ground-state properties /3/. The one-electron Schrodinger equation with
the effective LDA potential derived from the DFT yields wave functions which
form a quite accurate ground-state density. This is the basis of the good
approximation for the ground-state properties. The eigenvalues from the same
equation do not, however, yield accurate band gaps for semiconductors and

insulators. Errors of the order or larger than 50% are not uncommon.

Sham and Kohn /4/ pointed out that the eigenvalues of the DFT one-particle
Schrodinger equation (even with the exact density-functional potential in place
of the LDA) do not correspond to the quasi-particle energies except at the
Fermi level. They gave an LDA for the self-energy as a functional of the
density. From the self-energy, the poles of the Green’s function can be
determined to yield the quasi-particle energies. Pickett and Wang /5/ have
recently applied this method to the evaluation of the band gaps. Since then,
much progress has been made to construct the self-energy with the LDA
orbitals but without the LDA on the self-energy itself /6,7/.
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By construction, the highest eigenvalue of the DFT equation corresponds to
the energy of the highest occupied quasi-particle state. This fact can be used to
provide a firm theoretical basis for the problem of the fundamental band gap,
even though the approach does not apply rigorously to the general band
structure. In a semiconductor or insulator, the band gap is rigorously defined
as the difference between the lowest conduction-band energy and the highest
valence-band energy, which, being the smallest energies to add and remove,
respectively, an electron from the N-electron system, can then be shown to
correspond, respectively, to the highest occupied DFT eigenvalues of the N + 1
and N particle states.

Emphasizing the dependence of the density functionals on the number of
particles brings out the difference between the highest occupied energy of the
(N + 1)-particle system and the (N +1)th level of the N-particle system. The
difference is easily shown to be the discontinuity A in the DFT potential when
the number of particles is increased by one /8,9/. The gap is then composed of
two terms, the DFT gap, defined from the eigenvalues of the N-particle DFT
equation, and the discontinuity A. The discrepancy between the LDA gap and
the measured gap has two components: the improvement of the N-particle DFT
energy values over LDA and the discontinuity. The relative importance of
these two contributions is of central interest here.

We have initially studied these questions by finding field-theoretic
expressions for the exact exchange-correlation potential /10/ and for the
discontinuity /11/, and by evaluating these expressions for a two-plane wave
model for an insulator both in the exchange-only approximation /11/ and
including correlation /12/. In subsequent collaboration with Godby /7/, we
calculated the exchange-correlation potential V,.(r) and the discontinuity A for
semiconductors and insulators from the self-energy operator Z(r, r', ) within
the random phase approximation. In this chapter, we review some of the
results.

2. THE CONNECTIONS BETWEEN QUASIPARTICLE ENERGIES AND
DF THEORY
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There is a formal resemblance of Dyson’s equation, which gives the
quasiparticle energies, to the Schrodinger equation for the effective-one-electron
eigenvalues of DFT: each is a Schrodinger equation for fictitious,
noninteracting electrons moving in a effective potential (although in one case
this ‘‘potential’® — the self energy — is nonlocal and energy dependent). This
does not mean in general that there is a relation between the quasiparticle

energies E; and the DFT eigenvalues E; ppr.

However, the highest occupied density functional eigenenergy does
represent the chemical potential in the conductor case and the valence band
edge in the insulator or semiconductor case. The band gap of an insulator or a
semiconductor can be defined precisely in terms of the ground state energy as a
function EM of the number of particles M. If the insulating ground state has
N particles, the conduction band edge is the change of the total ground state
energy when an electron is added and the valence band edge is given by the

change when an electron is removed:
Ec = EGt - EQY M
E, = Ef) - EGiV.

The band gap is naturally the difference:
E,=E.-E,. )

It is straightforward to show /11/ with the help of the variational theorem that
the highest DFT eigenvalue is given by the energy to remove an electron:

Effber = ESD - EM-D 3)

Now, the Hohenberg-Kohn theorem is implicitly valid for a fixed number of
electrons, M. The density function equation and the exchange-correlation
potential in it, V., are implicitly defined as functions of M. Since M =N gives
the insulating ground state, when an electron is removed, the highest occupied
state is not changed much (only to O (1/N)) and VD is the same as V& but
that when an electron is added across the gap, the (VN +1)th state is very
different and there is a discontinuity in V&) as N is changed to N +1:
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VD = v 1A, @

where A is independent of position since the electron density is changed only to
O (1/N).1t follows that the difference between the true gap, Eq. (2) and the
density functional gap given by

E; prr = Ef T — Efbrr (5)

is just the potential discontinuity, A:

Eg = Egprr + A. ©)

The situation is depicted diagrammatically in Fig. 1.

Eprr Eprr
r'y r'y
. u(N+1)
A
4 Eg
uM o ErDFT
N electrons k N +1 electrons ¥

Fig. 1. Illustration of the significance of A, the discontinuity in V,.. The
exact DFT Kohn-Sham one-electron energies are shown in the form of a band
structure for the N- and (N+1)- particle system. The two differ in a uniform
increase of the eigenvalues by A, as explained in the text. The quasiparticle
gap E, is the difference between the two eigenvalues indicated:
E,=E ber — ERVber. It is evident that Ey = E; prr + A
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A has been shown to be a significant fraction of the energy gap for a one-
dimensional model semiconductor within a two-plane wave basis set /11,12/,
and more recently also for real semiconductors /7/. This is important. If A is
small, exact DFT will give accurate band structures, and attention should be
paid to going beyond the LDA in density-functional theory; if A is large, no
attempt to add nonlocal-density corrections to the LDA will improve the
calculated DFT band structures, and one must either go outside DFT, or take
the discontinuity in V,. into account explicitly as a correction to the DFT band
structure when quasiparticle energies are needed. Thus A lies at the heart of
the relationship between the quasiparticles and DFT for semiconductors and
insulators. In a periodic solid, where the momentum k is a good quantum
number for both the DFT and quasiparticle wave functions, the rigorous
extension A(k) is possible to all the minimum direct band gaps throughout the
Brillouin zone with energies below the Auger threshold.

A practical method /9,10,11/ to calculate an (approximate, but non-LDA)
exchange correlation potential V,.(r) and therefore A is by way of solving
Dyson’s equation first for a given (approximate) self-energy XZ(r, r, o) and
then by requesting that both the DFT potential V,. and the self-energy X
produce the same total electron density. This leads to the integral equation,
implicitly defining V. for a known Z:

m
Im I [GorT(Z-Vi)G ]r,rdw =0, m

where the one particle Green’s function Gpgr contains V. and G contains X.

3. CALCULATIONAL DETAILS

We begin the calculation of A with a well-converged LDA calculation for
the material at its experimental lattice constant, using a plane-wave basis set
and nonlocal pseudopotentials /7/. The whole calculation is performed within
this plane-wave basis. (The different stages in the calculations, starting from
the LDA band structure, are summarized as a flow diagram in Fig. 2.) Next,
the LDA wave functions and energies are used to form the random-phase
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LDA wavefunctions
and energies

RPA
X, &, W G

I= IGW
Quasiparticle energies
J

v,

DFT one-electron energies

A

A= V(N+I) - )

x %

Fig. 2. Flow diagram of the calculation, starting from the self-consistent
LDA pseudopotential calculation, forming the screened Coulomb interaction W
and the Green’s function G, combining them to form X and then using I to
obtain the quasiparticle energies E; and also the true exchange-correlation
potential V,..

approximation (RPA) dielectric function, e(r,r ,®). Because of the periodicity
of the crystal, € (and all nonlocal quantities considered here) can be Fourier
transformed, yielding €gg (k, @). The inclusion of the off-diagonal terms in
the dielectric matrix €gg’, corresponds to taking account of the so-called local-
field effects, since a purely diagonal dielectric matrix would imply that ¢
depended only on |r-r |, thereby ignoring the fact that the unit cell is not
homogeneous but can respond to a perturbation by setting up locally varying
fields. The local-field terms are crucial (though mainly in their effect on the
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strength of the screening hole rather than its shape) and contribute directly to
the differing strengths of the self-energy operator at different points in the unit
cell and therefore to the band-gap correction.

Despite the simplifications of periodicity, the evaluation of € is still very
demanding computationally, and only in the last few years have calculations of
egg (k,) been published /13/, and then only for a very limited range of G.G,
k, or . We achieved /7/ a considerable reduction in computation while
maintaining full accuracy by calculating € for imaginary, rather than real, w,
using the analytic continuation of the RPA expression to imaginary frequencies,
so that there is no need to take elaborate precaution for handling the poles of €
that lie just off the real w axis. Nevertheless, the calculation of the dielectric
function represents a major computational effort in the whole work and
simplifications without sacrificing accuracy should prove useful for future work
/14,15/.

We then form the inverse dielectric function € and the screened Coulomb
interaction W (r,r,®)=¢"1V, again in reciprocal space, by straightforward
matrix inversion and multiplication for each k. W is then used in the GW
approximation /16/ for the self-energy:

oo

(r,r,m) = ElE L "W (r,r)G (r,r , 0+ )do | (8)

which is the leading term in an expansion of X in powers of the relatively weak
screened Coulomb interaction (as opposed to the strong bare Coulomb
interaction) and corresponds to setting the so-called vertex function I' to a &
function. The remaining terms in the series, the vertex corrections, correspond
to successive corrections to the vertex function. Calculations of I' have so far

been restricted to the electron gas case.

The calculated self-energy is then used in two ways. First, the quasiparticle
energies E are found, using e.g. second-order perturbation theory in X — VI;PA.
Second, we use X to calculate a DFT exchange-correlation potential, V¢, for
the semiconductor, using the relationship between X and the DFT V. given in
eqn. (7). In order to make this tractable, we replace both G and Gpgr by
GERe. Tests indicate that this is of little consequence in the final V .
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4. RESULTS

Table I gives the calculated quasiparticle energies for silicon and, for
comparison, the LDA eigenvalues and the experimental values. The DFT
eigenvalues with the calculated V,. are also given, and will be discussed
below. Table II, III, and IV are the corresponding results for gallium arsenide,
aluminum arsenide, and diamond, respectively /7/.

The general trends are immediately obvious, and are the same for each of
the four materials: The quasiparticle energies calculated using the GW self-
energies are in excellent agreement with experiment (generally within 0.1 eV),
and differ from the LDA eigenvalues mainly in a very approximately rigid
vertical displacement of the conduction bands relative to the valence bands.
The neglect of vertex corrections does not seem to be crucial. A detailed
discussion of each material is given in ref. 7.

TABLE 1. Quasiparticle energies (GW) at I' and L, and the minimum gap
in silicon, in eV. The experimental (Expt.) energies (at T = 0 where known),
and the DFT eigenvalues using (i) VIPA (“LDA”) and (i) the Vi
calculated from I (‘““DFT’’) are also shown. For details see ref. 7.

LDA DFT GW Expt. GW — DFT
75, —0.07 000 0.0 0.00 0.00
L, -129 -121 -119 -1.240.2,-15 0.02
c-band minimum 045  0.66 124 1.17 0.58
Tisc 250 268 330 3.40 0.62
349 366 427 4.19 0.61
L, 146  1.62 230 2.1,2.4 0.68
Ls, 330 349 411 433402, 40 0.62

Minimum gap 0.52 0.66 1.24 1.17 0.58
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TABLE II. Quasiparticle and other energies in GaAs. The spin-order splitting
shown in parentheses is removed. (See Table I for details.)

LDA DFT GW Expt. GW - DFT
Tisy -0.13 0.00 0.00  0.00 (+0.11, -0.22) 0.00
Xs, =270 255 -2.64 -2.80 (+0.05, -0.02) —0.09
Ls, -120 -1.06 -1.11 —-1.30 (£0.05) -0.05
| 0.54 0.91 1.58 1.63 0.67
X1 1.36 1.59 2.19 2.09 0.60
X3 1.53 1.74 241 2.49 0.67
Ly, 1.02 1.30 1.93 1.93 0.63
Minimum gap 0.67 0.91 1.58 1.63 0.67

TABLE IIl. Quasiparticle and other energies in AlAs. (See Tables I, II for details)

LDA DFT GW Expt. GW - DFT
Tisy -004  0.00 0.00 0.00 (+0.09, —0.18) 0.00
Xsy 221 -2.17 30 -2.32 (+0.12, —0.06) -0.13
Ly, -085 -0.82 —0.89(=L,.—~4.01) Ly — 4.00 -0.07
T 238 2.56 335 322 0.79
X1 133 155 2.18 2.32 0.63
Lic 218 238 3.12 2.58 0.74
Minimum gap 137 1.55 218 2.32(+0.18, —0.09) 0.63

TABLE IV. Quasiparticle and other energies for diamond. (See Table I for details.)

LDA DFT GW Expt. GW - DFT
Tose -0.05 0.00 0.00 0.00 0.00
Xav -631 —6.26 -6.71 -0.45
L3, 279 279 298 -0.19
¢-band minimum 3.85 421 5.33 5.48 1.12
Tise 557 572 726 7.12 1.54
Iy 13.11 1324 14.83 15.30.5 1.59
Xi. 453 481 584(=X,+12.55) X,+12.55 1.03
Li, 838 848 9.63(=Ly+12.6.1) Lj, +120 1.15
Ly 868  8.86 10.55 1.69

Minimum gap 3.90 4.21 5.33 5.48 1.12




106 M. Schiiter and L.J. Sham

It has been known for some time that the main discrepancies between the
LDA energies in silicon and the experimentally measured quasiparticle energies
can be corrected by simply adding a constant (about 0.7 eV in Si) to the LDA
energies above the band gap. This procedure is often referred to as a scissors
operator [17/, because it can be thought of as cutting the band structure along
the band gap and moving the conduction bands rigidly upwards. To study the
range of applicability of the scissors operator we have plotted in Fig. 3 the
difference between the quasiparticle and LDA energies as a function of k for
the top valence band and bottom conduction band for each of the four

2

n | T 1
5 N
: ¢ 5
> 1 AtAs 7
: R GoAg Y i
S E si ]
w L -
[ N -
w L -
si =
0 t‘ —e GaAs
o AfAs ]
- c -
L ] ] | N

Fig. 3. The varying validity of the ‘‘scissors operator.”” The difference
between the calculated quasiparticle energies and the LDA energies (relative to
the valence-band maximum) in the lowest conduction band and highest valence
band is plotted against k for each materials. If the scissors operator is valid,
this quantity should be independent of k. It is evident that the scissors operator
is accurate to about 0.1 eV in silicon, but only to 0.2, 0.2, and 0.4 eV,
respectively, in GaAs, AlAs, and diamond.
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materials. Clearly, if the scissors operator is to be valid the curves should be a
k-independent constant for the conduction band, and zero in the valence band.
It is evident that the scissors operator is indeed accurate to about 0.1 eV in
silicon for the bands shown, but that its accuracy is substantially diminished for
the other materials, particularly diamond.

In the process of evaluating the full GW operator, quasiparticle energies
corresponding to other approximate self-energy operators can also easily be
calculated: e.g. the bare exchange (Hartree-Fock) operator and the statically
screened exchange operator each of which is energy independent. In each of
the four materials the bare-exchange gaps and widths of the individual bands
are much too large: the minimum gaps are approximately 5, 6, 7, and 12 eV in
Si, GaAs, AlAs, and diamond. Screening with the static dielectric matrix
reduces the gaps dramatically (to 0.4, 1.2, 1.2, and 4.7 eV), but does not fully
correct for the lack of energy dependence. Dynamical screening, as included in
the GW calculations, is thus necessary in calculating accurate quasiparticle
energies.

The important way in which Z is essentially different from V, is that X is
a nonlocal operator, while V. is a local potential. This nonlocality is essential
in determining the correct quasiparticle energies (and, in particular, the correct
band gap). Despite the complexity of the calculation of Z, the operator has a
relatively simple structure. The operator is dominated by a single ‘‘hole,”
centered about r =r and approximately spherical. Moreover, the shape of the
hole (though not its amplitude) is approximately independent of the location of
r. The range of this hole is seen to be approximately 2.0 r, for the jellium of
the corresponding average density; for example, 2.1 A in silicon. This length
is comparable with the wavelength of the wave functions near the band gap,
thus providing further proof that the nonlocality of X is essential. To examine
this point in more detail, we consider a tight-binding approximation to the band
structure of silicon. The states in the highest valence band and lowest
conduction band are of quite distinct character in this picture: At I', for
example, the valence-band maximum is bonding p, while the lowest conduction
band is antibonding p. Thus the conduction-band wave function have an extra
node between the atoms and the effective wavelength in this important part of
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the unit cell (where the self-energy operator has greatest strength) is smaller.

The matrix elements (| T | y) are therefore less negative in the conduction
band than they would be if £ were of the same strength but local, and so the

quasiparticle energies in the conduction bands are raised and the band gap
increases. An increased band gap is therefore an immediate consequence of the

essential nonlocality of . This nonlocality extends over a characteristic length
of order interatomic distance.

The DFT eigenvalues using the calculated (non-LDA) V. are also shown
in Tables I-IV for each material, and in addition silicon’s V,.{r) is compared
with VEPA(r) in Fig. 4. In each case the V,. shown is that for the N-particle
system — the semiconductor with its valence bands exactly filled. The
corresponding potential and eigenvalues for the (N+1) particle system would
differ from those given by an r-independent constant A; that is, by
E, — E, prr, Where E, is the calculated quasiparticle minimum gap and Eg pry
is the gap when V,. is used. The similarity of the two potentials in Fig. 4 is
striking, especially when one considers their quite different origins, and the fact
that they have not been aligned in energy.

Fig. 4. The LDA and true exchange-correlation potentials, (a) V. and
() VLDPA for silicon (the N-particle system), shown in eV in the (110) plane
containing the bond chains as indicated.
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The discontinuity A in V,. upon addition of an electron to the N-electron
system may be obtained by subtracting the calculated DFT minimum gap from
the calculated GW minimum quasiparticle gap. A is shown in Table V and
graphically in Fig. 5. Although A increases with the band gap, it is a
remarkably constant proportion of the error in the LDA band gap, showing that
even diamond is sufficiently locally free-electron-like for the LDA to be a good
approximation to the true DFT potential. The fact that A is in each case a
substantial proportion of the band gap shows that attempts to calculate
improved quasiparticle energies within DFT by going beyond the LDA would
bring no significant improvement.

It is interesting to compare this V,, with previous attempts to go beyond
the LDA. The most successful such potentials that have stayed within the
general framework of DFT have been the weighted-density approximation /18/
(WDA), the average-density approximation /18/ (ADA), and gradient-expansion
techniques /19/ (but only when explicitly designed to obey the important sum
rule on the exchange-correlation hole). In each case the Kohn-Sham
eigenvalues changed: the band gaps increased somewhat. In Table VI we
compare some sample band gaps /20,21/ in the LDA, WDA, and with our V,.
The general trend is the same with each of the three non-LDA V,.’s: the band

TABLE V. A, the discontinuity in the exchange-correlation potential; Eg,
the calculated minimum quasiparticle band gap; and the LDA gap error
E; — Eg1pa for the four materials.

LDA
A E, gap error  A/(LDA gap error)
Material (V) (eV) V) (%)
Si 058 1.24 0.72 81
GaAs 067 158 091 74
AlAs 0.65 218 0.81 80

Diamond 1.12 5.33 1.43 78
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CALCULATED Eg (eV)

! ) 1 |
0 f 2 3 4 5
EXPERIMENTAL Eg (ev)

.
6

Fig. 5. The calculated minimum band gap (i) the GW approximation,
(ii) DFT, and (iii) the LDA plotted against the experimental band gap. The

45°line is a guide to the eye. A, the discontinuity in the exchange-correlation
potential, is indicated.

gaps are increased by between 0.05 and 0.34 eV, so that the 55% error in the
LDA minimum gap in silicon, for example, is reduced to 26-43%. A detailed
examination shows a surprising agreement between our V. and the WDA in
silicon: they are within about 0.02 eV of each other. However, this excellent

agreement is not obtained in GaAs. The reason for the agreement in silicon is
unclear.

5. CONCLUSIONS

We have shown how the self-energy of a semiconductor may be calculated
within the GW approximation and then used to calculate both the quasiparticle
energies and a density-functional-theory exchange-correlation potential. In the
four materials studied (Si, GaAs, AlAs, and diamond) the quasiparticle energies
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TABLE VI. The direct band gaps and the minimum gap of Si and GaAs,
in eV, in (i) experiment (Expt.) and (ii) the LDA, and the corrections to the
LDA values in (iii) the weighted-density approximation (using a jellium
exchange-correlation hole) (WDA), (ref. 20,21) (iv) the WDA using a
Levine-Louie-model exchange-correlation hole (ref. 21) [WDA(LL)], and (v)
the V,, calculated here from the self-energy (DFT). See ref. 7 for details.

Corrections
to LDA
Gap Expt. LDA WDA  WDA(LL) DFT
Si
r 3.40 2.57 +0.12 +0.24 +0.11
X 4.25 3.53 +0.10 +0.23 +0.11
L 33 2.75 +0.04 +0.13 +0.08
Minimum gap 1.17 0.52 +0.15 +0.34 +0.14
GaAs
I" (= minimum gap) 1.63 0.67 +0.06 +0.24
X 4.89 4.06 +0.13 +0.08
L 3.23 2.22 +0.08 +0.14

are in good agreement with reliable experimental data. However, the one-
electron density-functional-theory eigenvalues corresponding to the calculated
exchange-correlation potential are significantly different and are instead close to
the eigenvalues obtained using the conventional local-density approximation for
exchange and correlation. In particular, the DFT minimum band gap is
substantially smaller than the quasiparticle gap, with the difference (equal to A,
the discontinuity in the exchange-correlation potential upon addition of an extra
electron) accounting for about 80% of the severe and well-known error in the
LDA minimum gap. There are also considerable discrepancies in other parts of
the energy spectrum. Thus, improving the density-functional-theory exchange-
correlation potential beyond the local-density approximation will not lead to the
correct quasiparticle energies. The GW method, which goes outside density-
functional theory, is capable of giving good quasiparticle properties. On the
other hand, the LLDA is seen to be an even beiter approximation to the true
DFT exchange-correlation potential than it was previously known to be.
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ABSTRACT

Three size-consistency principles of electronic
structure theory are set forth.  "Separability” and
"extensivity” are respected even by local or semilocal
density functional approximations, which succeed for that
and other reasons. The strong tendency of a separated
subsystem to reject fractional electron number is a con-
sequence of the derivative discontinuity of the energy;
this "integer preference” is probably not respected by
any practical density functional approximation.  However,
all three size-consistency principles are obeyed by theo-
ries which construct the energy from localized orbitals.
The self-interaction correction (SIC) to the local spin
density approximation favors localized orbitals for most
systems. If this fails for metals, then SIC gives rise
to a "false surface energy”. The self-interaction cor-
rection is reviewed, along with its exact-theory
"doppelganger”, the derivative discontinuity. The latter
reveals the physical content of the exact Kohn-Sham or-
bital energies and resolves the "band-gap problem”.
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1. INTRODUCTION

The remarkable Hohenberg-Kohn theorem'™ is a mainstay of the
physicist’s or chemist’s unified understanding of atoms, molecules
and solids. Consider a system of electrons bound by an external
potential v(f), which typically arises from a density n_ (f) of
positive charge:

n (')

= . 3y 7 .
v@®) Idr 5ok

The theorem asserts the existence of a functional Ev[n] whose

minimum yields the ground-state energy E and electron density

n(f). Useful approximations to this functional are often sug-
gested by or measured against general principles such as "size-
consistency”.

Three of these principles are stated below. Only the first
and half of the second (separability and volume extensivity) are
conventional size-consistency principles"6 of electronic struc-
ture theory.

(1) Separability. For a system composed of two or more
objects separated by great distances of empty space, the total
energy is the sum of the energies of the separate objects. Each
object might be an atom, for which the positive charge distri-
bution n+(?) is that of the nucleus. Separable approximations are
desirable whenever the energy of a molecule or solid must be cal-
culated as a function of the nuclear positions, to ensure that the
binding energy curves have proper limiting behavior. In a
familiar example from quantum chemistry, the spin-restricted
Hartree-Fock approximation is not separable for open-shell objects
(e.g., two hydrogen atoms), and truncated configuration inter-
action is not separable for any choice of objects."6

(2) Extensivity. A solid is a large periodic array of posi-
tive charge n+(?) confined within a compact volume, and neutral-
ized by the electron density n(f). If the bulk unmit cell is free
of electric monopole and dipole moments, the total energy is

8))
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E=fV + g A, 2)
where V and A are the volume and surface area of the solid. The
bulk energy f depends upon the nature of the unit cell, while the
surface cncrgy’ also depends upon which crystal planes are exposed
at the surface (but not otherwise upon the shape of the solid).
Atoms will cluster together if there is a unit cell which mini-
mizes the bulk energy f; the clusters will tend to have compact,
surface-minimizing shapes if the surface energy o is positive.

(3) Integer preference. In a collection of separated
objects, nature prefers to locate an integer number of electrons
on each object, and will do so except in the presence of unusual
degeneracies between two or more integer configurations. Approx-
imations should reflect this preference, for the same reason that
they should be separable. For example, consider a sodium atom
separated by distance R from a chlorine atom.*® If R < 18 bohr,
the ground state is Na*'..CI', in which sodium and chlorine
assume closed-shell configurations with 10 and 18 electrons,
respectively; these ionic configurations are stabilized by the
energy of mutual Coulomb attraction. If R > 18 bohr, the ground
state is Na...Cl, in which sodium and chlorine assume neutral
configurations with 11 and 17 electrons, respectively. In fact,
there is never any fractional electron number on an atom in an
overall-neutral collection of well-separated atoms.

Two known limits of the density functional have proven to be
very powerful:

(a) Slowly-varying limit. When the density varies slowly
over space, the non-electrostatic pieces of the energy functional
may be represented to asymptotic accuracy by a gradient expan-
sion." For example, the exchange-correlation energy is

E_[n] = Id3r ne (@ + [d C_(0) [Vaf’;n**+ ... 3)

Often the local d;nsity approximation (first term on the right in
Eq. (3)) suffices even for realistic density variations.
(b) One-electron _limit. For a single electron, separated
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from all others, the total emergy is just the ecigenvalue of the
one-electron Schsdinger equation with potential v(?).

Local density approximations, gradient expansions, and gen-
eralized gradient approximations®'® are justly popular, not only
because they are simple but also because they are manifestly
separable and extensive. Hence they can be used with some con-
fidence to calculate small energy changes of chemical and physical
interest, even though such changes may be dwarfed by the errors
these local or semilocal approximations make in the total energy.
However, they are not exact in the one-electron limit, and fail to
display integer preference (as described in section 2).

A "self-interaction correction” is a procedure to correct a
density functional which is not exact in the one-electron limit.
After a reprise of Hohenberg-Kohn-Sham theory”'! in section 2,
the Perdew-Zunger (198 1) recipe for sclf-interaction correc-
tion (SIC) will be reviewed in section 3. When applied to the
local spin density (LSD) approximation for the exchange-
correlation enmergy, SIC is separable and displays integer pref-
erence. It is at least partly extemsive, reproducing the volume
term in Eq. (2). Is the surface term also reproduced for a metal?
Is SIC exact in the uniform-density limit? These questions will
be discussed in section 3.

While SIC is an approximation, the "derivative discontin-
uity” is an exact property of the Hohenberg-Kohn density func-
tional E [n]. This property was discovered by Perdew, Parr, Levy
and Balduz (1982),® who were motivated in part by the principle of
integer preference and in part by the SIC theory which respects
this principle. Section 4 reviews the derivative discontinuity,
starting from the exact density functional theory for open
systems.®  Sections 3 and 4 further examine the striking simi-
larities between SIC and the derivative discontinuity. The
relationship of each to the "band-gap problem”®"
semiconductor or insulator is also briefly comsidered.

Section § summarizes the implications of this study for

in a
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electronic structure theory in general, and for the comstruction
of size-consistent density functionals in particular.

2. HOHENBERG-KOHN-SHAM THEORY

In order to establish the context and notation for the rest of
this article, the spin-density version'® of the Hohenberg-Kohn-
Sham™"! theory will be reviewed and analyzed from a size-
consistency perspective. The Hamiltonian for N electrons inter-
acting with a spin-dependent external potential v a(?) is

H="T+ Zja’: v @) 1,@) + v+ 4)
where

A N

T =izl i %V i2’ ©)

A N

n, (@ =izl I(E-F) %0, 7 Q)

S 1 1

vV = . ¥))

e 2 21: j;i |?i-?j|

The dots in Eq. (4) refer to nonelectronic terms such as the
Coulomb repulsion energy of the external charge. The Hohenberg-
Kohn theorem’'® asserts the existence of a functional

E [n,, n,] = Gla,n,] + Uln] + ;jd’rva(?)na(?) ®)

A
of the electron spin densities n a(?) = <n a(?)> , where

n(?) = za no-(?) ’ &)
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Uln] = %Jd3r [er “g—)“glﬂ . (10)

Minimization of Ev[n¢,n¢] subject to the constraint Id3r n(®)
= N, or equivalently solution of the Euler equation
JEV
Jna(?)
yields the exact ground-state electronic energy and spin-
densities.

=u, 11)

The universal functional G[n,,n ] is often split into
"noninteracting kinetic” and "exchange-correlation” terms:

Gin,,n ] = T![nT,nd + Exc[nmn . (12)

T is the minimum of <'f‘> over all wavefunctions (or ensembles)
constramed to yleld the spin densities n, and ng,, while G is the
minimum of <T + V > - Uln] from this "constrained search”.’

In the popular Kohn-Sham method,'""'¢ T, is treated exactly
via construction of a noninteracting wavefunctlon from orbitals
that are solutions of the selfconsistent one-electron problem

274 v D+ u@lD) + v b |v b 13

= 8,5V, ()

where the potentials are functional derivatives

u([n];) = 6U/dn(P) = J'dar’ -l—n?f—?i;lL , (14)
v7 (lnyn,);) = OE_Ion (@) . (15)

In typical applications, the noninteracting wavefunction is a
ground-state Slater determinant, for which
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=
I

- z faa J.dar Waa*(?)(‘ %Vz) ¥ a0 @ , (16)
ao

1) = [ n,, @, a7
[
0,e® = f,,Olv, D" , as)

fog <Ol ) . (19)

The Kohn-Sham orbital enmergies of Eq. (13) are'’ derivatives of
the energy with respect to the occupation number:

to = 6Elafaa. (20)
Within the Kohn-Sham method, only the exchange-correlation

energy remains to be approximated. The local spin density (LSD)

approximation"'16 is often applied:

Ex:‘sD [o,,0,] = Id3r ng_(n,.n,) , 1)

where 8xc(n¢,n ,) is the exchange-correlation emergy per particle
in an electron gas of uniform spin densities n, and n,. The LSD
exchange-correlation potential is

a[naxc(nT,n )]/on o (22)

The exact exchange-correlation energy may be written'®'”

E, =7 [¢'r @ [ér n @2y |2, @3)

where nm(?,?’) is the demsity at £’ of the ”exchange-correlation
hole” surrounding an electron at . The hole represents a deficit
of one electron:
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jd’r' n @) =-1. 24)

The LSD approximation replaces the exact hole by that of a uniform
electron gas; the success of this approximation is explained” in
part by its satisfaction of the exact sum rule (24). Generalized
gradient approximatious”’10 constructed to obey Eq. (24) can be
even more accurate’® than LSD. Fully-nonlocal functionals have
also been constructed” to satisfy Eq. (24).

The simplicity and practicality of the Kohn-Sham method are
due in part to the fact that the potential in Eq. (13) reflects

15
— LDA .
—— LSD
e o0 SIC ¢
10 ¢ 7
®
[ J

o
o

ENERGY AENa + AEC| (eV)
(&)
I

-1 -0.5 0 0.5 1
TRANSFERRED ELECTRON NUMBER ANpj,

Figure 1. Change in the total energy of a system composed of
one sodium atom and one distant chlorine atom, as a function of
the number of electrons transferred from chlorine to sodium. LDA:
local density approximation. LSD: local spin density approxima-
tion. SIC: self-interaction correction to LSD. (From Ref. 13).
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the natural symmetries (if any) of the system; this often greatly
simplifies the calculation of the orbitals.  However, it also
implies that the orbitals in a system of separated objects can be
delocalized, i.e, onme orbital cam be distributed over two or more
objects (subsystems or open systems).

The noninteracting kinetic energy is separable and ex-
tensive, because both size-consistency principles apply even to
noninteracting electrons.  Consider the application of Egs.
(16)-(19) to a separated subsystem: Those occupied orbitals that
are localized within the subsystem present no problem. If the
subsystem contains a fragment of an occupied orbital which is
shared with other subsystems, then this fragment may be renor-
malized within the subsystem, and the normalization factor may be
absorbed into a “"fractional occupation number”. After all sums
are taken, the subsystem will be described by a collection of
localized orbitals, with unit occupation for orbitals with
energies less than u, and possible fractional occupation (0<f<1)
for orbitals lying at the chemical potential u. (A fractional
total electron number in an open system is simply the time-
average of a fluctuating integer number.)

Local, semi-local, and some nonlocal spin-density functionals
for the exchange-correlation energy are properly separable and
extensive.  However, such approximations typically do mot respect
the principle of integer preference. For example, consider™® a
system composed of a sodium atom and a distant chlorine atom, as
described by the local spin density approximation for exchange and
correlation.  Starting from two neutral atoms, the valence config-
uration is ome Na 3sT electron, one Cl 3p T electron, one Cl 3pyT
clectron, and three Cl 3p| electrons. Because the energy & of the
Na 3sT orbital is higher than that of the Cl 3pz’|‘ orbital, Eq.
(20) shows that the energy of the system will be lowered by
transfer of a fraction of an electron from Na 3sT to Cl 3pzT.
After about 0.4 electrons have been transferred, the orbital
energies are equalized and the total energy is a minimum (Fig. 1).
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In a delocalized picture, there is then one electron in a molec-
ular orbital distributed 60% on the Na and 40% on the Cl atom.

Even for a single neutral atom, there are a few examples (Fe,
Co) in which the local spin density approximation prefers frac-
tional occupation numbers. In such cases, the occupation numbers
should be constrained to integer values,’>2 even if Eq. (19) is
thereby violated.

It should be observed that practical spin-density function-
als for the exchange-correlation energy achieve separability at

the price of an associated "symmetry dilemma” 2%

3. SELF-INTERACTION CORRECTION

An approximate density functional for the exchange-
correlation enmergy may be made exact in the one-clectron limit via
subtraction of its spurious self-interaction emergy. The idea is
an old one, and there are many different ways to implement
it.1>?>3®  The version of Fermi and Amaldi (1934)26 depends
explicitly upon the total number of electrons in the system, as do
some modern implementations;“'”'” these radically nonlocal
density functionals are not separable. The version of Cortona
(1986)*7 is based upon groups of electrons such as atomic
subshells, and so is restricted to certain kinds of systems.

Most self-interaction corrections, however, are made on an
orbital-by-orbital basis, as in the classical work of Hartree
(1927).25 The total energy is then a functional of the orbi-
tals. Unlike the Hartree-Fock and Kohn-Sham energies, the self-
interaction corrected emergy is not invariant under unitary
transformation of the occupied orbitals. If localized orbitals
are energetically preferred over delocalized ones (as in the
Hartree approximation), then all three size-consistency prin-
ciples of section 1 will be respected.

The orbital self-interaction correction (SIC) of Perdew and
Zunger (1982)"** will be discussed here. It has been studied
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and refined in extensive applications to atoms, >’ negative

ions,***  molecules,®*®! metallic clusters,? atomic impurities
in solids,'”'67 insulators,“”o scmiconductors,"’72 and
metals.””®  SIC is particularly useful whenever the electrons
bave a natural tendency to localize; it has been applied with
interesting results to the Hubbard model””” and to high-
temperature superconductors.” A "simplified SIC”, which crudely
simulates the effect of SIC on the energy band structure of a
solid, has also been proposed”® and applied.”*®  Because a
comprehensive study of SIC already exists,”? it will suffice to
sketch the main ideas and a few problems of special interest here.

Begin with an approximate spin-density functional

Ex:""“”‘[n”n Jd = Ex‘”'°"[n¢,n J o+ E:”'”[n,r,nd (25)
for the exchange-correlation enmergy. In most applications, this
is the local spin density (LSD) approximation, but the SIC method
is general; recent work by Krieger and Li (1989)* suggests that a
generalized gradient approximation might be an even better
starting point. = Now subtract off the spurious self-interaction on
an orbital-by-orbital basis:

ExSIC = Exapprox [nT , n¢]
- T { Uiyl + BP0, 00 26)
Qo
E’ = E™[n,n] -] E™”@n,.0] (27)

ao
With this choice, the emergy is exact in the one-electron limit.
Finally, minimize the emergy with respect to variations of the
orbitals. If no orthogonality constraint is imposed, the result
is a selfconsistent one-electron Schrédinger equation with an
orbital-dependent exchange-correlation potential
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v:a'? ; = V:’.mox([ﬂm%];?) B “([nadl;?)

SR AR (LW ) (28)

XC

The Hartree approximation® is recovered by the choice Ex""’“"‘

= Ec'”'“ = 0. The SIC for LSD exchange was first proposed by
Lindgren (1971)> and that for correlation by Perdew (1979).31
Although it is consistent with the Hohenberg-Kohn theorem and with
Eq.(20), SIC is pot a Kohn-Sham theory."

When applied selfconsistently to atoms, SIC significantly
improves the LSD total energy and its separate exchange and
correlation components. In the original applications, the orbital
densities n_, a(?) of Eq. (18) were spherically averaged, but
Harrison (1983)*** has shown that better results are found by
retaining their angular dependences.

Now apply SIC to a system composed of two well-separated
initially-neutral atoms, one Na and the other Cl. Consider a
molecular-orbital variation which gradually transfers an elec-
tron from Na 3sT to Cl 3pT. As Fig. 1 shows, the SIC total
energy of the system varies in a nearly-linear way with the
occupation f of the 3pzT orbital. It is easy to understand why:
As f varies from 0 to 1, the atomic orbital being filled always
"sees” the potential of a 17-electron Cl atom; it does not see its
self-generated potential, which has been subtracted out of Eq.
(28). Thus the energy of the Cl varies almost as if the extra
orbital density were being added to a fixed external potential,
i.e., linearly with f. The energy of the Na also varies almost
linearly, as does the total energy of the system. If however the
clectron is transferred the other way, from Cl 3p | to Na 3s|, the
atomic orbital being emptied always sees a 16-electron a1t ion.
There is sudden change in effective potential, and thus an abrupt
change in the slope of Fig. 1 (derivative discontinuity), when
there are exactly 17 electrons on the Cl and 11 on the Na. The
total energy minimizes at this cusp, in conformity with the
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principle of integer preference. (Note that the LSD and Hartree-
Fock approximations, which force all orbitals to see a common
potential, cannot achieve this correct limit.)

The SIC analog of Eq. (24) is™

jd’r' n 5@, = - ;afa oM@ 0@ (29)

The right-hand side of Eq. (29) reduces to -1 if no occupation
number is fractional. Otherwise, it is greater than -1: In an
open subsystem with fractional electron number, part of the
exchange-correlation hole is located in distant subsystems with
which electrons are shared. Because the LSD hole is always con-
centrated entirely in the subsystem of interest, the LSD energy is
much less realistic for fractional than for integer electron
number.

Because the SIC enmergy E varies almost linearly with occu-
pation fa - of an orbital, it follows immediately from Eg. (20)
that the SIC orbital energy &g 8t full occupation (fao'=1) is a
good approximation'? to the negative of the energy needed to re-
move an electron from orbital . The LSD orbital energies, on
the other hand, are not even close to physical removal energies.

LSD is a convenient method for band-structure calculations in
solids, but the fundamental gaps from LSD band-structure
calculations for imsulators and semiconductors are typically a
factor of two smaller than measured gaps. Again, it is not hard
to see why:> In Kohn-Sham theory, each orbital sees the same
potential. In the LSD description of solid neon, an electron just
inside a particular unit cell sees the potential of a neutral, 10-
electron cell. That is physically correct for an electron in the
conduction band, but an electron in the valence band should see
only 9 electrons in its unit cell, and not itself. The SIC
potential in a localized-orbital description of an insulator has
just this correct behavior, and generates the correct band gaps.12

Clearly these will be no self-interaction correction to LSD in
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a bulk solid if the orbitals are delocalized, as they would be in
a Kohn-Sham theory. However, the orbital-dependent SIC potential
has enough freedom to break symmetry and generate localized orbi-
tals, These may be atomic-like Wannier orbitals in®*™ large-
gap insulators, and ”bond orbitals”” in semiconductors.

The mathematical problem to find those orthomormal localized
orbitals that minimize the SIC emergy has been addressed by
Pederson, Heaton and Lin (1984).6° They start from delocalized
"symmetry molecular orbitals” that experience an averaged SIC
potential, then perform a unitary transformation to others obey-
ing a localization condition. For an insulator, the symmetry
molecular orbitals are Bloch functions with a reasonable band
structure and energy gap, while the "localized orbitals” are
approximately Wannier functions.

The problem tc construct optimum localized orbitals is
especially hard for the electron gas of uniform density
Gellium).””  Norman (1983)" proposed an approximate Wannier
function with an orbital density equal to the magnitude of the
exchange-hole density. It is clear from his work that the Hartree
approximation energetically prefers localized orbitals even for
jellium; the Hartree SIC lowers the energy per electron by about
—0.131(F to simulate the correct exchange enmergy, -0.239k . More
recent work by Pederson, Heaton and Harrison (1989)"° shows that
SIC, applied to LSD exchange, also favors localized orbitals,
lowering the energy by at least an additional -0.0051(F to simu-
late the correlation energy.

When LSD correlation is included, SIC probably73 favors delo-
calized orbitals (plane waves) for jellium. If so, them the SIC
bulk energy of jellium is exact, but there is still a “"false
surface cnergy"12 which scales like V2 (whose V is the volume),
but depends upon the shape of the system: Consider a spherical
shell of jellium with outer radius R and inmer radius S, where R,
S, and R-S are all macroscopic. When R/S 5 oo, there is no self-
interaction correction to the surface energy for the cavity of
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radius S. But for S=0, there is a positive correction for the
solid sphere of radius R. A hint of this effect can be seen in
LSD and SIC total energy calculations for small jellium spheres.®

4. DERIVATIVE DISCONTINUITY

B138284 of the exact Kohn-Sham exchange-

8,13

The discontinuity
correlation potential of Eq. (15) has important consequences
for the integer preference of open systems,*® the physical con-
tent of the exact Kohn-Sham orbital energies,”’w";7 and the band
gap problem for an insulator or semiconductor.'*'**!% This
discontinuity is the doppelganger of the self-interaction
correction, accounting for many of the same physical effects
within a different theoretical structure. The theory behind the
derivative discontinuity has been developed in considerable
detail.® Here it will suffice to outline that development and
discuss a few topics of special interest.

An exact density-functional theory for open systems may be
constructed in either of two ways!3 In the first, the open system
is a separated subsystem of a composite with fixed integer
electron number. The composite is described by a single wave-
function, and fractional electron number in the open system is
generated by variation of this wavefunction. In the second
approach, the open system is described via an ensemble or statis-
tical mixture of wavefunctions with different integer electron
numbers, The final result for the ground-state emergy B of the
open system, as a function of its average electron number N, is
the same in either approach, since any coherence effects (e.g.,
infinite-ranged  Einstein-Podolsky-Rosen  correlations) are
energetically irrelevant. Spin-density functionals T [ny,n,] and
E [n,n,] for the open system are constructed by the standard
constrained search’ over wavefunctions or ensembles. E(N) is then
the minimum of Ev[n,r,%] (Eqs. (8) and (12)) over all n, and n
integrating to N.
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The result for E(N) is beautifully simple. If N lies be-
tween the integers J and J-1, then the open system is fluctuating
beween the ground state of the J-electron system (with probability
p=N-J+1) and that of the (J-1) - electron system (with probability
1-p). Therefore its average energy is

ENN) = (N-J+ 1DEJQ) + (J-N)YEJ-1, (30)
and its average density for spin o is

n a(N,?) = (N-J+1) na(J,?) + (-N) na(J-l,?). 31

Electron numbers other than J and J-1 do not contribute, because
of the "convexity” of the energy.”'13 Thus the energy of an open
system varies linearly for N between two integers, much like the
SIC energy of Fig. 1, and with many of the same consequences.
There is also an exact sum rule'>*
hole density, which bears an uncanny resemblance to the SIC sum
rule of Eq. (29).

Consider the chemical potential 4 = JE/dN of Eq. (11). By Egq.
(20), u equals £™°(N), the highest partially-occcupied Kohn-Sham
orbital enmergy of the N-electron system. But by Eq. (30), this

derivative is

on the exchange-correlation

u = g_g = SHO(N) = -II (J' 1<N<J) (32)
(J<N<J+1 ,

"L

where II = E(J - 1) - E(J) is the "ionization energy of the J-
electron system.” Eq. (32) displays the physical content of the
highest-occupied orbital energy in the exact Kohn-Sham theory.
The other Kohn-Sham orbital energies, unlike those of SIC, have
little or no physical content.

By Eqgs, (8), (11) and (12), the chemical potential of Eq. (32)
is

oT

SE
= LI + u(nl;f) + —= . (33)
“ on (?) o® ) dn (%)
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As N rises through the integer J, 4 jumps up by the positive

constant I- I . Since the density of Eq. (31) is continuous, as
is u([n];?). it follows that
I oT J+é JE J+d
-1 = - + —=— , (34)
S B9
Jna(?) J-0 J“a(?) J-o

where J is a positive infinitesimal.

Let the Kohn-Sham orbital energies of the N-electron system
be ordered ¢ l(N) < 52(m =< ... Then the argument that led to Eq.
(34) may be applied again to the noninteracting system, with the

result
5 5 JTS J+d
e J-90)-¢e0-0 = (35)
T+1 ]
6“0'(?) J-0
Eq. (34) can be rewritten as
II- Il+l = [£x+1(J -0) - el(J -9)] + C, (36)

where the constant C is the discontinuity of the exchange-
correlation potential (the same for both spins).

Eq. (36) has an important application to the fundamental band
gap in an insulator or semiconductor. If J electrons are needed
to fill all orbitals up to the top of the valence band, then the
left-hand side is the true or measured gap, while the term in
square brackets is the prediction of a Kohn-Sham band-structure
calculation for the J-electron system. The difference C arises
from the jump in the exchange-correlation potential when an extra
electron is introduced. Since the separation of G into Ts and Exc
is arbitrary, it is clear that such a discontinuity must exist.
In a Mott insulator, all of the gap arises therefrom.®

The derivative discontinuity implies that the exact Kohn-Sham
potential has a radically nonlocal density dependence. Consider
again the system composed of one Na and one Cl atom at large
mutual separation. Each will be neutral, as the system will be
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trapped in the cusp of Fig. 1. The exact Kohn-Sham potential
maintains this situation by erecting a "plateau” of positive
constant potential® in the “domain” of the Cl atom (that region
of space in which the density of the Cl dominates that of the Na
atom). The height of this plateau is just great emough to make
the Cl 3p 1 orbital energy equal to that of Na 3s7. Of course the
gradient”' 112 of the exchange-correlation potential inside

this domain is just that of a single Cl atom by itself.

5. SUMMARY OF IMPLICATIONS

The three size-consistency principles discussed in section I
are features of nature which should ideally be reflected in
electronic-structure theories. The separability and extensivity
principles suggest that such theories should not be radically
nonlocal; the strongest nonlocality is typically that of the
electrostatic emergy, which can be treated without approximation.
The remarkable successes of local and semi-local density-
functional approximations can be explained in part by the fact
that they respect these two principles.

The implications of the principle of integer preference depend
sensitively upon the kind of theory under consideration. If the
kinetic and/or exchange-correlation energies are to be constructed
directly from the density, without the intermediation of
wavefunctions, then their functional derivatives must have a
radically nomlocal dependence upon the density (as discussed in
section 4) in order to satisfy this principle. It seems doubt-
ful that such constructions can be found in practice.

However, if the energy is to be constructed entirely from
orbitals, and if localized orbitals are energetically preferred
over delocalized ones, then all three size-consistency princi-
ples can be satisfied without any need for radical nonlocality.
The self-interaction corrected local spin density theory has been
discussed here as a possible example of such a theory. More
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accurate theories of this type could probably be constructed.
Unfortunately, the price to be paid for any such theory is the
breaking of natural symmetries: Even the electron gas of uniform
density becomes a hard (and still unsolved) problem, as discussed
in section 3.

For most practical calculations, the traditional Kohn-Sham
theory (within or beyond™'® LSD) is probably still the best
choice. It seems doubtful that practical Kohn-Sham calculations
will ever respect the principle of integer preference, but that is
often an acceptable price to pay for the simplicity and power of
the method.
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1. INTRODUCTION

The remarkably successful applications of density functional theory
(DFT) to the ground state of atoms, molecules, and solids has fueled
interest in extensions to excited states; several alternatives have
been proposed. Examples are the Green’s function approach, started by
Sham and Kohn /1/, and the application of the ground-state formalism to
the lowest state of a given symmetry /2/.

Another vein, opened a decade ago by Theophilou /3/, has more re-
cently received increased attention. In order to calculate excited-
state energies, he considered the ensemble of M states, equally
weighted. For this equiensemble, an old extension of the Rayleigh-Ritz
principle /4/ generalizes the Hohenberg-Kohn-Sham theory, so that the
ensemble averaged energies and densities can (at least formally) be
determined. Once these arithmetic averages are known for M =1,...,1I,
the lowest I individual energies and the corresponding densities can
be easily found.

The present chapter is dedicated to the branch of DFT stemming from
Theophilou's innovation. It follows the work of Gross, Kohn, and
Oliveira, who have extended the Rayleigh-Ritz principle to ensembles
of unequally weighted states and the Hohenberg-Kohn-Sham scheme to en-
sembles of fractionally occupied states /5,8/. These two general-
izations are described in Sections 2. and 3., respectively. The ex-
tended formalism contains Theophilou'’s equiensemble approach to the
calculation of excited-state energies as a special case. In addi-
tion, it provides an alternative procedure (the fractional-occupation
approach), which relates excitation energies to Kohn-Sham (single-
particle) eigenvalues /7/. The latter method is similar to Slater’s
transition state method /8/, a procedure involving densities com-
puted from fractionally occupied orbitals and excitation energies cal-
culated from single-particle eigenvalues of the Hartree-Fock-Slater
equations. Section 3. describes the equiensemble and fractional-
occupation schemes and compares the latter to the transition-state ap-

proach.
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Like the ground-state formalism, for practical applications the
ensemble formalism requires an approximation for the exchange-
correlation energy functional. Here, unfortunately, the LDA is in-
adequate. For, since the Mth-excited- and the ground-state energies
of a homogeneous electron gas differ infinitesimally, in the LDA the
ensemble-averaged and the ground-state exchange-correlation energy
functionals are necessarily identical. By contrast, in a small system
(e.g., an atom), the ground state differing markedly from the excited
states, one expects those two functionals to be very different and the
LDA to be unsatisfactory.

This serious problem has led Kohn to develop a quasi-local-density
approximation (QLDA) for the equiensemble exchange-correlation func-
tional /9/. That approximation and its relation to the equiensem-
ble and fractional occupation approaches are discussed in Section 4.
Section 6. reports an application of both procedures to the excitation
spectrum of the He atom /10/. Finally, Section 6. summarizes general

conclusions drawn from that test study.

2. RAYLEIGH-RITZ PRINCIPLE FOR EXCITED STATES

The Rayleigh-Ritz principle supporting the Hohenberg-Kohn theorem in
Section 3. concerns the spectrum Ej < F2 < ... of a Hamiltonian H with
eigenstates |j), (7 =1,2,...). To state the principle, two definitions
are necessary: for given integer m, the set L, is defined as the
subspace spanned by all the eigenstates |j) with E; < Ey,, and U,, as the
subspace spanned by all the eigenstates |j') with E;» < E,,. As example,
consider a spectrum with Fy < B9 = E3 = E4 < Es = Eg < E7; form =35

(or m = 6), the following structure defines the two subspaces:
Ez = E3 = E4 um-

Ly
Ey
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In this notation, here is the Rayleigh-Ritz principle:
(a) Let wy > wg > ... > wpr be real positive numbers. The following inequality is
then satisfied for any set of orthonormal functions {|¢1),|d2),.. .. |dar)}:

wi{d1|H|d1) + -+ (dm|H|pp) > wiBy + -+ + wmEpp. (1)

(b) The equality in (1) holds if and only if for m = M, and for all other m

with Wy, # Wi, the subspace [|¢1),...,|¢m)], spanned by the trial functions
161)5. .., |0m), lies in Uy, and contains Lo, i.c.,
Lm C[[41),.-1(¢m)] C Unm. (2)

This theorem is demonstrated in /6/. Here, to save space, instead

of that proof three illustrative particularizations will be presented:

1. M = 1 recovers the ground-state Rayleigh-Ritz principle.- For
non-degenerate ground state, (2) is equivalent to the condition
[¢1) = [1).

2. Weights w; = ... = wps recover the equiensemble principle /4/.
In particular, for non-degenerate |M), that condition reduces
t0 [I61), s lém)] = [11),-.., [M)].

3. Weights such that w;+---+wpr =1 define an operator = w1 {1+
oo+ wp|MY (M|, with Tr{l'} = 1. Eq. (1) then implies Tr{l'H} >
E;, an inequality established by Léwdin /11/.

3. DENSITY FUNCTIONAL FORMALISM

3.1. The Hohenberg-Kohn Theorem

The variational principle in Section 2. extends the Hohenberg-Kohn
theorem to equiensembles as well as to ensembles of fractionally oc-

cupied states. A proof of the theorem based on the constrained search
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formalism of Levy and Lieb /12,13/ exists /6/, but this chapter, which

ignores the v-representability problem, will follow the approach of

the seminal article whose 26th anniversary this volume commemorates.
The set W = {wy,...,wa} defines the ensemble density p¥ =

wy (1|¢t|1) + - - + war (M|t 4| M). The Hohenberg-Kohn theorem states that

this density determines the external potential v(r) in the Hamiltonian

A = fﬂbt(')_;ﬂ%b(') d"+/¢t(r)u(r)¢(r) dr
+% / ¢‘(r)¢f(r'),r_lr,'¢(r')¢(r) dr dr', (3)

up to within an additive constant. Following the reductio ad absurdum
reasoning of Hohenberg and Kohn, we assume that the Schrédinger equa-
tions for two potentials v(r) and v'(r), differing by more than a con-
stant, have eigenstates [1),...,|M), and |1'),...,|M') that correspond to
identical equiensemble densities p" (r) = p'(r), respectively /14/.

Referring to the Rayleigh-Ritz principle in Section 2., we now take
the eigenstates |1'),...,|M") of A' =T + U 4+ V' as trial states for the
Hamiltonian H = T+ U + V. As shown in /6/, these trial states fail
to satisfy condition (2), in part (b) of the Rayleigh-Ritz principle.
The strict inequality therefore holds in (1), t.e,,

wi(HH1) + - + wy(M|HIM) < wy(U'|H|1') + - + wp (M| HIM").  (4)
H' —V'+V substituted for H on the right-hand side, we find
w1+ + o (MIHIM) < wi(V[HU) +--+ wag (M| H'|M)
+ [ ¥ (F)v(r) = v' ()] dr. (5)

Precisely the same reasoning can now be followed with [1),...,|M) as

trial states for the Hamiltonian H'. We find

W (UIH'|1Y + -+ + wpg (M| H'|MYY < wi(1H[L) + -+~ + wpg (M| H|M)
+ [ 2 ()Y (r) - ()] dr. (6)

Added, Eqs. (5) and (8) produce the inconsistency 0 < 0, contradict-
ing the assumption that |1),...,|M) and [1'},...,|M') have the same ensem-
ble density. This shows that, apart from an additive constant, the en-

semble density p'(r) determines uniquely the potential v'(r). For non-
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degenerate gpectra, it follows that p'(r) determines the eigenstates

|1,...,|M") . so that the ensemble-averaged expectation value
EY = w(U|H|1") + ...+ wp(M'|H|M'), (7)
which, for p'(r) = p¥ (r), reduces to the ensemble energy
W =w By + ... + wp By, (8)

is a functional EY [o'] of the ensemble density. Moreover, for any
density p'(r) # p% (r), the Rayleigh-Ritz principle for excited states

guarantees the strict inequality
&V =EV "] < B o). (©)

For degenerate spectra, the potential ¢/(r) does not determine
uniquely the eigenstates [1'),...,|M'). Nonetheless, as /6/ shows, the
ensemble-averaged expectation value in Eq. (7) is a (unique) functional
of the ensemble density and satisfies the strict inequality in (9).

3.2. The Kohn-Sham Equations

The variational principle (9) leads naturally to Kohn-Sham-like rela-
tions determining the equiensemble density p%¥ (r). To generate these
single-particle equations, we have to consider a non-interacting elec-
tron gas in a potential v,[pw](r) such that the ensemble density for the
non-interacting system equals p% (r). If v, were known, the single-
particle wave-function goj(r) and energies €; for the jth orbital of that
system could be easily obtained from the Schrodinger equation

V2
(=5 + vlr)leilr) = ie;(r), (10)
and the ensemble density could be subsequently calculated:
M 0
P (r) =32 wm D fimles(n), (11)
m=1 =1

vhere the occupation fj, is unity (zero) if the jth orbital is filled
(empty) in the mth state of the non-interacting ensemble.
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As in the ground-state formalism, the potential v, is determined
variationally. An (approximate) expression for EY [¢'] being there-
fore necessary, it is convenient to define the ensemble exchange-

correlation energy functional EY [p']. We therefore write
ﬂ%q=7W%é/%9%?ww
+ / p'(r)u(r) dr + E¥ [4']. (12)
Here, T,[p'] is the kinetic energy of the non-interacting system:
V2
Too']= ) wmzf,m/go;(r)(—T)(pj(r) dr. (13)
m=1

To determine this functional of the density p'(r), we multiply both
sides of Eq. (10) by ¢*(r), integrate them over r, and sum them over the
occupied orbitals in each state m. Eg.{13) then yields
M
Tp') = > wm D fimes — / ' (r)vs(r) dr, (14)
)

m=1

and Eq. (12) becomes

Bl = Zwmzf,me, [ #)oute) - wie)) e
+/ mm+ﬂm (15)

Applied to this equation, the condition §EY /60" = 0 now deter-
mines the potential v,[p"](r). From perturbation theory, the first or-
der variation e; of the eigenvalue in (10) due to a change §p' in the
ensenble density is 6c; = [ |p;(r)|?6v,(r) dr, and hence

M
Z W Z fimbe; = Pl (r)bva{r). (18)
m=1 7

The variations of the other terms on the right-hand side of Eq. (15) are

easily found, leading to

ol 1) = o)+ | £ a4 500 (a7
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where, as in the ground-state formalism,
vz o7 )(r) = SEZ 107 1/86" (r). (18)

Eq. (17) completes the cycle of Kohn-Sham equations that (10) and
(11) started. Substitution of (17) for v,(r) on the right-hand side of
Eq. (15) yields a relation similar to the Kohn-Sham expression for the

ground-state energy:

m=1 J
- / PY (r)vze[o® )(r) dr + EZ [07]. (19)

3.3. Calculation of Excitation Energies
3.3.1. The equiensemble approach

Eq. (19) determines the ensemble-averaged energies EW ., linear combi-
nations of the eigenvalues E; (j = 1,...,M) from which the latter en-
ergies can be recovered. As an example, consider the equiensemble,
whose identical weights,

wi=...=wy=1/M, (20)

suggest a more specific notation for the ensemble-averaged energy,
Enr instead of €Y. In this case, the Tollowing relation, equivalent
to Eq. (8), determines the energy of the g-fold degenerate multiplet
encompassing the eigenstates |[M —g+ 1),...,|M):

M-
Ea=Em+ —gi(eM — Er—y). (21)

To compute the I lowest energies in a spectrum with degeneracies
g1,--.,91, one then has to calculate £)s for M =g3,...,91+++-+9r. This
simple procedure defines the equiensemble approach.
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3.3.2. The fractional occupation approach

Inspection of Eq. (21) reveals a shortcoming of the equiensemble
method. The expression within parentheses on the right-hand side is
a small number obtained by subtracting two large equiensemble ener-
gies, associated with two different densities and two different M.
The subtraction can therefore introduce large relative errors. This
section discusses an alternative procedure (the fractional occupation
approach) that avoids this problem.

As Section 4. will show, the currently available expression for the
exchange-correlation functional EY, [0 ] describes only the equiensen-
ble. This circumstance makes Eq.(21) (involving only equiensemble en-
ergies) very convenient and suggests that, to calculate excited state
energies, we employ either the weights (20) (the equiensemble approach
in Section 3.3.1.) or weights that reduce to the equiensemble in appro-
priate limits, a possibility the following definition explores:

e e L RN
where w is a free parameter. For w = 1/M, these weights reduce
to 1/M, and we recover Eq. (20). For w = 0, the g-fold degenerate
multiplet |M — g + 1),...,|M) has zero weight, and the others have
weights wy = ... = wyp_y, = 1/(M — g), so that we again recover Eq.(20),
with M — M —g. Eq.(22) hence interpolates between equiensembles.
The added flexibility supplied by the parameter w opens a new avenue
leading to excitation energies, as the following discussion shows.

With the weights (22) substituted on the right-hand side, Eq. (8)

can be differentiated with respect to w. We find

dev g M-y
W = gEM - M——g mE=1 E,,,, (23)
and, after substituting Eq.(21) for Ejs on the right-hand side,
ﬂ =M(fm-¢€
dw M — EM—g)- (24)

Now, £¥ is given by Eq.(19), which with the present weights reads

M-g M
DY fimEitw Y D fimei+ En(o”]

m=1 j m=M-g+1 j

1-wg
M-y

EY 0] =
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- / PP () g / oY (r)vze[o™ )(r) dr.

2|r ~ 1
By differentiating this Lqual:'lty with respect to w we can therefore
calculate the left-hand side of Eq. (24). Although the ensemble den-
sity p" (r) (produced by the Kohn-Sham equations) depends on w, this
derivative is very easily computed, because the variational property
of EY [p%] ensures that dEY [pW|/dw = dEY [p¥|/dw. It follows that

dEX" [PW] i‘: E g g
— S, = fimes = 77— 3 D fime;
dw m=M-g+1 J M_g m=1 j
w
+ ———aE%i” I (25)
¥ (r)
and from Eq. (24) that
M g M-y
M(SM - €M—g) = Z Z fim€j — M— Z fime;
m=M-g+1 j g m=1 j
Wi W
+ ——aE’g 7] (26)
bt w(r)

To compute the energy difference on the right-hand side of (21) it is
hence sufficient to solve the Kohn-Sham equations for a single w in the
interval 0 < w < 1/M, so that (26) avoids the numerical problem in
the equiensemble approach. Practical applications of this equality
of course require an approximation for dEY [p¥]/dw. For w = 1/2M,

Section 4. presents a simple expression for this derivative.

4. THE QUASI-LOCAL DENSITY APPROXIMATION

4.1. The Equiensemble Exchange-Correlation Functionals

This section discusses the QLDA for the ensemble-averaged exchange-
correlation energy functional /9/. This approximation replaces ensem-
ble averages (for which, as Section 1. pointed out, the LDA is inade-

quate) by thermal averages (for which the LDA is appropriate). It is
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therefore expected to become accurate for M — oo, the limit in which
the thermal ensemble and the equiensemble become identical.

In the Kohn-Sham scheme of Section 3.2., two ensembles of identical
multiplicity M are involved, one of interacting and the other of non-
interacting particles. With them we will associate two canonical
ensembles, at temperatures # and f,, respectively. Each equiensemble
has entropy kpln M, where kp is Boltzmann’s constant. Therefore, the

following LDA fixes the two temperatures:
/a”[pw](r) dr = /af’[pw](r) dr =kpln M. 2n

Here and henceforth, the aymbols [p](r) denocte the LDA, indicating the
preceding quantity [in this case o’ (0*), the entropy per unit volume
of interacting (non-interacting) electrons at temperature ¢ (4,)] for a
homogeneous system with the local density p(r).

Eq. (12) expresses the exchange-correlation energy functional in
terms of the equiensemble energy E:V [¢'] and of the kinetic energy
TY [¢']. For large M, the former functional is approximately equal to
the canonical-ensemble energy functional Ef[o'], in turn related to the
canonical-ensemble exchange-correlation energy functional Eﬁc[p’] by
the thermal analogue of (12) /15/:

Bl =1+ [ S arar [ gy ar + B0 (a9

The right-hand side of this equation substituted for EV [| and

the canonical-ensemble kinetic-energy functional at temperature 6,

substituted for T [p'], Eq. (12) becomes
Bzl [p) = TJ 16 + Bzelo) - T0°[e', (29)

thus relating the equiensemble exchange-correlation energy functional
to canonical-ensemble functionals, for which the LDA is appropriate.

For systems of slowly varying density, therefore,
B 1) [ 1010 + b)) - e (30

where t/ (e,) denotes the kinetic (exchange-correlation) energy per
unit volume for a homogeneous non-interacting (interacting) system at

temperature 6.
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Egs. (18) and (30) determine the equiensemble exchange-correlation
potential. Since W represents the equiensemble, the derivative on
the right-hand side of (18) must be taken at fized eniropy. With the
thermodynamical identity u = 8E(p,S)/dp|s (relating internal energy
E, entropy S, and chemical potential u), simple manipulations lead to

v [0'](r) = gle'(r) + p2c[o')(r) — 2 P'](r), (31)

where u! (ul,) denotes the chemical potential (the exchange-
correlation chemical potential) for homogeneous non-interacting {(in-
teracting) electrons at temperature f.

This approximation for the exchange-correlation potential and
Eq. (30) for the exchange-correlation energy functional complement the
Kohn-Sham equations for the equiensemble approach. The two expres-
sions, weakly non-local because the temperatures § and 4, are non-local
functionals of the density [see (27)], are made practical by satisfac-
torily accurate approximations for the various thermal properties of
the homogeneous interacting and non-interacting electron gases appear-
ing on the right-hand sides /16/.

For M=1(§=0,=0), Egqs. (30) and (31) reduce to the LDA for the
ground-state exchange-correlation energy functional and potential,
respectively. The QLDA is therefore accurate both for M — 1 and for
M — oo; it should be satisfactory even for moderately large M. The

numerical results in Section 6. support this conclusion.

4.2. Application to the Fractional Occupation Method

4.2.1. Approximate form for dEY [pW]/8pY (r)

As we have just seen, the QLDA provides an expression for the equi-

ensemble exchange-correlation functional, hence making practical the
equiensemble approach. In addition, as the present section shows, it
produces an approximation for the last term on the right-hand side of

Eq. (26), hence making practical the fractional occupation approach.
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Section 3.3.2. has pointed out that, for w =0 and 1/M, the weights
wy, in Eq. (22) reduce to the equiensembles with multiplicities M —
g and M, respectively. To these the QLDA applies, suggesting the
following expression for the partial derivative in (26):

CI Al

e P = M{EE M M) - B0 M) 4 0 (1/M7). (32)
P

Although the right-hand side involves the energy functionals for
w=0 and 1/M, i.e., EM9p'] and EM(o'], respectively, both tunctionals
are evaluated at the density p*=!/?M(r), ie., at the ensemble density
found by solving the Kohn-Sham equations in Section 3.2. with w =
1/2M. This weight eliminates the term of O(1/M) from (32).

To compute p¥=1/2M

w=1/2M
Vze .

we also need the exchange-correlation potential

In analogy with Eq.(32), we can write

5L ](r) + i M

w2 (r) = 2 S G T VO M €

With v2=0 and v2=UM given by (31), Eqs. (32) and (33) turn the frac-

tional occupation approach into a practical computational procedure.
An illustration will be presented in Section 6.. Before that, how-

ever, the next section discusses an important alternative.
4.2.2. Comparison with the transition state approach

Consider an N-electron interacting system with non-degenerate ground
state and g-fold degenerate first excited state. Applied to the en-
semble multiplicity M =1+g¢g, (28) gives its first excitation energy:
1 9EZ [o"]
T A ’ (34)
9 v wp

E;-Ei=eny1—€en+

where E; = E3 = ... = Ejs is the second-multiplet energy. en (en4+1) is
the Nth (N + 1th) Kohn-Sham eigenvalue, i.e., the last occupied (first
vacant) level in the non-interacting ground state. Both correspond
to the ensemble density " = (1 — wg)p: + wgp,, where p; (p,) is the
ground-state (average first-excited-multiplet) density. Compare this
equation with the transition state formula /8/:
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Ey - By =¢34 €, (35)

where s}?} denotes the Nth eigenvalue of the Hartree-Fock-Slater equa-
tions for the density p5 = (p; + 5,)/2. Three distinctions separate
Eqs. (34) and (35): (1) the Hartree-Fock-Slater equations take only
ground-state exchange into account, whereas the Kohn-Sham like equa-
tions involve the ensemble averaged exchange-correlation energy func-
tional; (2) for w # 1/2g, the densities p5 and p¥ are different, and
(3) the last term on the right-hand side of Eq. (34) is missing from
Eq. (36). Nevertheless, for w=1/2M = 1/2(g + 1}, Eq. (32) provides an
estimate of that term; as it turns out, its contribution to Eq. (34) is
small /10/. Thus, for highly degenerate first excited state (i.e., for
M =~ g), Eqs. (34) and (36) yield approximately equal results.

From this, one might conclude that the fractional occupation method
is a refinement of the transition state method. This inference cannot
be generalized, however: to calculate the Ith energy in the spectrum,
the transition state approach prescribes p° = (p1 + 57)/2, while p%
is the ensemble average of the densities py,p;,...,py. Moreover, for
I> 2, (26) is very different from the equivalent of (35) /8/. For en-
ergies higher than E;, therefore, the two methods can be compared only
on the basis of the numerical results they produce. This considered, a

more conclusive comparison will be deferred to Section 5.2..

6. NUMERICAL RESULTS FOR THE He ATOM

6.1. Equiensemble Energies

The He atom, a small system with widely-studied excitation spectrum
and negligible spin-orbit interaction /18/, is a convenient testground
for the approximations in Section 4.. The numerical computation /10/
of its equiensemble energies by the two methods in Section 6 will be
reported in this section. To recapitulate, in the equiensemble pro-
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cedure, Eq. (18) yields the ensemble-averaged energies. In the frac-
tional occupation approach, Eq. (28) determines equiensemble-energy
differences; from these, the equiensemble energies measured from a
reference level, such as the ground-state energy, can be computed.

Those expressions make no reference to electron spin; ensemble-den-
sity-functional theory has so far been limited to spin-averaged densi-
ties. This restricts the following discussion to Helium densities and
energies averaged over the para (S = 0) and ortho (S = 1) configura-
tions of each excited state, weights one and three, respectively.

The energies are then labeled by principal quantum number n and an-
gular momentum L. Each multiplet nl has degeneracy g = 4(2L + 1).
In increasing-energy order, the degeneracies ¢ = 1 [the 1§ (ground)
statel, g =4 (28), ¢ =12 (2P), ..., ¢ = 4 (68) form the ensemble multi-
plicities M =1,5,17,...,121. These and the ensemble-averaged experi-
mental energies (reckoned from the experimental ionization threshold,
EfEXPT = —4Ry) appear in Table I. The equiensemble energies [mea-
sured from the ground-state energy (E] LDA — _3.725Ry) for the ionized
He atom, calculated in the LDA /19/] are also tabulated.

Subtracting El+ from each set of equiensemble energies eliminates
from Table I the unphysical self-interactions contained in the ener-
gies calculated with the LDA /17/ (for example, most of the discrepancy
between Ef EXPT and EF LDA jg self-interaction) and, by extension,
in those calculated with the QLDA. This focuses attention on specific
properties of the latter approximation.

The agreement between the calculated and experimental equiensemble
energies goes from good to excellent as M increases. This is cf
course expected, the QLDA being accurate for large M. Although M-
dependent, the deviation between the calculated and the experimental
Epm follows a pattern: for growing M, it is significantly reduced
whenever a new angular momentum is introduced. The deviation, nearly
10% for the (two) equiensembles involving only S states, decreases to
BY% for those involving S and P states, to 2§ for S, P, and D states,
and to 1% for S, P, D, and F states. This seems to be due to the LDA
embedded in the QLDA, for an ensemble rich in angular momenta should be

well represented by a homogeneous electron gas.
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Table I: Equiensemble energies? and energy differences in the equien-
semble (EQ) and fractional occupation (F0) approaches, compared with
the experimental (EXPT) values.

M Multiplet® EEXPT 20 AEES  AEEP  AEEXPT

1 18 -1.807 -1.947( 8%)

5 2s -0.630 -0.727(16%) 1.220 1.240 1.177
17 2P -0.370 -0.386( 4%) 0.341 0.346 0.260
21 3s -0.326 -0.345(6%) 0.041 0.041 0.045
33 3p -0.249 -0.265(8%) 0.081 0.083 0.077
53 3D -0.197 -0.200( 2%) 0.0685 0.067 0.052
57 48 -0.188 -0.192( 2%) 0.008 0.008 0.009
69 4P -0.166 -0.171(3%) 0.020 0.020 0.022
89 4D -0.143 -0.146( 2%) 0.026 0.024 0.023

117 4F -0.124 -0.123( 1%) 0.024 0.023 0.019
121 5S -0.121 -0.120( 1%) 0.002 0.002 0.003

2 Energies (Ry) measured from the ionization threshold. Per-
centages show deviations from experimental values.
b Highest multiplet in equiensemble.

This non-uniform convergence of the calculated equiensemble ener-
gies to the experimental values affects perniciously the equiensemble-
energy differences; Eq. (21) shows that the calculated excited-state
energies will be likewise degraded. In light of the introductory ar-
gument in Section 3.3.2., one might expect Eq. (28) to yield more accu-
rate equiensemble-energy differences. Table I indicates that it does
not, apparently because the approximation (32) for 3EY, [p¥]/3p% (r) in-
herits the limitations of the QLDA. In particular, the last two terms
in that equation involve ensemble multiplicities M and M — g, re-
spectively, so that the fluctuating accuracy of the QLDA defiles the
equiensemble-energy differences calculated with the fractional oc-
cupation method just as it corrodes precision in the equiensemble
method. From this standpoint, the agreement between the equiensemble
energy differences calculated by the two procedures is disappointing.
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Table II: Eleven lowest energiesg in the spectrum of the He atom,
calculated by the equiensemble (EQ), fractional occupation (FD), and
transition state (TS) methods, compared with the experimental values®
(EXPT) .

Multiplet I AEFXPT  AgRF9 AEF° AETS

18 1 1.807 1.947( 8%) 1.972( 9%)

25 2 0.336  0.422(26%) 0.422(26%) 0.263(22%)
2P 3 0.262 0.244( 7%) 0.243(7%) 0.171(35%)
3s 4 0.134  0.171(27%) 0.174(29%) 0.096(28%)
3p 5 0.1156  0.123( 7% 0©.118(3%) 0.076(34%)
3D 8 0.111  0.093(16%) 0.086(23%) 0.087(40%)
48 7 0.072 0.086(19%) 0.079(10%) 0.051(29%)
4P 8 0.064 0.075(17%) 0.073(14%) 0.040(38%)
4D o 0.083 0.069( 6%) 0.060( B%) 0.037(41%)
4F 10 0.083  0.048(24%) 0.047(26%) 0.034(46%)
6S 11 0.046  0.047( 4%) 0.045¢ 0.032(30%)

2 All energies (Ry) subtracted from the ionization threshold,
i.e., AE] = E[ - Ef'

b Percentages show deviations from experimental energies.

¢ Reference energy for fractional occupation approach.

6.2. Excitation Spectrum

Table II displays the multiplet energies Ey, (I = 1,...,11), derived
from the equiensemble energies and energy differences in Table I. All
levels have been subtracted from the ionization threshold. Since
the fractional occupation approach produces only equiensemble energy
differences, to compute the energy on the left-hand side of Eq. (21) it
is necessary to measure them from a reference level. The calculation
becoming more accurate for large M, it is convenient to reckon the
equiensemble energies from the the largest experimental energy in

the spectrum, i.e., in Table II, from EEXFT.

FO _ pEXPT
By =By .

In practice, this makes
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As already discussed in Section 5.1., the mutual agreement between
the energies produced by the two approaches is excellent. The infe-
rior agreement between the experimental and calculated equiensemble
energy differences Afys accounts for the deviations (~ 20%) between
the experimental excited state energies and those calculated by either
method.

Table II also compares the two density-functional approaches with
Slater’s transition-state method. By substituting the ground-state
energy functional for the ensemble energy functional, the latter
avoids the numerical problem just discussed and produces more uniform
accuracy. In spite of this, as the table indicates, the equiensemble

and fractional occupation approaches are more reliable.

6. CONCLUSIONS

The formally exact expressions in Section 3., complemented by the
approximations in Section 4., define two ensemble approaches to the
calculation of excitation energies. Both schemes, the equiensemble
and the fractional occupation procedures, have been applied to the He
atom (Section 5.).

For large ensemble multiplicity, the QLDA is very good. Its accu-
racy is, nevertheless, M-dependent. As a consequence, in the equien-
semble approach the equiensemble-energy differences contain large per-
cent errors; through Eq. (21) these are subsequently transmitted to the
calculated excited state energies.

In principle, the fractional occupation procedure can avoid this
problem. To be practical, however, that approach depends on approx-
imations for the derivative dEY [pW (r)]/0w. The illustrative form
proposed in Section 5.2. involves two approximations: (1) neglect-
ing the terms of O(1/M?) in Eqs. (32) and (33) and (2) substituting
the QLDA form (30) for E¥ [p"]. As the numerical results indicate, the

former approximation is excellent. The latter, however, suffers from
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the limitation of the QLDA, which makes the fractional occupation and
equiensemble approaches essentially equivalent.

In summary, the two procedures prodiuce fairly accurate excited
state energies (typical error of 20%). Both methods admit improve-
ments, provided only that (1) a uniformly accurate approximation, to
replace the QLDA, or (2) a better approximation for dEY [p¥]/dw be de-
veloped. Unfortunately, the uniformity in the former alternative im-
poses a very unwieldy constraint. The second research line seems more

promising.
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1. INTRODUCTION

The proper treatment of the particle like excitations of interacting
electrons has been a problem of long standing difficulty and interest [1].
The concept of a quasiparticle description of the excited states has
proven to be appropriate for describing a wide range of experimental
probes including transport, photoemission and optical response.
Nonetheless, actual calculation of the quasiparticle energies requires
adequate treatment of the dynamical correlations amongst the electrons.
This has proven difficult even for the simplest model of a uniform
electron gas let alone the inhomogeneous electron system that results in
real condensed matter applications due to the electron-ion interaction
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and chemical bonding [1].

For treatment of the ground state energy, the approach based on
the density functional theory (DFT) [2] has been widely successful,
largely in conjunction with the local density approximation (LDA) for the
exchange-correlation contribution to the energy [3]. As discussed in
various articles in this volume, a broad range of solid state systems and
ground state properties have been calculated in excellent agreement with
experiment. However the eigenvalues that result from the Kohn-Sham
implementation of the density functional theory do not yield the
quasiparticle energies [4]. Nonetheless, they are often used in this
manner, for lack of an alternative parameter free band structure
technique. As a consequence, a broad base of experience has been
accumulated which demonstrates the deviation of the LDA eigenvalues
from true quasiparticle energies [3]. A simple example is the electron gas
model where symmetry requires the true exchange-correlation potential to
be constant implying that the DFT eigenvalues are identical to the free
electron energies up to a constant shift. However, it is well known that
the electron-electron interaction yields a renormalized effective electron
mass [1]. For the case of alkali metals, the LDA band width is found to
be considerably too large in comparison to recent photoemission
measurements [5]. Finally, a dramatic example is the underestimate of
semiconductor and insulator band gaps by 30-100% in comparison to
experiment. Within the DFT framework, the error for the minimum gap
has been shown to be largely due to a discontinuity in the true DFT
exchange-correlation potential [6-8].

It is clear that a direct approach for obtaining quasiparticle
energies is required. In this paper, we give a brief review of a self energy
approach which explicitly treats the many-electron correlations that are
essential to the quasiparticle energies. This is not an "improved" density
functional. Rather, we provide a direct treatment of the many-electron
problem. However, the LDA is used as a tool to provide the necessary
input to the electron self energy operator, in particular the proper
description of the dynamically screened Coulomb interaction.

Nonetheless, the relationship of the quasiparticle energies to the DFT or
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LDA eigenvalues will be pointed out where interesting. The present
approach has been applied to a broad range of materials systems with
excellent results in comparison to experiment including bulk
semiconductors and insulators [9,10], simple metals [11], semiconductor
interfaces [12] and superlattices [13], and semiconductor surfaces [14].
These results not only allow elucidation of the dynamical correlations
involved, but also demonstrate that a predictive theory is possible with
applications to real materials systems. In particular, the LDA may be
used to establish ground state properties, e.g. the atomic configuration, of
novel materials. The present self energy approach is a complementary

tool for predicting spectroscopic properties.

2. THE SELF ENERGY APPROACH

The quasiparticles in a solid are described by a Schroedinger type

equation [1]:
(T + Veu + VH)"/’nk(r) + fdr'):(r’ r'; Enk)wnk(r') = Enkwnk(r)s (1)

including the kinetic energy, the external potential due to the ion cores,
the average electrostatic (Hartree) potential, and the non-local, energy
dependent and in general complex self energy operator. The self energy
operator L describes the exchange and correlations among the electrons.
The real part of the eigenvalue gives the energy of the quasiparticle while
the imaginary part corresponds to the lifetime.

The physically important approximation is for the self energy
operator. Here, following Hedin [15], the self energy is developed in a
perturbation series in terms of the dynamically screened Coulomb
interaction, W, and the full Green’s function, G. This is expected to
provide better convergence properties than an expansion in the bare
Coulomb interaction. The first term only is retained, the so-called GW

approximation [1,15]:

4 Y
S, v E)y=1 %—i—e"w G(r, ¥'; E-E"YW(r, r'; E'), (2)
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where §=07%. In this approximation, vertex corrections to the self energy

are neglected. The W is fully described by the dielectric matrix ¢!

which screens v, the bare Coulomb interaction:
W(r, r'; E) = [dr"e™(x, r"; E)u(r"—r'). (3)
For the Green’s function, a quasiparticle approximation is used:

Dk (P)nic (')
G(r,t; E)= - .
(l‘ r ) E'I"E b Enk -_ 16nk (4)

Here 9,y , E,k are quasiparticle wavefunctions and energies implicitly
defined by Eq. (1), 6,x=0" for occupied states and 6,,=0" for empty
states.

The full dynamical dielectric matrix is required. This represents a
major difficulty for evaluating the self energy operator for a real material
such as a semiconductor. Due to the charge inhomogeneity, the so-called
local fields in the screening response are physically very important.
These local fields yield the variation in the screened Coulomb interaction
around an added electron as it moves from regions of high density, e.g.
bonds, to regions of low density, e.g. interstitial [16]. The local fields are
described by the off-diagonal elements of the dielectric matrix in a
reciprocal space representation. We obtain the dynamical response in
two steps. First, the static dielectric matrix is calculated as a ground
state property from the LDA [16]. Second, the dielectric matrix is
extended to finite frequency using a generalized plasmon pole model [9]
which represents each component q, G, G’ of the imaginary part of the
dielectric matrix by a delta function. No adjustable parameters enter. A
variation on this approach has been introduced [17] with similar results.

Some progress has been made in finding a model for the screening
which contains the essential role of local fields. Since the plasmon pole
model is found to be adequate, attention can be focussed on the static
response function. The important part of the local fields for the self
energy problem is the variation in the local screening potential near the
site of the added electron as the site is varied. This is illustrated by

comparing Fig. 1a to Fig. 2a where the static screening potential in
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response to the bare Coulomb potential of an added charge of -1 electron
in two positions is shown: (1) in the bond center, (2) in the interstitial

site. This approximately follows the local charge density: as is intuitively

Fig. 1. Static screening polential around an electron added at the bond
center as calculated (a) with the ab initio dielectric matrices and (b) with
the model Eq. (5). Plot is in the (110) plane with contour interval of 0.1
Ry. Bond chain indicated schematically.
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Fig. 2. Same as Fig. 1 for an electron added at the interstitial site.
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clear, more electrons nearby lead to more complete sereening locally.
This is exploited in a model we recently introduced [18]. The model
consists in taking the screening potential around an added electron at r/
to be the same as for a homogeneous medium of the local density at r'.
For semiconductors, the model for the homogeneous medium must
include the finite dielectric constant. Thus ¢g is the single parameter
entering the model. With the necessary symmetry,

Vielr, ©) = & (Vg (o=t 1) + VIR (=15 rfr)) (5)
Upon Fourier transformation, for a given q, each row of ¢~ ! can be
obtained by a fast Fourier transform. It is quite easy to implement this
calculation, and the computer time required is significantly less than for
the full calculation of the dielectric matrix. This model quantitatively
reproduces the screening potential around an added electron in bulk
materials such as Si as illustrated in Figs. 1 and 2 where part {b) shows
the results of the model Eq. (5).

For the semiconductors and insulators, the random phase
approximation has been used to obtain ¢~!. However, corrections to ¢!
due to exchange-correlation effects may be introduced within the LDA
[16]. This was found to be negligible for the band gaps of the
semiconductors but in the case of simple metals, these effects are more
important. The role of exchange-correlation effects is illustrated for the
case of Li in Fig. 3. In contrast to the insulators and semiconductors, the
crystalline local fields give a small change while the exchange-correlation
effects lead to significantly better screening at long wavelengths.

Once the screening response has been established, the self energy
operator may be evaluated and Eq. (1) solved. In the Green's function
Eq. (4), the quasiparticle wavefunctions and spectrum are initially
approximated by the solutions of the LDA Kohn-Sham equations. Then
the spectrum is updated. The LDA wavefunctions are adequate [9,10].
Equation (1) can be solved perturbatively to first order in the difference
Y — Vieo (Vi is the LDA exchange-correlation potential.) Second order
contributions are negligible. For bulk materials, numerical precision of
0.1 eV can be typically achieved for band gaps and dispersions. In the
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larger scale surface systems discussed below, the precision of the results
for the empty states is slightly worse, about 0.2 eV, largely due to
convergence with respect to basis set size in the underlying LDA
calculation. We stress that the magnitudes of the separate matrix
elements of ¥ and V,, are comparable and of order 10 eV for the
semiconductors. However, the difference which enters the first order
correction to the gaps is of order 1 eV. To obtain 0.1 eV accuracy for the
gaps, the self energy operator must be calculated with a relative precision
of about 1%. (Strictly speaking the difference between two matrix
elements of the self energy enters the calculations here e.g. the
conduction band edge and the valence band edge for the minimum gap.)
This requirement imposes stringent constraints in the numerical
treatment of the problem and makes it quite difficult to find simplified

models for the self energy operator that are sufficiently accurate.
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Fig. 8. Diagonal elements of €' as a function of momentum for the
Lindhard model (+), the full crystalline calculation in RPA (o) and
including exchange-correlation effects (o).
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3. APPLICATIONS

3.1. Bulk Semiconductors and Insulators

The quasiparticle energies have been calculated using the present
self energy approach for materials spanning a wide range of gap size and
ionicity. The results for the minimum gap are shown in Table I'in
comparison to the LDA gap as well as experiment [19]. The agreement
with experiment is excellent, being within about 0.1 eV or a few percent.
Although the self energy approach is not formulated as a "correction” to
the LDA eigenvalues, it is still interesting to isolate the physically
interesting effects which lead to an improved gap. The GW self energy
operator L captures three features not properly found in the local
exchange-correlation potential. First, it is spatially a non-local operator.
Thus it is sensitive to the nodal structure of the wavefunctions and there
is an abrupt change in the character of the wavefunctions upon crossing
the gap. This aspect is already present in the bare exchange operator
(Hartree-Fock theory) which yields a gap that is considerably larger than
experiment. The difference is due to the correlation contribution to X.
In the GW approximation, this naturally breaks into two parts: (i) the
exchange term from Hartree-Fock theory is dynamically screened; (ii)
there is a "Coulomb hole" term arising from the interaction of the added
electron with the dynamical screening cloud it induces. Second, the
inclusion of local fields in the screening is crucial for the strongly

E, LDA QP  Expt
diamond 3.9 5.8 5.48
Si 0.52 1.29 1.17
Ge <0 0.75 0.744
LiCl 6.0 9.1 9.4

Table I. Comparison of the calculated minimum gap using the present
self energy approach (QP) to the results from the LDA eigenvalues and
experiment [19].
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inhomogeneous electron distributions found in semiconductors and
insulators. The strong spatial variation in the screening response is
illustrated in Figs. 1 and 2. If neglected, the calculated gaps are
significantly too small [9]. Local fields in the Coulomb hole term in
particular open the gap as can be seen with reference to Figs. 1 and 2
and noting that the valence band edge wavefunctions are concentrated in
the bond regions while the conduction band edge states of Si are
primarily in the interstitial region. Thirdly, adequate account must be
taken of the frequency dependence of the screening. A static
approximation leads to gaps which are generally too big [9]. Retardation
in the interaction of the added electron with its screening cloud leads to
a reduction of the Coulomb hole term.

We turn now to a broader examination of the quasiparticle
energies in comparison to experiment. The results of the present
calculation are in good agreement with data from a variety of probes:
photoemission, inverse photoemission and optical response. In order to
make comparison to the features in optical spectra, use is made of
previous assignments of specific features to vertical transitions in
particular regions of the Brillouin zone. The comparison to experiment is
given in Table II (Si) and Table III (Ge). The optical transition energies
agree with experiment to within about 0.1 eV. The only exception is the
E, feature in Ge deriving from the zone center s-like conduction band
(Ty, state). However, as discussed in Ref. 9, this state is strongly
influenced by the exchange with the core states, which is not treated
exactly here since an ionic pseudopotential generated using the LDA is
employed. The data from inverse photoemission also agree with the
present calculation within the precision available. Comparison to
photoemission data for the occupied states shows that the calculated
bands are somewhat too narrow. However, as illustrated in Fig. 4, the
overall results for the valence band dispersion agree well with experiment
[20]. Finally, the model given by Eq. (5) has been used to calculate the
quasiparticle energies. As can be seen from Tables II and III, the results
agree with those from the full calculation within about 0.1 eV.

In Fig. 5, we make a direct comparison between the calculated
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QP QPM Expt.

E, 129 1.16 1.17
I, —T, 1204 12.45 12.5+.6
F25’1)-"F150 3.35 3.32 3.4
Tosy—To. 408 414 4.2

Ly,—Tey, 127 131 1.2+.2,15
Tosip—> L1, 227 222 2.1, 2.4+.15
Tosy— L3, 4.24  4.19 4.15+.1

Ly,— Ly, 3.54  3.53 3.45
Ly,— Lg, 551  5.50 5.50

Table II. Comparison of calculated band gaps and dispersions for bulk Si
based on the full quasiparticle theory (QP) and using the model Eq. (5)
for the dielectric matrices (QPM) to experimental data from Ref. 19.

QP QPM Expt.
Eg 0.75 0.60 0.744
T'e,—Tg,  12.86 13.06  12.6, 12.9+.2
Tg,— 7, 071  0.62 0.89
Tg,— s, 3.04 291 3.006
. 326 3.3 3.206
st—’rgv 1.61 1.64
A+,
L4’5,,—>Fg,, 1.43 1.46 14+.3
Tgo— Lg, 433 419
B 2+,
ng'—’ L4,50 4.43 4.29 4 - 2, 4 2— 1
Tgy— L, 761 743  7.8+.6 7.8+.1

Table III. Same as Table II for Ge.
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quasiparticle energies and the LDA eigenvalues for the materials
considered here. As can be seen, the difference (or "correction” to the
LDA) is a relatively smooth function of energy for the valence and
conduction band states separately but that there is a sharp jump at the
gap. This is reflective of the discontinuity in the true exchange
correlation potential {6-8]. From the point of view of "correcting” the
LDA eigenvalues, the deviation is seen to be material dependent as well
as energy dependent showing that a simple rigid shift of conduction
bands relative to the valence band edge is inadequate. It is interesting to
recall that the highest occupied eigenvalue in the true DFT should give
the correct removal energy (quasiparticle energy). Therefore, the extent
to which the difference is non-zero for the valence band edge state in Fig.
5 is an indirect indication of the accuracy of the LDA for that material.
Interestingly, there is a clear trend of decreasing deviation with
increasing metallicity (increasing dielectric constant). This supports the
common notion that the LDA is better for more metallic (less

inhomogeneous) systems.

3.2. Simple Metals

Recent angular-resolved photoemission experiments on Na, the
prototypical simple metal, suggest a significant narrowing of the band
width in comparison to free electron {or LDA) bands [5]. In particular,
the bottom of the band is found to be 2.5-2.65 eV below the Fermi level
as compared to the free electron value of 3.2 eV. The original GW
calculations [1,15] for the electron gas of the relevant density suggested a
narrowing of at most 0.3 eV. We find [11] that it is important to include
the exchange-correlation effect in the screening. When this is done using
a LDA dielectric function, together with self consistent update of the
spectrum in the Green’s function, a narrowing of 0.7 eV is calculated.
Use of a Hubbard model dielectric function yields slightly less narrowing.
The final position of the bottom of the band in Na is in excellent
agreement with experiment. Our quasiparticle energies for Na are also
consistent with X-ray absorption edge measurements which are sensitive
to the position of the empty density of states features deriving from the
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gap at the zone face [21]. Similar narrowing of the occupied states is
calculated for other simple metals. The increased importance of
exchange-correlation effects is probably due to the generally lower
average electron density in these materials and the larger role played by
smaller q screening. In the semiconductors and insulators, the local fields

play the dominant role.

3.3. Semiconductor Interfaces and Short Period Superlattices

Advances in materials growth techniques have made possible
experiments on semiconductor superlattice structures alternating just a
few monolayers of each type of semiconductor. The electronic structure
of these materials can be calculated directly using bulk techniques.
Novel features are expected in the optical response due to the lowered
symmetry and artificial periodicity along the growth direction.
Furthermore, since the effect of the interface is screened out very
quickly, these superlattices can be used to study the properties of the
semiconductor heterojunction, in particular the band offsets. Both
problems require calculation of the quasiparticle energies, Here we focus
on the band offset problem and note that the self energy approach has
played an important role in the interpretation of optical spectra for short
period Si/Ge strained layer superlattices [13].

The self consistent LDA superlattice calculation yields the ground
state charge density and hence the dipole contribution to the valence
band offset across the interface. Since the LDA charge density has
proven accurate in comparison to experiment for semiconductors, we
expect no further significant correction to this term in the band offset.
Previous calculations of this type for the offset have then used the LDA
valence band edge energy in the respective bulk materials relative to the
average local potential to derive the final valence band offset [22].
However, Fig. 5 clearly shows that there are material dependent self
energy corrections to the valence band edge. We have calculated these
self energy corrections for the experimentally well characterized case of
GaAs/AlAs (001) interfaces.

The self energy operator and LDA exchange-correlation potential
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are localized operators, so that the absolute value of the difference is well
defined and it is the bulk value which properly enters the band offset.

Thus, the valence band offset can be written

AE, = AEYPA 4 §,.., (6a)
Sypm = (2— ch vG?a%e - (2_ Vzc);}ibl:{ns- (6b)

The result of the self energy calculation is 6,5,, = 0.12 +0.02 eV. When
combined with the AE%;,D,? = 0.41 eV, the final offset of AE, = 0.53 +
0.05 eV follows which agrees well with the present experimental range of
0.53 - 0.56 eV [23,24]. The self energy contribution to the valence band
offset in this system is about 30% of the LDA value and is quantitatively
important. The many-body correction can be traced to the relatively
tighter p-orbitals in AlAs in comparison to GaAs which leads to a deeper

exchange hole.

3.4. Semiconductor Surfaces

A monolayer of As on Si(111) and Ge(111) surfaces has been shown
to form a nearly ideal 1X1 surface with As substituting for the outer half
of the surface double layer [25,26]. The surface is stabilized by the fully
occupied lone pair state on the As at the surface. These surfaces present
an excellent prototype for the self energy approach. This application
further demonstrates the usefulness of combining LDA calculations to
obtain the ground state configuration with quasiparticle calculations for
the spectroscopic properties.

The position of the As layer has been relaxed with respect to the
bulk Si and Ge by minimizing the LDA total energy. The resulting
position of the As layer agrees very well with the X-ray standing wave
determination for the Si case [26]. The results of the self energy
calculation for Ge(111):As are summarized in Fig. 6. The As lone pair
band is occupied and resonant through most of the Brillouin zone. In
comparison to the LDA, the dispersion is enhanced. The results of the
calculation are compared to angular resolved photoemission data [25] in
Fig. 7 showing excellent agreement. Results are similar for Si(111):As. In

addition, there is an empty surface state in the gap near T. The position
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of the empty state was predicted using the self energy approach and
subsequently confirmed quantitatively with scanning tunneling
spectroscopy [27). The calculated gap between empty and occupied
surface states at T is 0.79 eV (2.22 eV) in comparison to experiment 0.8
eV (1.9 eV) for Ge(111):As (Si(111):As).

It is again interesting to examine the difference between the
quasiparticle energies and the LDA eigenvalues, This is plotted for the
Ge(111):As surface in Fig. 8a in analogy to Fig. 5 for the bulk case. The
bulk derived states behave exactly as in Fig. 5 for bulk Ge. However, the
occupied surface states show a distinct correction and the I surface
states interpolate through the jump seen at the gap for the bulk states.
This intriguing behavior suggests a simple physical picture. The surface
states derive weight both from bulk valence and conduction bands. One
can write at k in the surface Brillouin zone

Energy (eV)

M I K

Fig. 6. Calculated surface band energies plotted against the bulk projected
bands for the Ge(111):As surface.
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<31—(|2— Ve ! SE> = E ‘ <3il bE> 12 <bl—(l2buik_ ch,b::{k ‘ bE>
b
+ <sk|AZ—AV,|sk>, (7)

where the surface state (s) matrix elements are broken into two pieces:
one from the projection of the surface state on the complete set of bulk
states (b) and the remainder. In the first term, off-diagonal terms are
taken to be approximately zero [9]. The projections | <sk | bk >|? are
plotted in Fig. 8b in spectral form with Gaussian broadening for
presentation. If the second term in Eq. (7) is neglected, the "correction”
can be calculated for the T surface states within about 0.1 eV. The
intermediate values seen in Fig. 8a clearly follow from the mixed
conduction and valence band spectral weight in these surface states and
the jump in the bulk "correction." However, the surface state at K also
exhibits a mixture of valence and conduction band character, yet the
difference in Fig. 8a is more negative than for a bulk state. Quantitative
analysis shows that the second term in Eq. (7) must contribute about -0.3
eV in this case. This shows that an accurate description of the surface

state self energy would require a model for the second term in Eq. (7).

Energy (eV)

Ge(111):As

-3

M I K

Fig. 7. Comparison of calculated occupied surface band energies to
results of angular resolved photoemission experiments [25] for Ge(111):As.
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Fig. 8. (a) Difference between the calculated quasiparticle energy and the
LDA eigenvalue as a function of quasiparticle energy near the gap region
for the Ge(111):As surface. (b) Projected weight of selected surface states
onto bulk states. Energy of bulk valence band edge taken as zero.

4. CONCLUDING REMARKS

We have briefly reviewed the successful application of a many-
body theory to the calculation of quasiparticle energies in real materials.
The accuracy of the present self energy approach has been demonstrated
for several diverse cases showing that a predictive theory is now available
for treating spectroscopic properties of materials. Open questions include
the possible role of vertex corrections (higher order terms in the

perturbation expansion for the self energy) as well as the feasibility of
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finding a model for the self energy operator which could be applied to
real materials with the relative ease associated with standard LDA band
calculations. The relative accuracy with which the self energy must be
obtained in order to achieve reliable quasiparticle energies is a stringent

requirement for such models.
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1. INTRODUCTION

Since the pioneering work of Hohenberg and Kohn /1/ and Kohn and
Sham /2/, two principal methods have been used for constructing nonlocal
density functionals for the exchange and correlation energy. The first is to
consider the density-density correlation function or exchange-correlation hole
of the nonuniform system, and to approximate it via various ad hoc assump-
tions, while making sure that various exact sum rules and symmetries remain
satisfied. The second is to make a priori calculations of the linear response
functions of the uniform system and then to extrapolate the results to en-
compass the degree of nonuniformity actually encountered in the physical
systems of interest. It was this latter approach that was developed in the
Hohenberg and Kohn paper. In particular it was emphasized that the linear
response determined the nonlocal corrections in two limiting cases: (i) Sys-
tems of slowly varying density for which only the long wavelength behavior
of the density response is required (gradient expansions); and (ii) Systems
of almost constant density with small oscillations of arbitrary wavelength
which for implementation require the density response for all wavelengths.
Real systems do not satisfy either of these limits and moreover because of
the unexpected rapid variation with wavevector of the pertinent parts of the
density response (as suggested by the work of Langreth and Perdew /3/,
Langreth and Mehl /4/, and recently directly proved by the authors /5/), it
appears that practical methods must in some sense bridge these two regimes.

1.1. The Situation prior to 1980

This article focuses on the connection between response functions and nonlo-
cal approximations, with emphasis on the gradient-type expansion methods
and some new extensions. Such expansions had fallen into disrepute prior
to 1980 for a variety of reasons. The ability of the gradient expansion to
correct the local density approximation (LDA) has usually been assessed by
applying it to atomic systems for exchange and correlation separately /6/.
It was recognized early that the LDA for correlation was too negative by a
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factor of about 2. In a classic work, Ma and Brueckner /7/ investigated the
effect of the gradient correction by evaluating it in the high density limit
and discovered two unexpected results: (i) its dependence on €? is linear, the
same as for exchange and (ii) the gradient term overestimates the correc-
tion needed to reproduce the semi-empirical correlation energy by a factor
of five /8/. Thus a naive application of their result would produce positive
correlation energies—an impossible result. Ma and Brueckner did not give a
microscopic explanation of the source of this anomaly, but did note that there
were two length scales involved in the correlation problem, and used this ar-
gument to combine their theoretical results with the semi-empirical values
for the correlation energies of a number of atoms to produce a formula, which
could be called a “generalized gradient expansion” for the correlation energy.
This formula has not been found to be useful. Soon afterwards Herman et
al. /9/ investigated the gradient correction for exchange where, in distinc-
tion to correlation, the LDA is not sufficiently negative. They determined
a semi-empirical coefficient for the gradient correction by fitting to a num-
ber of atoms. This form when applied to a number of systems was found
to improve densities (e. g. x-ray form factors). Sham/10/ then made a first
principles evaluation of the exchange coefficient and found it to be ~ 3 of
the semi-empirical value /11/.

Thus the situation pre-1980 may be summarized as follows: For exchange
and correlation treated separately the gradient corrections have the proper
signs to improve their respective LDA values. Quite reasonable results were
obtained for the exchange part; however for correlation the corrections were
anomalously large and put the entire procedure in doubt.

1.2. Recent Progress

The real power of density functional theory is its capacity to treat exchange
and correlation on the same footing, in contrast to conventional quantum
mechanical methods where the inclusion of correlation requires elaborate
procedures. Thus, in some respects the more pertinent question to pose is
what happens when exchange and correlation are treated together? It is
found that, like exchange alone, the LDA does not give sufficiently negative
values (1. e. the errors in the individual parts tend to cancel, but not com-
pletely) and unfortunately the gradient correction is now positive because of
the spuriously large correlation correction discussed above /12/. The impor-
tant progress that has been made in recent years is to provide a microscopic
understanding of the source of this spurious result. In particular it has been
shown that:
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o The nonlocal part of the density response of the uniform system (an
interacting electron gas) to a potential of wavevector g, rapidly deviates
from its power series expansion to order ¢* even when ¢ is very small
/5/. This confirms by direct calculation the claims that a number of
authors including one of us /3, 4, 13, 14/ have made, based on more
indirect methods. It also shows that the simple gradient approximation
/7, 15, 16/, which is based on the validity of this second order power
series expansion over a reasonable range of ¢ [up to ~ kg], is not useful
for the density variations encountered in real systems.

In addition, the above concepts have been very recently tested on extended
systems:

1. There is now verification, through the recent calculations of Bagno,
Jepsen, and Gunnarsson /17/, that the gradient approximation is worse
than the local density approximation for the ground state properties
(cohesive energy, equilibrium density, and bulk modulus) of a range of
bulk metals.

2. Electronic structure calculations /17, 18, 19/ have also been made with
approximate functionals /4, 20, 21, 22, 23/ that were explicitly designed
to take into account the rapid variation mentioned in the bulleted item
above. These calculations systematically give a significant improve-
ment over the local density approximation for the same equilibrium
properties of a wide range of bulk metals.

It is not the purpose of this article to promote the use of any particular func-
tional. For example, no functional we know of makes a substantial reduction
in the well-known error of the local density approximation for calculating
inter-configurational energies/21, 24, 25/ or the correlation energy contribu-
tion to the electron affinities in which a 3d electron is removed in the iron
series /24/. It is our purpose, however, to argue that the rapid variation
mentioned above is a property that all reasonable functionals should reflect,
and to suggest that this property, which is incorporated in the approximate
functionals mentioned above /4, 20, 21, 22, 23/, be incorporated in the de-
velopment of still better functionals in the future. We will therefore focus on
the behavior of the density response function, and how it is related to the
development of nonlocal exchange and correlation energy functionals.
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2. DENSITY FUNCTIONAL THEORY
AND LINEAR RESPONSE

As mentioned in the introduction, a large number of the density functionals
that have been proposed and used in practice, have their origins in extrapola-
tions of results obtained in linear response starting with a uniform interacting
electron gas. In this section, we will use elementary, but rigorous, arguments
to obtain some of the relations that have been found useful over the years.

2.1. Density Response Functions

As we will consider only single component systems, the terms “charge den-
sity” and “particle density” will be used interchangeably, and correspondingly
the fundamental particle (an electron) has unit charge. Consider an external
charge with the same sign as the electron

ext l‘) Z next iq- r (1)

causing an external potential, whose Fourier transform is Vg™ = (47 /¢*)ng™,
acting on a uniform system whose electronic density is ng. If we let n(r) be
the electronic density of the system and treat V*** as a small perturbation,
then

n(r) = no + n™(r), (2)

and

md I') Z nmd :qr (3)

Associated with n? is the potential V3™ = (47/¢*)ng?. The dielectric
response function €(q) can be defined in terms of the ratlo of this induced
potential and the external potential:

Vo = L(l—q) - 1] Ve (4)

In a similar manner, one defines the density response function or suscepti-
bility as the density component induced by the corresponding component of
the ezternal potential:

gt = x(¢)Vg*, (5)
so that according to (4)

— —1=—x(g) (6)
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Here, we shall deal most directly with the density response to the total electric
potential, which we denote /26/ by x.(¢), and which is simply x(g)e(g), so

that 4
d@ﬁ—gm@- (7)

In a diagrammatic formulation (see Fig. 1), the quantity X,.(q) is the irre-
ducible polarization part, which is often denoted by II(¢) or —II(g).
2.2. Density Functional Theory and Energy Response Functions

In this section we review the notions introduced by Hohenberg and Kohn /1/
with respect to density functional theory in the linear response regime. The
total energy functional E[n] takes the form

Bln] = Fln] + [ &rn(r)V=(x). (8)
where F[n] is a universal functional of n. If we suppose as in (2) that
n(r) = no + n(x), (9)

where én is the density induced by some local external potential, not neces-
sarily V*=*. Using (9) and expanding to second order in én(r) gives (8)

Fln] = F(no) + / &y / d*r3 Ky(r1 — r3)bn(r1)6n(ra), (10)

thus defining K, whose only hidden functional dependence is in ng. There is
no term linear in én(r) because of the translational invariance of the uniform
system plus number conservation [f d*r n(r) = 0]. Upon Fourier transfor-
mation, (10) then becomes

E[n] = E[n¢) + %:K‘(q)énqun_q + zq: VeSon_q. (11)

We call K, the total energy response function [see Eq. (14) below]. It is
related to the response function K, defined by Hohenberg and Kohn /28/
through K(q) = K(gq)+27/q® As first shown by Hohenberg and Kohn, such
response functions have a simple connection to the density response function.

2.3. Connection between Energy Response and Density Response

The energy response function K and the density response function x are
rather simply related. We will derive this connection in two different ways:
first from the Hohenberg-Kohn theorem, and second using a simple, but
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rigorous, classical argument. The original derivation by Hohenberg and Kohn
was somewhat different.

According to the Hohenberg-Kohn theorem, the quantity nif?, that is the
value of énq actually induced by the potential Vg™ is given by the value of
density that minimizes (11). Taking the variation gives

- 2K (q)ng? = Vg™ (12)

A comparison of (12) and (5) gives the desired relation between K and yx:

Ki(q) = ———. 13
{9 =51 (13)

Finally, substitution back in (11) yields
E[n] = E[ne] — ZK,(q)ni;dnifg. (14)

q

We now derive these key equations (12-13) via classical electrostatics.
Actually it is more convenient to take (14) as the definition of K and derive
(11) instead. The work W required to build up an external charge is

1 ind_ ex 1 ind y/ext
W= XV = i (15)
1 1 ind_ind
= 1yl ind ina 16
2qux(q) 1 (16)

where in obtaining (16) we made use of (5). Since this work is done adiabat-
ically, by definition of our zero frequency response functions, one must have
that £ = E(no) + W, so that (13) follows upon comparing (16) with (14);
(12) and the equilibrium form of (11) follow immediately.

2.4. The Exchange-Correlation Functional

The most viable approximation scheme that has evolved over the years is
to separate F[n] into a part that corresponds to the kinetic energy of an
equivalent non-interacting system, 7,[n], whose explicit form is unknown but
that is treated exactly by conventional quantum mechanical methods; a part
that corresponds to the classical electrostatic energy; and then to do the best
that one can on the rest of the functional. The poorly known part (i. e., the
rest) of the functional is the so called exchange-correlation part (even though
it contains some of the kinetic energy of the interacting system), and it is
what we concentrate on here.
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We follow Hohenberg, Kohn, and Sham /1, 2/ and define the exchange-
correlation functional E,. by

Flol =Tl +5 [ én [ e B2 B, ()
r,—r;
where T,[n] is the kinetic-energy functional mentioned above. Analogously
to (10) we may define an exchange-correlation kernel such that to lowest
non-trivial order in én we have

Exe[n] = Exo(no) + / &ry / Bty Kuo(ry — ra)n(r1)n(ra).  (18)

If we let xo(q) be the density response function of a non-interacting uniform
system of density ng, then one can see from (10) and (13) that K, is given
by
1 2
Ki(g) =
‘ EXON

The first term in (19) is the value of K; associated with T, in (17) while
the second term in (19) corresponds to the electrostatic energy term in (17).
Using (13), (6), and (7) to eliminate K, and then x from (19) in favor of x,c,
one obtains

— + Kzel9)- (19)

Kxc(q) = _}' [—— - (20)

Xse(9) Xo(Q)]
Thus, like K, K. is expressible in terms of density response functions.
The Kohn-Sham potential v¥5 is that external potential which when ap-
plied to a noninteracting system yields the same density as v*** does when
applied to the real system. We do not discuss the very interesting ques-
tions related to the existence /29, 30, 31/ of such a potential here. In linear
response, it is trivially given by

Xo(g)vg® = x(q)vg™. (21)
If one separates out the exchange-correlation component of this potential via

oS = oG e(g) + v, (22)
then using x = x,/€ one obtains

oxe = | Xe(@) — xo(9)] vg"
T [ Xo(q) (23)

a result that may also be easily verified by applying the Kohn-Sham after-
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thought /32/ (
xery _ OExe(r)
v =

to Eq. (18), and using (20) along with the relation X, = €x.

(24)

3. THE LOCAL DENSITY APPROXIMATION AND BEYOND

In the previous section, we have presented a reasonably complete description
of density functional theory in linear response. We emphasize, however,
that in realistic applications it is almost never possible to use such response
function methods for the whole functional. What is normally done is to treat
the “kinetic energy” and classical electrostatic energy parts of the functional
exactly, and treat F,. in LDA plus corrections. These corrections, are implicit
in whatever nonlocal functional is being used, and are often based on some
extrapolation or form of linear response theory, with the uniform electron
gas as a starting point. Thus it is extremely important in the development
of nonlocal functionals to have a good understanding of the properties of the
response functions related to the exchange-correlation functional.

3.1. The Local Density Approximation

The LDA assumes that E,. is locally the same in the non-uniform system
as it would have been in a uniform electron gas at the same density, that is
/33/

EXPAn] = [ d*r Bue(n(r). (25)

Let us now extract the local and nonlocal parts from the response function
K,.. The nonlocal part is relevant in the construction of nonlocal functionals,
even if the local part can be more accurately treated through (25). Referring
to Eq. (18), we write

Kxc(l‘]_ — l‘z) = Kxc(q = 0) 5(!‘1 - I‘z) + ](::ﬂoc(rl — I‘z). (26)

Substituting (9) in (18) and expansion in powers of én shows that the term

l 82 E“(no)

Kxlg=0) = 2 Ond

(27)
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indeed is the correct coefficient for the LDA. Furthermore, since for a non-
interacting system one has

1 18°T,(n)
T 2x0(0) 2 9n3 (28)
one sees from (20) that
1 _ 8’E(no) (29)

RO

in agreement with the usual compressibility sum rule /27/. The most im-
portant point however is that the nonlocal part in linear response can be
extracted:

-—q‘

Ezeee[n] = ;[KH(Q) — Kuoq = 0)lngin’g (30)

This corresponds to the second case mentioned in the introduction, i. e.,
small oscillations of arbitrary wavelength. It is also the key equation for
understanding the validity of the gradient approximation.

3.2. The Gradient Approximation

The ¢ dependence of Ky.(q) determines the coefficient of the lowest order
term in the gradient expansion. For not too rapidly varying densities K,.(q)
can be expanded and the lowest nonvanishing term in (30) gives

Brenectn] = = [ #r (g = 0)[In(e)f. (31)

This is not quite the gradient expansion, because of the hidden dependence
of Ky.(q) on no. However, if the density gradients are truly small, then (31)
can be written for similar systems stacked like blocks with ng varying slightly
from system to system. The result is an equation like (31) for the composite
with ng replaced by n(r). Any corrections will have to be higher order in
gradients. Thus one rigorously bootstraps the result (30) to a regime where
the density variations can be large, provided that they are sufficiently slowly
varying.

The sensitivity of the functional to the ¢ dependence of K,.(¢q) in both
of these nonlocal regimes, establishes the importance of incorporating its
behavior in the development of nonlocal functionals.
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4. THE ¢ DEPENDENCE OF K,.(q)

Our knowledge of the ¢ dependence comes almost entirely from high density
perturbation expansions. These are non-trivial because the coupling constant
is not small and terms must be summed to all orders in perturbation theory.
Until recently, very little was known, even in this limit. For example, it was
known that the random-phase approximation (RPA) or Lindhart dielectric
function becomes exact at high densities. However, the x, in (7) is equal
to xo in the RPA, so that according to (20) K, vanishes in this limit. This
is a consequence of the fact that at truly high densities, the kinetic energy
and average Coulomb energy dominate everything. To get results of any
real meaning one must go beyond RPA. Of course at ¢ = 0 one can get
K. from (27), because the uniform electron gas energy is quite well known
/34, 35, 36/. But this is just the LDA; in this case one would use Eq. (25),
rather than the lowest order approximation to it. Thus we must focus on the
behavior of the ¢ # 0 part (30).

4.1. Diagrammatic Expansion

To remove from the kernel of (30) the ¢ dependence that determines the low-
est order gradient expansion, it is useful to define the dimensionless quantity
Z(q) through /37/

s
I{xc(q) - I(xc(q = O) = @Z(q)qza (32)
F

where k3 = 3n%n,. Clearly, the ¢ dependence of Z(q) provides a measure
of how well the gradient expansion bridges the regimes of very slow density
variations and those occurring in real physical systems. We introduce the
dimensionless coupling constant A (which is small at high density)

X = (kpr/2kp)? = (7aokp)™ = ar, /7, (33)

where kjr = —4wx0(0), a0 = 1/m (in our units) is the Bohr radius, and r, is
the usual electron-gas parameter, which is related to kg through ar,apkr = 1,
with a® = 4/97. We also note the explicit small q form of xo:

ol = -2 [1 -3 (5) "+ . (34)
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Eq. (32) can then be written

2(0) = -3 (22 xa(0) Kale) ~ KulO) (35)

The above provides a dimensionless way to express our final results identical
to that used in Ref. /5/ and /14/.

The standard diagrammatic expansion determines X, rather than the
right side of (35) directly. We therefore also define a dimensionless quantity
Z(q), which is directly related to the Xs:

]

The constants in the above definition have been chosen so that Z(q — 0) is
equal to the quantity called Z by Geldart and Rasolt /15, 16/. We write

Xse = Xo + 6X; (37)
thus defining §x and ) i i
Z(q) = Zo(q) + 82(q), (38)
where
5 v 2 (2ke ) [x0(g) — xo(0)
Zule) = )\( q) [ xo(0) ] (%9)
and
s 2 (2" [8x(g) ~ 6x(0)
a0-3 (%) [ @

so that from (34) Zo(0) = 2/3). The diagrams in Fig. 1 each make a con-
tribution to §Z(q) and hence to Z(q). Although Zy(0) is of order A~Y, the
diagrams contributing to 6§Z(gq) are of order A° and higher, since the dia-
grammatic expansion is in powers of A.

The quantities Z(g) and Z(q) are related through (20) coupled with their
definitions (35) and (36). This relationship is particularly simple in the high
density limit, because then one has §y <« xq. Therefore substituting (20)
into (35) we have

2 (2ke) [x0(0) x(9) _ 8x(0)
Z(q) = A( q) [ x3(q) xo(0)| (41)

In cases where ¢ <« 2kg (but not necessarily ¢ € kgpr), Eq. (41) can be
simplified by expanding 1/x0(g), in powers of ¢/2kg, using (34) and (39).
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Fig. 1. Diagrams for 6x at high denszty. The wiggly lines represent random-
phase approzimation screened Coulomb interactions.

Upon neglecting the non-zero powers of ¢/2kr where appropriate, Eq. (41)
then simplifies to:

Z(q) = 62(q) - [26x(0)/x0(0))Zo(0). (42)

The leading diagrams that contribute to §x (and hence §Z) at high den-
sity have been known for a long time /7, 38/, and are shown in Fig. 1.
Because of the linearity of (42) in x in this limit, a diagram for éx (as well
as Z) may equally well be regarded as a diagram for Z. In fact 6x(0)/x0(0)
is related to the compressibility of the uniform electron liquid, and has been
long since well understood. In particular we know that [e. g., see Ref. /38/]

x(0)/x0(0) = A+ (1 = ln2)A* +---. (43)

The first term above (proportional to 1) is the leading and only contributing
term to (42) at high density. It comes from the diagrams of Fig. 1 a and b
with the wiggly line replaced by a bare Coloumb interaction (exchange-only);
the correlation contributions are therefore all of order A? or higher and hence
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negligible in this limit. Therefore, we have using (39)
Z(q) = 6Z(g) - % (44)

In fact, if we note that as discussed above, the “4/3” term in (44) comes
entirely from “exchange-only”, we may write the “exchange-only” and “cor-
relation” contributions separately as

Zexchunge() = Zexchaage(1) — 3, (45)

and
Zeorrantion{(q) = Zeoreention(4)- (46)

It is far from trivial to evaluate §Z(q) and hence, and until recently, only
a few limiting cases were known. For example as ¢ — 0 the calculations of
Ma and Brueckner /7/ (Zyp = 1.9756) can be combined with those of Sham
10/ (Zsham = 3 50 that Zspam = —1) to give /39/

67(0) = 2.5312, (47)

and

Z(0) = 1.1978. (48)

This is the zero ¢ value of Z and the one that determines the coefficient of the
gradient approximation through (32) and (31). It has been verified indepen-
dently in many ways. For example, Rasolt and Geldart /15, 16/ have done a
calculation similar to the original Ma-Brueckner one. They have also made a
finite density calculation which approached approximately the result (48) as
the density became large. Langreth and Perdew /3, 40/ using a completely
different diagrammatic technique, evaluated Z(0) at finite density; as the
density got large, their result approached (48) to many significant figures.
Finally, Langreth and Vosko /5/ have obtained the result (48) by calculating
Z(q) at finite ¢ and then letting ¢ approach zero. The message here is that
the result (48) is surely correct, despite the rather large effort necessary to
calculate it.

4.2. Why Is Z(0) Large and Positive?

At high densities, the diagrams in Figure 1 a, b, and c are individually finite.
Those in a and b are screened exchange diagrams, which make a contribution
/15, 16, 41/

Z,2(0) = 0.4842 (49)
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so that
Zux(0) = —0.8492, (50)

while c is a fluctuation diagram, which makes a contribution /15, 16/
Zgue(0) = Zgoe(0) = 2.0470. (51)

The fluctuation involved here is a plasmon. In fact the diagrams in ¢ have a
large contribution from the zero point energy of a plasmon being scattered
by the potential that produced the density variation. This interpretation
was pointed out by Langreth and Perdew /3/ and verified in a detailed
model by Langreth /14/. It is a large effect because the plasmon, being a
long wavelength excitation, is strongly scattered by a density component of
similar long wavelength.

4.3. Why Does Za,(gq) Dive toward Zero as ¢ Increases?

Physically the answer to this question is simple: plasmons exist only for
wavevectors smaller or of the order of w,/vr, where w, is the plasma frequency
and vp is the Fermi velocity. Thus as ¢ becomes as large as the plasmon
cutoff, that is

q~ w,/vp = kFT/\/g, (52)

the value of Zgy.(q) should become much smaller, because the density compo-
nent’s wavevector is no longer comparable with the wave vectors of existing
plasmons. Note that in the high density limit kpr/+/3 is much smaller than
the other wave vector where structure is expected, that is the Fermi-surface
caliper 2kp. Even at the densities of metals such as Al, the cutoff occurs at
a g, which is several times smaller than 2kp.

A more mathematical argument for why this must occur can be seen
from the fact that the fluctuation diagram c (the dominant term at small
q) is of definite sign. This is plausible simply by inspection, since both
the wiggly lines and the triangular vertex functions each appear twice in
each diagram. It may easily be shown rigorously simply by writing down
the formal expressions for the diagram and making changes in the dummy
summation variables. We combine this definiteness and the fact that the
g = 0 value of the diagram 6xauc(0) is small in magnitude, with the fact
that its rate of change with ¢? [which is proportional to Zgu(0)] is large in
magnitude to conclude that Zgu(¢) must fall off rapidly. Specifically, we
rewrite (40) for diagram c alone as

6X8uc(q) —~ 6Xﬂuc(0) é 9 2,
0< Tl n e =3 (k) Zoule) (53)
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The inequality follows because §xguc(g) and xo(0) are both negative definite.
Furthermore one has /38/ that

bxauel0) _ ¥, (1
x?,(O) =3 (A) ' (54)

Therefore, (53) becomes
5 ker\', (2ke)
Zaul) < (222) 1 (2] (55)
q ket

This proves that once g becomes of the order of kpry/In(2kp/ker)?, the quan-

tity Zgac(g) must have begun its dive from its ¢ = 0 value of 2.05 toward
zero. We have for simplicity given this argument for Zg,.. However, if we
had used (41) instead of (40) we would have obtained a stronger inequal-
ity, like (55), but with Zge(q) replaced by Zgu(q). Therefore if we make
the reasonable assumption that the contribution from the diagrams a and b
to Z do not make a concomitant large increase from its value of —0.85 at
q = 0, it follows that the net Z plunges from about +1.2 toward a negative
value of the order of —1, and that this plunge has begun even for very small

q.

4.4. Exact High-Density Calculation

Of course the existence of this cutoff on Zgg(g) is based on an actual cal-
culation, and not just the perhaps speculative arguments above. Langreth
and Vosko /5/ have numerically evaluated the diagrams of Figure 1 in the
high density limit for ¢ in the range 0 < ¢ < 2kpr. The results are shown
in Figure 2. One sees clearly that Z has substantially fallen from its ¢ = 0
value even for values of ¢ as small as ¢ ~ kpy/ V3. For values of ¢ < kpr / V3
one can obtain Z(q) from the formula

Z(q)~1.20+0.77QIn Q — 1.25Q + . .. (56)

where Q = v/3¢/kpr. This formula fits our numerical results to within 1%
for ¢ within the indicated range.

What happens as one increases ¢ even further, beyond what is shown in
Fig. 2? For example, one might consider sufficiently high density that the
condition kpr/v/3 € q € 2kg is possible. What would be the value of Z (9)
for ¢ in this range? This question was not addressed in Ref. /5/. We have
recently shown /42/ analytically that Z,.(q) slowly approaches the value —12

9
in this range. The fact that —2 is precisely 3? Zghay fits in beautifully with
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Fig. 2. The Langreth-Vosko calculation of Z(q). The vertical axis represents
Z(q) and the horizontal azis represents Q = q+/3/kpry. At high density this
calculation is exact, and contrasts markedly with the gradient approzimation,
which consists of assuming that Z(q) is a constant equal to 1.2.

the recently discovered exchange anomalies discussed in the next section.
Further discussion will be put off until then.

5. LONG-RANGE ANOMALIES
FOR EXCHANGE AND CORRELATION SEPARATELY

5.1. Discovery of the Problem

So far we have been considering the exchange-correlation functional Fyc[n],
with exchange and correlation added together and treated on the same foot-
ing, rather than trying to write one functional for exchange and another
for correlation. On the other hand, the early tradition in density functional
theory, beginning with Kohn and Sham /2/, Ma and Brueckner /7/, Sham
/10/ and others was to separate the exchange contribution from the correla-
tion contribution. This of course introduces an unphysical long-range (i. e.,
unscreened) component in each, which results from the long range of the
Coulomb potential. It has long since been known that such a separation
introduces a spurious singularity in the electronic specific heat /43/ of a uni-
form system, and it was pointed out by Lang and Sham /44/ and Langreth
and Perdew /45/ that such a separation might cause difficulties in density
functional theory as applied to extended systems; moreover an inconsistency
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with the traditional separation within the context of the local density approx-
imation was pointed out for localized systems /4/. Nevertheless it has not
been appreciated until recently that such a separation might also introduce
difficulties in the approximate forms of Kexchange OF Kcorrelation at ¢ ~ 0.

We begin our discussion with the calculation of Sham /10/. He calcu-
lated the contribution to Z(0) from the diagrams of Figure 1 a and b with
the wiggly lines replaced by bare Coulomb lines {this is the exchange only
approximation, mentioned in Ref. /6/]. He used, not the full long-ranged
Coulomb interaction, but the limit of Yukawa interaction as the screening
parameter Kyereen Went to zero. This result has been duplicated by many oth-
ers. However, Kleinman /46/, working directly with a Coulomb interaction,
obtained a different answer for Z(0) from the same diagrams {in this case,
diagrammatic techniques were not used, but the integrals obtained were the
same as would have been obtained diagrammatically]. He suggested that
there exists a discontinuity/47/ as kycreen — 0.

5.2. Numerical Verification

The first numerical calculation of §x(q) and hence Z(q) for exchange only
was made by Geldart and Taylor /48/. Sham /10/ pointed out that what in
our notation are the 6Z(g)’s calculated by Geldart and Taylor in the region
0<g< %kp were “reasonably fit” by a constant equal to %ZShnm [% is the
ratio of the first two entries in Sham’s table 1. In our notation, these entries
are the values of 26Z(g) |. This means that in this ¢ range

According to (44), this translates into the statement that

Zexclu.ngc(q) ~ l-,ngSham (58)

At this time there was no suggestion, however, that there was anything un-
usual happening at small ¢.

However, the Geldart-Taylor calculation has been repeated with mod-
ern computer power by Antoniweicz and Kleinman 49/, who were able to
achieve more accuracy and to push the calculation to smaller ¢. Based on
their results, they conjectured that as ¢ approached zero, that Zerchange(q)
would not turn over smoothly to Zspan but would rather remain at the value
of approximately 32 Zgpam This was strengthened more recently by the cal-
culations of Kleinman and Lee /50/, who studied the behavior of Z as a
function of screening parameter, and by Chevary and Vosko /51/. The latter
authors have numerically, but with high precision, evaluated these diagrams
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for small ¢, and obtain an extrapolated value of

Zexchnngc(q — 0) == %ZSlnm (59)

to many significant figures. In terms of Z this translates as

Zexchange(q = 0) = = = 2 Zspam, (60)

thus confirming the result anticipated by Antoniweicz and Kleinman.

5.3. Analytic Proof

Still more recently, Langreth and Vosko /42/ have obtained the result (60)
analytically, by evaluating our result for the graphs a and b of Fig. 1 with
the dielectric function set equal to unity. In fact, we have also succeeded
in doing the Kleinman-Lee /50/ calculation of Zeychange(q) for a Yukawa
interaction analytically. For Kkeercen = 0 and then ¢ — 0 we find that
Zexchange(q) — 3 Zsham, while for ¢ = 0 and then kyreen — 0 we find
Zexchange(q) — Zsham, thus analytically confirming the discontinuity sug-
gested by the previous numerical work. This apparently arises from the
fact that by separating exchange from correlation, one introduces a sensitive
dependence on the form of the interparticle interaction at very large dis-
tances. This is probably unphysical and it means that attempts to separate
exchange and correlation in density functional schemes based on extrapola-
tions from the non-uniform electron gas will have to be made with great care.
In particular, one must ensure that the long range anomalies introduced by
the process are treated in the same manner in the approximation used for
correlation as they are in the approximation made for exchange.

Recently Langreth and Perdew /52/ have reanalyzed their calculation
/3/ and showed that the above discontinuity turns up in the form of delta
functions at £ = 0 in the wave-vector decompositions [k can be regarded
qualitatively as the k in Fig. 1]. These delta functions are multiplied by ¢!
where ¢ is the zero frequency dielectric function, which is infinite at &£ = 0.
This shows explicitly that these anomalies are not present when exchange and
correlation are treated together, as we have done in the bulk of this article.
However, for correlation alone, the delta functions would be multiplied by
(e7*—1) and for exchange alone would be multiplied by 1, and would therefore
survive.
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5.4. Implications for Exchange and Correlation Functionals

At first sight, one might think that the above anomaly is inconsistent with
the assumptions made in various calculations such as ours /5/. This is not
the case, however, because in our calculation of the diagrams a and b, the
Coulomb potential was multiplied by ¢~!(k,w) and not e~1(k,w) — 1. That is
to say, we calculated the exchange and correlation together, and not correla-
tion alone. Nevertheless as ¢ approached zero, we found that Z(g) approached
ZMa—Brueckner + Zsham. This is a correct result, whose physics is outlined be-
low. However, as mentioned as a possibility in our letter, our separation
into exchange and correlation pieces via the traditional prescription was not
correct, because of the long-range anomalies discussed here. Said differently,
the value calculated by Ma and Brueckner was not the the correlation en-
ergy, but rather the long-range (or small k) component of the correlation plus
exchange energies. To it must be added the “non-long-range” component of
the exchange energy. The latter is what Sham calculated. In principle, the
“non-long-range” part of the correlation energy would also have to be added,
but that is of the order of e* and hence vanishes in the high density limit. In
summary then, the correct values of the exchange and correlation gradient
coeflicients are

Zeiuon(d = 0) = Zorem =} = $lrm= =2 (61

and
Zcorrchtion(q —+ 0) = ZM.-Bruech\er + % = 2.3089. (62)

Although the final result for exchange plus correlation is unchanged, the
values for exchange and correleation separately are modified due to these long
range anomalies. In particular, the contributions of the individual diagrams
to Z for ¢ — 0, which were first worked out by Rasolt and Geldart /16/,
must now be modified. Table 1 gives the detailed changes necessary.

What about for kpy/ V3 <« g < 2kp? Here the fact that an extension of
the Langreth-Vosko calculation into this region yields the result Z(g) = -4
means that it will match on to a good calculation for exchange-only, such as
made by Chevary and Vosko, and hence be extended to arbitrary g. This is
physical, since at high densities, one expects the correlation contribution to
be negligible for ¢ >> kpr.

In summary: for ¢ — 0 at high density

Z(q) — ZShun + ZM:—Brueck.‘ner = 11978, (63)
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Table 1. Contributions of individual diagrams to Z(q) and Z(q) for ¢ — 0
in the high density limit. In the column labeled “LV”, we use the notation aq
[bo] for the bare or unscreened part of diagram a [b] of Fig. 1 of this article
and also of Ref. /5/. Similarly we use ay [b;] for the screening part. In the
column labeled “RG”, the letters refer to the diagrams in Fig. 1 of Ref. /16/.

Description Diagram Z Values Z Values
RG Lv old New Oold New

pure exch. a ag + by 5/9 2/9 -7/9 -10/9
scrng of exch. b a;+b —0.0714 0.2619 -0.0714 0.2619
screened exch. a+b a+b 0.4842 0.4842 -—0.8491 —0.8491
fluctuation ¢ [ 2.0470 2.0470 2.0470 2.0470
correlation b+e ai+b+e 1.9756 2.3089 1.9756 2.3089
exch.—corr. a+b+e a+d+c 2.5311 2.5311 1.1978 1.1978

and for k’F’I‘/\/g < q K 2k,

Z(q) = 2 Zstam = -3 (64)
As g increases from zero, Z(q) falls from its value in (63), rapidly at first, and
then more slowly, and if the density is high enough, approaches (64) before
decreasing further as ¢ becomes a non-negligible fraction of 2ky.

6. CONCLUSIONS AND IMPLICATIONS FOR THE
DEVELOPMENT OF NONLOCAL FUNCTIONALS

We have spent the bulk of this article developing the properties of the re-
sponse function which determines the nonlocal density functional in some
limiting cases. We have shown that the nonlocal part of Ky, when expressed
through Z(q), is large and positive for ¢ = 0 (the gradient expansion) but
dives to a fairly large negative value for very small but finite ¢. This is a
physical feature, which surely has to be taken into account in the develop-
ment of nonlocal functionals. The simple gradient approximation described
earlier does not include this feature, and simply assumes that Z(gq) is con-
stant for an appreciable range of ¢ around ¢ ~ 0; thus this approximation
is not useful for anything but the slowest varying disturbances. The first
workable functional for exchange and correlation together that explicitly ac-
counted for this feature was developed by Langreth and Mehl /4/. Perdew’s
more recent functional /22, 23/ also explicitly accounts for it (at least with
respect to exchange and correlation together). These are first steps, and
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as all approximate functionals which have been proposed, leave plenty of
room for improvement. It is not our intention here to detail the merits or
drawbacks of any particular functional, however, but simply to drive home
the point that anyone developing a nonlocal functional which purports to
describe both slowly and more rapidly varying densities, cannot afford to
ignore the simple physical feature discussed here, which the exact functional
must have.
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We expand the energy of an electron gas subjected to a
weak external potential v(r) whose average may be taken to be

zZero:

E = f drv(r)p(r) + 1/2 j I drdr'p(r)p(r")/|r - r'|

+ [larg totn)1 + 1/2 [ [ arart x(r - x)en)0e), (1)

where p(r) is the electronic charge density, E(r)=p(r)—nO where
ng is the average charge density which is cancelled by the
jellium background and f drK(r)=0 because the entire xc and
kinetic energies are contained in I drgo[p(r)] when p(r)=no.
Note that this expansion differs slightly from that in the
original Hohenberg-Kohn (HK) paper.l Taking the variation of E
with respect to p(r) yields

v(r) + [ arbe)/le - x|+ g le(n)

+ j dr' K(r - r')p(r') -p = 0, (2)

where the chemical potential p enters as the Lagrangian multi-
plier for the conservation of charge condition [ drp{r)=N.
Noting that p can not depend on the sign of v(r), to first
order in v(r) and P (), u=uo; thus equating terms of equal

order in v(r), p(r), and u
9,(n,) -u =0 (3)

o(r) + g (n)B(r) + [ ar' K(x - x)B(x") - 0, (4)

where ¢(r) represents the external plus Hartree potential
(first two terms in Eqg.(2)) and we have used

! ! " ~ . _ ik.r
go[p(r)]~go(no)+g0 (n )p(r). Writing v(r)= Zgv(K)e ’
Eq. (1) and (4) become

E = 5 v(R)e (R) + 225 p(R)e" (R)/KD + g (n)

+ 2 5dg (n) + KZ(K)}p(R)p (K) (5)
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o(K) + {g_(n ) + K°Z(K)}p(K) = O. (6)

Here we have used the fact that the zeroth Fourier transform of
K{(r) vanishes and that K(K) cannot depend on the direction of
K, to write K(K)=K22(K). Now the irreducible density response

function is defined by

p(K) = X(K)9(K) (7)
so that
fo,(n) + K°2(K)} = ~1/X(K) (8)

and therefore, separating 9, and Z into their kinetic and =xc

components

" 2 _ - -
(9,40 n) + K2 _(K)} = 1/Xpp, (K) -1/X(K). (9)

If p(r) is not only small but also is slowly varying, the last

term in Eq. (1) can be replaced by

Eoraq = /2 [ 9,000 ¥0(e) Zar. (10)
Noting that p(r)=no+ EKp(K)eiK'r, it is easy to see that the
gradient expansion coefficient qz(p) is identical to Z (K=0).
Expanding i(K)=i(0)+i(2)K2 yields

g.(n) = -1/x'%, (11)

which yields the well known compressibility sum rule,3

i(o) = -nsK, where K is the compressibility and

e = Zeo(100) = XB 512 52 2002, (12)

2xc RPA RPA

Only one year after HK, Kohn and Sham (Ks)2 showed that
p{r) was obtainable from a set of one-electron eigenfunctions

of a Schroedinger equation:
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p(r) = £ v (0|2 (13)
itvi

[-7% + o(x) + v,_(r) -e, ), (x) = O, (14)

where vxc(r)=6E[p(r)]/ép(r). In their original work, KS
pointed out that € and wi have no physical meaning and that
only p(r) and the total energy E obtained from it are meaning-
ful. Recent work,4’5 however, has shown that the highest
occupied eigenvalue € nax of the KS equation does have the
physical interpretation of being the negative of the ionization
potential.

It is interesting to note that the first calculation of a
gradient expansion coefficient was performed by Ma and
Brueckner (MB)6 for

= xR0 i3 {00

9, (15)

rather than for 9, °r g .- Perhaps they anticipated the prob-
lems with I, that are only now being resolved. The first
attempt to obtain the gradient expansion for exchange was a
parameterization scheme of Herman, Ortenburger and Van Dyke7
(HOVD) who wrote

£ =22 [ v (p)ar+ 2 f pG(p)V, _(p)dr (16)
where
6 = (1/062/3)((4/3) (Vo/p)?- (29%0/0)] (17)

is a dimensionless function and sz is the Slater (local

density approximation) exchange potential (in Ry.),

v = -3 [3p(r)/m1 /3.

XS (18)

With a=2/3 the first term is j drgox[p(r)] when the functional

form of gox(p) is obtained from the exchange energy of the free



Density-Gradient Expansions 205

electron gas. The second term was chosen to have the same p4/3

dependence as the first, and after an integration by parts to
eliminate the Vzp term, becomes identical to Eq. (10) if

a,(0)= -38(3/m /3743,
Eg. 16 leads to the exchange potential

Taking the functional derivative of

vx(p) = avxs(o) + BG{p)VXS(p)- (19)

HOVD then varied a and B to obtain eigenfunctions which mini-
mized the expectation value of the Hartree Fock Hamiltonian for
Ar, Cu+, Kr and Xe. 1In each case the optimal value of o was
2/3 and the § were close to 0.005. The atomic energies ob-
tained in this manner were very close to Hartree Fock energies.
For example, for Ar and Kr the HOvD total energies are
-526.8la.u. and -2752.04a.u. respectively. The corresponding
Hartree-Fock results8 for these atoms are -526.82a.u. and
-2752.06a.u. It is interesting to note that the HOVD results
are precisely the same as those obtained by Talman and co-work-
er59 within the framework of the optimized potential method
(OPM). The OPM is a variational scheme (i.e. no gradient
approximation) that obtains a local potential whose
eigenfunctions mimimize the Hartree-Fock energy. Thus, two
self-consistently determined local exchange potentials lead to
the same minimum value of the Hartree-Fock Hamiltonian. The
HOVD highest occupied eigenenergy for Kr, however, is -0.62Ry,
whereas the Talman et al and Hartree-Fock values are -1.00Ry
and -1.0S5Ry respectively. The explanation of why a gradient
expansion approximation cannot lead to accurate highest occu-
pied eigenenergies is discussed later in this article. For Xe,
the HOVD total energy is -7232.13a.u. and is in fact superior
to the Talman result which is -7232.12 a.u. (Presumably, there
is a computational error in one of the two papers). The
Hartree-Fock result is -~7232.14a.u. HOvD then fixed a at 2/3

and varied B to minimize the total energy obtained from the
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density functional Hamiltonian for Kr. This gave -2752.03a.u.
for p=0.00314. Were it sufficient to stop the expansion at the
gradient term, there would have been only one g and for that B
the energy obtained from the density functional and HF
Hamiltonians would have been identical. Nevertheless, that
energy would still lie slightly above the HF energy.

The first attempt to obtain ok from first principles is
due to Sham10 who argued that since exchange is first order in
e2, he need only obtain the i(z) and i(o) in Eq. (12) to first
order in e2. This he did by writing the HF exchange plus
Coulomb potential in terms of ¢, the Coulomb potential

v(k + K, k) = Ak + K, k)¢(K). (20)
Applying perturbation theory in the HF approximation gave

Kk +K, k) =1 - (1/2n)3jdk'e(k' + K, k")u(k - k')

K(x' + K, k'), (21)
where

u(q) = 4ne’/q? (22)

(k' + K, k') = (£, g - F)/[e(k' + K) -e(k')],  (23)

fk is the Fermi function and e(k) is the kinetic plus HF ex-
change energy of an electron of wave vector k in a free elec-

tron gas. From Eq. (20) and (7) one obtains
X = 2/(2n)3f dke(k + K, X)A(k + K, k). (24)

Expanding A in a power series in e2 and equating terms of the
same order in e2 the integral equation (21) was solved to order
K2. In order to make the integral tractable, q2 in (22) was

replaced by q2+A2 and the A»0 limit taken as the last step in

the calculation. Sham obtained (in Hartree atomic units)



Density-Gradient Expansions 207

Sham

95, = ~[7/216n(3n )1/3 ~4/3, (25)

If one inserts (17) in (16), integrates by parts to put (16) in
the form of (10), and converts Rydbergs to Hartrees, one
obtains g?OVD 33(3/n)1/3p-4/3 which for B=.00314 is 2.78 times
larger than Sham's result. In Hartree-Fock theory (HFT), the
exchange energy contains terms to all orders in the
electron-electron interaction, because the orbitals depend
explicity on ez. In the evaluation of the HFT coefficient ggiT
one must thus sum to all orders in e2. Such a calculation has
been performed for screened Coulomb interaction by Kleinman11

and otherslz, and the resulting expression is

gng o 24(3: 2,473 [%(5 - 2nkp + G+ 0)jp”*/3
6 = (1-2y2)1n(1+4/¥?) - (64-2y2-3v1)/(a+v?)?
D = -E/F
E =201+ nky + Y2/(4 + ¥)) - (v2/2)In(1 + 4/vH))1?
F=1-mk, - (1/2)(1 + ¥2/2)In(1 + 4/Y°)
Y = Mk (26)

This expression divergesll—13 as In A for A»0. A perturbative
analysis12 shows that it is terms of 0(e4) and higher order
that are singular. As a consequence, a gradient expansion for
the exchange energy in HFT does not exist. Kleinman11 pointed
out that since the kinetic energy in KS theory is that of XS
eigenfunctions, the exchange term contains not only the Fock
exchange energy but also the difference between the kinetic
energy of the HF and KS eigenfunctions. Thus, it is not of
dimensionality e2. Sahni et al,14 however, noted that since KS
eigenfunctions depend only on the electron density and not

otherwise on e, the density gradient expansion of the
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density-functional theory exchange energy is purely of 0(e2)
and therefore well defined. Thus, in fact what Sham was
actually calculating is the Fock energy of Kohn-Sham
eigenfunctions, which is of O(ez). Subsequently, Mohammed and
Sahni15 calculated the density-functional theory (DFT) gradient

coefficient for screened-Coulomb interaction to be

DFT mn 2 R 2
g = - [2-(3y"/4)In(1+4/Y")
2x 24(3K2)4;3
~(40-6v2-3v%) /3(a+v2) 21743, (27)

Note that within density-functional theory, both the local
density16 and gradient expansion coefficients are universal
functions of the parameter y whereas the Harteee-Fock theory
gradient coefficient is not. Since the total energy has to be
independent of basis set, the diference between the HF and KS
exchange energies becomes part of the KS correlation energy.
Note also that the KS eigenfunctions are much easier to work
with; since the KS exchange is wave vector independent, it
cancels out of energy denominators as in Eq. (23).

At least three groups”_19 have calculated Ioxe and found
it equal to the sum of Sham's Iog and MB's 9yer MB made a
diagrammatic expansion of Eq.{(15) which they evaluated in the
high density limit. Geldart and Rasolt19 added the (lowest
order in e2) exchange diagrams which MB had subtracted out and
did not take the high density limit. Langreth and Perdew
(LP)17 write the xc energy in a wave vector decomposition of
the density-density correlation function

Sa(k)=(N/Q) j Sa(r,r')exp[ik-(r'—r)]drdr‘:
E = (1/2)3 j dkE__(K) . (28)
where

E (k) = (2ne’ k%) j})daN[sa(k)-l] (29)
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and the a integration represents a turning on of the coupling
constant e2 while keeping p(r) at its a=1 value. From the
fluctuation dissipation theorem

A
2ni

fol A

S (xr.x') = jc dw x(r,r',w), (30)

where the contour encloses the positive real axis and x is

defined by
pr,w) = [ art x(r,rtw)v(rt ) (31)
or
p(K,w) = X(K,w)v(K,w), (32)

where v(K, w) is a time dependent external potential. Compar-
ing (32) with (7), where ¢(K) is the external plus screening

potential, results in
- - -1
x = x{1-vx) -, (33)

where V=<:L<-:‘2|r:—r."|-1 or 4nae2/K2. If one uses XRpA in (30) then
(29) yields exchange plus the contribution of a restricted

class of diagrams to the correlation energy which is exact in
the high density limit. LP make the gradient expansion for the

wave vector decomposition,

E (k) = j ar[A(p(r)) + Vo(r) B (p(r)) ¥o(r)1, (34)
take i to be i RPA which is given by

Xppp (/X" ow) = 2 2 gL(Ey = £)/(w + in + ey - )

NETREINEITNCIE (35)

where the wi are one-electron eigenfunctions of the KS equation

(14) and fi is the Fermi function. Then they expand
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Xgpa = Xo T X1t X, (36)

- _ _2_ _ . _
X (Kw) = 0B (£ - £ | M(wrin+e -e ) (37)

is the usual Lindhard susceptibility of a free electron gas
with ek=(1/2)k2 and

= v 1
X, j drléxRPA(r,r ,m)/&va(rl) VKS(rl)

Veg = 0 (38)

Xy

(1/2) [ I drldr2

(r,r',m)/&va(rl)év v

ks{¥1)Vgs(ry)-

Vgg = O (39)

SXgpa ks{T2)

Here va(r)=w(r)+vxc(t) in Eg. (14) and is eliminated in favor

of Vp(r) by using
P(K) = X (K,0)v  (K). (40)

Note that we have used k to represent two entirely different
things: the wave vector of a single free electron as well as
that of the Fourier decompostion of S(r,r'). K has been used
for the wave vector of the external potential and the charge
density and potentials it induces. After considerable algebra

LP arrive at their final result, which in the high density

limit is?°
9y, = -3-333 x 10'39'4/3 (41)
9, = 5+136 x 1073,74/3, (42)
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Here 9oy is identical with Eq.(25) and gZxc-gZX is equal to
MB's gzc. We can summarize the LP derivation by saying that
they obtained the dependence on the gradient of the charge
density of the wave vector decomposition of an
exchange-correlation hole calculated from KS eigenfunctions.
Eq. (41) and (42) were held to be true by the entire
density functional physics community until 1984 when Kleinman21

calculated the exchange energy of KS eigenfunctions

2 2.1/2

Vi = (N - ap - B ) “exp(iker) + apexpli(k + K)-r)

+ Byexpl - i(k-K)er)) (43)
where

e = Ve (R/(K2/2 + keR), B, = v, (R)/(KP/2 - koK) (44)

and only the K Fourier components of va(r) are considered.

The exchange energy of a pair of electrons
NERINN dr.d 5
- [ ] e e e e 0y (o ar e (45)

was evaluated to obtain

E (k) = ~(40/R)[{1 - (g - a,,)°

2 '
- (Bk_ Bkl) }/(k-k)

+ (o *+ Bk - K+ R

2

2 v o 2
+la, + B/ (k- k- R (46)
The total exchange energy per unit volume is
E = (l/Q)[Qz/(2R)6} j E (k,k')}f £  dkdk!' {(47)
be x' kK’ )

Noting that Bk+K=_ak and substituting (44) and (46) into (47)

resulted in
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E_ = —2/(2n)5[f j akak'f £,,/] % - x|
+ V2 ()) f f akak' {2/ [k - k'|%)

{1 - (K% + 2k'-R) /(K% + 2kK)}8, (K)8, , (K)] (48)
where

- - 2 L
O (K) = (£, , g = [I{(L/2)K" + kK}

~ t 2 . "
= fk + (1/4)(K” + 2k K)fk

+ (1/24)(R% + 2k-x)2f;' (49)

is expanded to second order in K. The first integral in (48)
is just the exchange energy of the free electron gas. The
second was evaluated using f'=—5(E E ) f"—-d6(E E )/4E,
fi"——d 8(E- E )/dE dk=kdQdE and 1ntegrat1ng by parts over
dEJE' and performmg tedious integrals over the solid angles
dQdQ'. The result is, after using Eq. (40) and (37) to elimi-

nate the Ves

/3 4/3 /3, -2/3
o] [e)

-E_ = (3/4)(3/m) +(1/2)[(1/3)(3/m)

32 23211 ¢ o0 ]%1. (50)

+ (n

The first term is g(n ) of Eq. (5) and the last one is

p3 {g"(n )+ K Z(O)}p(K)p*(K) Comparing the factor of 1/27
with the 7/216 in Eq. (25) we see Z(0) is 8/7 that of Sham.lO
This was shown to be a consequence of Sham using screened
exchange. It was argued that the A+0 limit must be taken
before the K»0 limit in Z(K). Kleinman's factor of 8/7 turned
out to be incorrect as he and Antoniewicz(AK)22 discovered when
they evaluated Eq. (48) for all K. His mistake was in assuming
that the denominators in some 0/0 terms would become finite for

1
nonzero temperatures when fk # - 6(E—EF).
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Fig. 1. The dimensionless quantity F(x) versus x = K/kF.

Values of k equivalent to the (111), (200), (220), and (311)
reciprocal-lattice vectors in zinc blend are indicated. The
horizontal line is the LDA result F(k) = 2/9. The inset shows
dF/dx in the region it becomes infinite. (From Ref. 22).

AK were able to integrate (48) over dedkde'dk' analyti-

cally and numerically over dk_dk'. F(x) is plotted in Fig. 1
_ 1/ =2/3 _ " 2
where « = K/kF and 3/4(3/n) ng F(x) = 1/2{go§no)+x ZX(K)}.
The dashed line is the local density approximation (LDA) 1i.e.
F(0) = 2/9. The four lowest reciprocal lattice vectors of the
zinc blende lattice are indicated in Fig. 1. We see that the
gradient expansion (i.e. taking Z(k) to be Z(k>0)) might be
used for the first two reciprocal lattice vectors but gives
complete nonsense for the rest. For something like Ca with 2
rather than 8 electrons per unit cell, the K,. /kF lie a factor
1/3 ijk

of 4 higher on the k axis and the gradient expansion is

completely useless. Noting



214 Leconard Kleinman and Viraht Sahni

that no-z/aK2 = (3n2)2/3|<2 we see that Eq. (50) yields

F(k>0) = 2/9 + (2/81)K2. Therefore BK plotted

[F(x) - 2/9]/(2/81)o<2 and found for small « that the ratio was
about 5/4. Because numerical instabilities set in for very
small «, the exact value of the ratio could not be obtained.
Thus, according to AK the correct 9ok is about 5/4 x 8/7 = 10/7
times as large as Sham's value, Eq.(25). Many of the experts
remained unconvinced at this point. Langreth and Vosko23 wrote
that one can use Sham's method to rescolve any K~O anomalies,
since such anomalies, if they exist, must cancel out of
gzx+g2c. Perdewz4 then suggested that if the AK calculation
were repeated for screened exchange and the analytic results of
Mohammed and Sahni15 obtained, the doubters ought to be con-
vinced. In Fig. 2 is plotted the result of such a calcula-
tion25 for ¢ =ZX(K,KS)/ZXSham for several values of Ky the
screening wave vector, as a function of «. Even with finite
KS, numerical instabilities occured for k=0 so what this figure
proves is that the numerically calculated curves for finite «
go smoothly to the analytic result at «=0 for any non-zero
value of KS. Note for «=0, KS+0 that ¢ »1 but for KS=0, k>0
that { -+10/7. Because one-electron Fock exchange is well
defined and unscreened, it was concluded

10 Sham

gZx * D g 2% (51)

is the correct result, but it still was not clear which g2X
should be added to MB's 99e to obtain the correct Ioge® Final-
ly, Chevary and Vosko26 repeated the AK calculation but were
more clever in their numerical integration and thus were able
to get to smaller «. They found Eqg. (51) to be exact to four
figures. It is interesting to note that Sham had inserted
Geldart and Taylor's27 numerically evaluated i into Eq.(9) and

found a ZX(K) for small k which was about 10/7 times his own
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Ks=0.3

o

.0 0.1 0.2 K 0.3

Fig. 2. Plot of ¢ = ZX(K,KS)/ZXShamaS a function of

K = K/kF for various values of Ky (From Ref. 25).

Z(0) but did not attach any significance to it. Because
ZX(K*O) appears to be a rational fraction times ZXSham’ it
seems that if one were clever enough one could obtain ZX(K*O)
analytically. However ZX(K=O) does not exist and ZX(K+O)
cannot be obtained by expanding about «=0. The failure of
ZX(K=0) to exist can be thought of in at least three ways: 1)
Coulomb integrals are conditionally convergent. Therefore, one

can obtain any result one wishes from an infinite wavelength
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perturbation. 2) Only Kzz(K) is defined. Thus for =0, Z may
take any value less infinite than K-2. 3) The external poten-
tial v(K) may be thought of as arising from an external charge
density pext(K). Since charge neutrality requires the constant

background of charge density to be fixed at n_. (K=0)

pext
cannot exist.

Kleinman and Tamura (I(T)28 then reexamined the MB6 calcu~
lation to try to determine which 9oy should be added to gzga.
They first noted that it was remarkable that the lowest order
contributions to gZZB are of order e2 rather than e4 as for
Ioc MB had given a heuristic argument for this. They assumed
the correlation energy is the difference between screened and
unscreened exchange interactions. This, of course, is not
correct since the screened exchange hole contains no net
charge. There is an exchange correlation hole which may be
considered to consist of a screened exchange hole plus a
Coulomb hole. The exchange hole is due to the antisymmetry of
the wave function; the exchange-correlation hole differs from
the exchange hole due to electron-electron interactions.
Therefore the correlation energy which is the difference in the
energy between the two holes must be second and higher order in
e”. Perdew,29 stimulated by an early version of KT, pointed
out that the gradient expansion for correlation is valid only

when

[vel/e << 2k, (52)

quval/IVpl << Zkp (53)

where

kpp = © <4“F/“)1/2- (54)
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Thus as e>0 the gradient contribution to the correlation energy
does vanish as e4 in spite of the fact that the coefficient of
this term is proportional to e2

One of the terms in the MB analysis is
b = (e?/k_%) f”d Ja |7 ay(1/e - Dyala/k. v)/2 55
kn oda/a | _ay gla/ky v)/2n (55)
where £ is the dielectric constant,
2 2
e =1+ (4ek/na")R(a/kg,¥), (56)

y=w/iqu and g and R are dimensionless functicns. An expansion
of 1/e-1 is first and higher order in e2 which would appear to
make b" second order in e2. However MB found a first order
contribution which arose at gq=0. That is, if the q integration
in (55) is broken up into two parts, one between 0 and & and
the other between 6 and » and the limit &>0 taken, the entire
contribution arises from the 0 to & integration. MB never
considered the possibility that this contribution might wvanish
if the K=0 1limit were taken after rather than before the inte-
gration was performed. KT asserted that the e2 dependence of
gng was proven only for K=0, i.e. only when the IV p|2 for
which it is the ccefficient, is identically zero. The 1l/e in
(55) arises from screened exchange diagrams and the -1 from
subtracting off the corresponding unscreened exchange diagrams.
MB took its contribution to be zero in spite of the infinity in
the g integration because ffw g(q/kF,y)dy=O. KT recast this
term in a form that looked infinite but in fact this term is
actually the indeterminant part of Zx(O). KT therefore
concluded that the MB calculation was not correct but since the
same result was obtained by several other workers they allowed
for the possibility that by a fortuitous cancellatiion of
errors MB had obtained the correct result.

Perdew29 noted that the gradient contribution to the

average exchange hole contains an undamped cos(2kFR)
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oscillation at large R. This results in a delta function
6(k/2KF) which must be added to LP's ZX(k/2kF), their Eq.
(3.52) and (3.55), but whose coefficient cannot be determined
by the LP procedure. It is almost certain that this term will
account for the difference between ggiam and (10/7)g§:am. What
is unresolved at present is whether or not there is a é(k/sz)
with equal coefficient but opposite sign to be added to
Zc(k/ZkF). If so, then th;h::ror ;; ggiam is cancelled by the
Iy + Ioc but if not then (in the

high density limit) it is gquite likely that

. MB
error in g, and Ioge =

_ 10 Sham MB

9a2xc 7 J2x M 9o¢c" (57)

The gradient expansion is only useful if Z(K) in Eq. (5)
can be approximated by a constant over a large range of K.
From Fig. 1 we see that this can be done for Zx for K < 1.5kF
but Zc((2/3)kF) = O.ZZZC(O) when r = 2 according to Fig. 3 of
Ref. 23. Thus the gradient expansion for correlation is never
valid. It is possible to use ZXC(K) directly without ever
making the gradient expansion. ZX(K) is given exactly by Fig.
1 and some progress has been made in obtaining ZC(K). The high
density results of Ref. 23 are approximately correct at metal-
lic densities only for very small K and therefore need to be
extended to metallic density for all K. This involves not only
a more exact evaluation of the diagrams currently being evalu-
ated but also the inclusion of many more higher order diagrams.

Another way to analyze30 the gradient expansion approxima-
tion is in terms of the Fermi-Coulomb hole charge distribution
of an electron since the exchange-correlation energy3l-33 is
the Coulomb interaction energy between an electron and its
Fermi-Coulomb hole. 1In Kohn-Sham theory, all the many-body
effects are incorporated in this charge distribution since the
kinetic energy is treated as that of a system of

non-interacting electrons. Thus,
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Egolel = 172 [ [ arar p(ero, (rxy/lx - 2, (58)

where the Fermi-Coulomb hole distribution pxc(r,r') at r' for

an electron at r is given as
(r,2') = p(r') fl ar [g. (r, ') - 1) 59
Py (Xe p o g,(x, P (59)

and where gk(r,r') is the pair-correlation function of a system
with density p(r) and coupling constant A. The depletion of
charge about each electron is expressed by the charge conserva-

tion sum rule

' T -

j pxc(r,r )dr 1. (60)
The exact structure of the Fermi-Coulomb hole is, of course,
unknown. However, in the exchange-only approximationM’34 in

which only the effects of Pauli correlation are assumed in the
wavefunction, the Fermi hole px(r,r') is known explicitly in
terms of the orbitals which generate the density and is de-

fined35 as

o (r, ) = Dv(r,x')1%/20(x), (61)
where

Y(r,x') =S¥ (D), (r') (62)

is the single-particle density matrix with y(r,r) = p(r). 1In

addition to satisfying the charge conservation sum rule
jpx(r,r')dr' =1, (63)
the Fermi hole also satisfies the conditions
p(x,r) = p(r)/2, (64)

and
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px(r,r') > 0. (65)

Thus, since the exact Fermi hole is known, it is possible to
analyze both the local density and gradient expansion approxi-
mations for the exchange energy in terms of the corresponding
hole charge distributions. Such an analysis would also lead to
a better understanding of the limitations of these approxima-
tions for the correlation and exchange-correlation energies.

In the local density approximation (LDA), where the
homogeneous electron gas pair-correlation function at the local

value of the density is employed, the Fermi hole is given as36

P (ext) = (1/2)p(0)3° (),
3(x) = 33, (x)/x
X = kFR , R=1r" -r, (66)

where jl(x) is the first-order spherical Bessel function and

2 1/3
k(r) = [3n o(r)] "/
The LDA hole satisfies the constraints of Egs. 63-65, but as a

is the local value of the Fermi momentum.

consequence of the assumption that each point be treated as a
uniform electron gas system, the hole is always centered about
the electron and spherically symmetric about it.

In Fig. 3 cross-sections through the exact and LDA Fermi
holes in the electron-nucleus plane are plotted for the Neon
atom for different electron positions using the analytical
Hartree-Fock wavefunctions of Clementi and Roetti.37 The posi-
tions considered are those36 of the two maxima of the radial
probability density at r = 0.104 a.u. and 0.651 a.u. (Figs. 3a
and b), the intershell minimum at r = 0.307 a.u. (Fig. 3c), and
a position in the classically forbidden region at r = 2.000
a.u. (Fig. 3d). The electron positions are indicated by
arrows. (Note that the scale of Fig. 3a is an order or more

greater in magnitude than those of the others).
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Fig. 3. Cross-sections through the exact and local
density approximation (LDA) Fermi holes in the Neon atom for
different positions r of the electron. (From Ref. 30).
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Ground-state atomic energies in the Pauli-correlated

approximation as obtained in the local density (LDA) and
generalized gradient expansion (GGA) approximations, and within

the Harbola-Sahni formalism and Hartree-Fock theory.

The

negative values of the energies in atomic units are quoted

ATOM LDA GGA HARBOLA- HARTREE-
SAENT® FOCK®

Ar 524.517 526.935 526.804 526.818

Zn 1773.910 1778.183 1777.820 1777.848

a. See Ref. 48

b. See Ref. 55

c. See Ref. 8

TABLE II. Highest occupied eigenvalues of atoms in the

Pauli-correlated approximation as obtained in the local density
(LDA) and generalized gradient expansion (GGA) approximations,
within the Harbola-Sahni formalism and Hartree~Fock theory as
well as experimental ionization potentials.

values of the energies in Rydbergs are quoted.

The negative

ATOM LDA GGAa HARTREE- HARBOLA- EXPERIMENT6
FOCK® SAHNI®

Ar 0.668 0.686 1.182 1.178 1.158

Zn 0.371 0.390 0.585 0.646 0.690

a. See Ref. 48

b. See Ref. 8

c. See Ref. 55

d. BSee Ref. 38
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In the interior and in particular the shell regions of the atom
(Fig. 3a and b), the LDA hole is a fair approximation to the
exact one. Since the principal contributions36 to the exchange
energy arise from the interior of the atom, the LDA should lead
to accurate total energies for atoms. This is the case as
indicated by the self-consistent results (see Table I) for
Argon and Z2Zinc for which the errors in comparison to
Hartree-Fock theory8 are 0.44% and 0.22% respectively. On the
other hand, in the regions exterior to the atom and the
asymptotic region, the LDA hole is poor (Fig. 3d) since it is
centered about the electron and not about the nucleus as should
be the case. Thus, the LDA potential in these regions is in
error; it decays exponentially. Since the highest occupied
eigenvalue depends principally on the structure of the effec-
tive potential in the region exterior to the atom, the LDA
maximum eigenvalue will be in significant error. This is borne
out by the results (see Table II) for Argon and Zinc on compar-
ison with those of Hartree-Fock theory8 and experimental38
ionization potentials. The errors with respect to Hartree-Fock
theory are 43.5% and 36.6% for Ar and 2Zn respectively.

The structure of the Fermi hole for the inhomogeneocus
electron gas at metallic surfaces is significantly differ-
ent39-41 from that in atoms. Whereas in atoms the hole is
localized about the nucleus, it is delocalized and spreads
throughout the crystal for electron positions near and outside
the metal surface. It is from the region about and outside the
surface that the principal contributions to the surface ex-
change energy arise.36. Since in the LDA the hole is centered
and symmetric about the electron, over 50% of the hole in this
approximation lies outside the crystal for these electron
positions.36 (For explicit comparisons of the exact and LDA
holes we refer the reader to Ref. 36). This explains why the

surface exchange energy in the LDA is in such significant
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error. In Fig. 4 we show the variation of the exact42 and
LDA42 surface exchange energies as a function of the density
profile parameter YF of the linear potential model.43 Increas-
ing values of Yp correspond to more slowly varying densities;
Yp = 0 represents the infinite barrier model. Over the metal-

44,45 (¢ gensities (0.5<y <4.5), the LDA is in error 2

lic range
by 46%-9%.

The Fermi hole in the gradient expansion approximation
(GERA) is obtained46 from an expansion47 for the single-particle
density matrix (and consequently the density) to second order
in va(r), where va(r) is the local effective potential in
which the electrons move. The expression for the GEA Fermi

hole to O(VZ) 1546

po B (r,x') = 1/2 p(r)¥(x),

y(x) = 12(x) + [3(x)/an°][ige (V) sinx
+ (W) (L(x) - xsinx)/24k)
+ (i » WD) (xlcosx + 3 sin’x/3(x)}/8k>
- VR L) ek, + (igeW) K Pxsing) /3K, ]
L(x) = x°3(x)/3
iy = R/R. (67)

Although the GEA hole satisfies the condition of Eq. 64, it

satisfies neither the charge neutrality constraint (Eq. 63) nor
the constraint that it be positive (Egq. 65). An improved hole
can be obtained by imposing these constraints through appropri-
ate configuration space cutoffs. Thus, the generalized gradi-

ent expansion (GGA) truncated hole may be written as46

po e, x') = 1/2 o(r)ye(y)elR (r) - R, (68)

where the first step function ensures the hole is always posi-

tive and the second that charge neutrality is satisfied.
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Fig. 4. Variation of the exact surface exchange energy as
a function of the density profile parameter y_ of the linear
potential model. Also plotted are the results in the local
density (LDA), gradient expansion (GEA) and generalized
gradient (GGA) approximations. The range of metallic density
profiles is also indicated. (From Ref. 30).
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In Fig. 5 cross-sections through the GGA hole for the Ne
atom are plcntted30 for the same electron positions as in Fig.
3. Note the significant improvement of the GGA hole over the
LDA hole in the interior of the atom (Fig. 5a,b,c). This
improvement is reflected in the results48 for the total energy
(see Table I) where for Ar and Zn the GGA error is now only -
0.02%. (Note that the GGA results lie below those of
Hartree-Fock theory, whereas the energy of exchange-only
density-functional theories should lie above due to the con-
straint34 of locality imposed on the effective potential).
Outside the atom Fig. 5d, the GGA hole begins to differ sub-
stantially from the exact result and in the asymptotic region
reduces to the LDA hole. Thus, we do not expect much improve-
ment over the LDA for the highest occupied eigenvalues. The
improvement48 (see Table II) is only 2% for Ar and 4% for Zn.

The GEA14'49 and GGA48 (with Sham's coefficient) surface
exchange energies are also plotted in Fig. 4. The GGA results
are an improvement over the LDA but underestimate the exact
results; at YF = 0.5 it is an underestimate by 33%; at YF = 4
it reduces the 12% LDA error to one of 6.3%. The lack of as
dramatic an improvement as in the case of atoms can be ex-
plained by the fact that in the regions about and outside the
metal surface, the GGA hole becomes more like the LDA hole.
Thus, instead of the hole spreading through the crystal, it is
still localized about the electron. The GEA surface exchange
energies, on the other hand are essentially exact for all
densities for which Yp > 1. These results, in all probability,
are fortuitous. The use of a coefficient which is 10/7ths that
of Sham improves the results still further for these densities.

30,36 that in the con-

It is clear from the above analysis
struction of an approximate hole charge distribution, the

satisfaction of various sum rules is a necessary but not
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Fig. 5. Cross-sections through the exact and generalized
gradient approximation (GGA) Fermi holes in the Neon atom for
different positions r of the electron. (From Ref. 30).
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sufficient requirement. What is required in addition is that
approximate schemes replicate at least qualitatively the
correct behavior of the hole distribution. For example, in the
construction of an exchange energy functional, the correspond-
ing Fermi hole must be localized for atoms and molecules, and
delocalized for the non-uniform electron gas at metal surfaces.
This will lead to good total energies and highest occupied
eigenvalues.

As shown above, the construction of an accurate
exchange-correlation energy functional by no means guarantees
that its functional derivative will be too. The accuracy of
the exchange-correlation potential is intrinsic to obtaining
both ground-state energies as well as highest occupied
eigenvalues correctly, but the latter property is particularly
sensitive to the structure of this potential. 1In the classi-
cally forbidden region as the density becomes more slowly
varying, any GEA (or GGA), whether it be for exchange-only or
exchange-correlation, approaches the LDA. 1In the LDA, the
Fermi-Coulomb hole is localized about the electron for all
electron positions. Thus, no expansion in the gradients of the
density to O(Vz) can lead to the correct asymptotic structure
of the potential and thus to accurate highest occupied
eigenvalues. They can, however, lead to good total energies.

Based on the fact that all the many-body effects are
incorporated in the Fermi-~Coulomb hole, Harbola and Sahni50
have recently proposed a physical interpretation for the
exchange-correlation potential whereby it may be obtained
directly from the hole charge distribution, thus obviating the
need to determine functional derivatives. Since the
Fermi-Coulomb hole is dynamic as a function of electron posi-
tion, the exchange-correlation potential is the work ch(r)
required to bring an electron from infinity to its final posi-

tion against the force field of this charge distribution. Thus
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W () = - J':exc-dl, (69)

where exc(r) is the electric field due to the Fermi-Coulomb

hole which according to Coulomb's law is
) 13
€..(r) = f dr pxc(r,r')(r -r'Y |-, (70)

It is implicit in this interpretation that the potential ch(t)
is path independent or equivalently that the curl of the elec-
tric field exc(r) vanishes. For spherically symmetric sys-
tems,50 the electric field is in the radial direction and a
function only of |r|, the distance from the origin. For

50,51 the electric field is in the

jellium metal surfaces,
direction perpendicular to the surface and a function of the
perpendicular co-ordinate variable only. Thus, in these cases
the curl vanishes. For systems in which the curl of the
electric field is not zero, the potential may be constructed
from the longitudinal component of the electric field, thus
ensuring the path independence of the potential.

With the above interpretation the exchange potential Wx(r)
can be determined exactly since the Fermi hole is known explic-
itly in terms of the orbitals. Another consequence of this
interpretation is that as the Fermi-Coulomb and Fermi hole
charge distributions both satisfy the charge conservation sum
rule, the total Coulomb hole charge is zero.52 Thus,
asymptotically the Coulomb hole does not contribute to the
potential. The asymptotic structure of the potential for the
fully-correlated system is thus that of WX alone and therefore
known exactly. For atoms, the asymptotic structure of the
potential Wx has been shown50 to be -1/r, and that at metallic
surfaces51 to be the image potential -1/4x. Furthermore, at
metal surfaces, the potential Wx (in units of 3kF/2n) relative

to the vacuum level goes50 to the Kohn-Sham homogeneous
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electron gas value of -2/3 as it must. The local exchange
potential Wx{wi} when substituted for the functional derivative
vx(p(r)} = GEx[p]/Sp also satisfies50 exactly the virial

theorem based sum rule53

Ex[¢i] = 1/2 zij([l spins)] j drdr'

V(BN (e Y (2 )b () |r - x|

i

- I drp(r)r - va{p(r)}. (71)

Furthermore, the potential W_ scales as W [p,] = AW_[p], where
X XA X

Y. L (r)= l3/2
i, A

fies the scaling sum rule

wi(kr)and pA(r) = A3p(kr), so that it also satis-
54

@/ [ £ mvte | = [ £y (emar,

A=1 (72)

where the function f is such that j f(r)dr = 0 but with the
additional constraint that p+f>0. The self consistently
determined55 ground-state energies and highest occupied
eigenvalues with the Wx potential for Ar and Zn are also quoted
in Tables I and II. The total energies lie above those of
Hartree-Fock theory as they must34, and differ from it by less
than 50ppm. Since the highest occupied eigenvalue of
density-functional theory is minus the ionization potential,
and as the asymptotic structure of the exchange-correlation
potential is that of Wx' one expects that the highest occupied
eigenvalues in exchange-only theory should be close to those of
the fully-correlated system. Thus, comparisons with experiment
are meaningful within this formalism even in the exchange-only
case. Observe that the Wx—formalism highest occupied
eigenenergies closely approximate the experimental values,
which indicates that the potential is accurate not only

asymptotically, but also in regions closer to the atom. Thus,
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we see that from the Fermi-Coulomb hole charge distribution of
an electron, both the exchange-correlation energy as well as
the highest occupied eigenvalue of interacting non-uniform
electrons can be obtained accurately.

The question of whether the potential WX is the true
Kohn-Sham potential cannot be answered at present. The
orbitals of the Slater determinant employed in the current

density-functional theory definitionm’34

of the exchange
energy are those that minimize the expectation value of the
Hamiltonian and which simultaneously are the ground-state
eigenfunctions of a non-interacting local potential
Hamiltonian. This optimized effective potential must53 in
principle satisfy the virial theorem based sum rule of Eq.
(71). The fact50 that neither the Talman et al9 nor the HOvD7
potentials satisfy this sum rule, together with the fact that
they lead to the same total ground-state energies, implies that
neither is the Kohn-Sham potential. They do, however, lead to
energies that are lower than those of the Wx formalism. On the
other hand, the potential WX is the only potential known which

satisfies50 analytically and numerically the virial theorem sum

rule in orbital form. It also satisfies all scaling require-
ments. (We note that various approximate energy functionals
such as that of the LDA for example, also satisfy the virial
theorem sum rule but in an approximate manner. By this is

meant that the approximate energy functional appears on the
left side of Eq. (71), and its functional derivative on the
right). Thus, even if the potential Wx is not the exact

functional derivative of the exchange energy functional, the

50,55

results of application to both few-electron atomic and

50,51 non-uniform systems clearly

many-electron metallic surface
demonstrates the high accuracy of this potential. Finally, we
conclude by noting that since in the LDA the Fermi-Coulomb hole

is symmetrical about the electron, the LDA potential obtained
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via the above interpretation vanishes throughout space.50 The

GGA potential, however, is finite since the corresponding hole

is not centered and symmetric about the electron for all

electron positions.30
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1. INTRODUCTION

Since the seminal papers of Hohenberg and Kohn' and Kohn and
Sham?, density-functional theory (DFT) has developed into an impor-
tant tool for the treatment of many-body problems in condensed matter
physics. Its practical success in the calculation of the electronic structure
has prompted much theoretical work aimed at extending the applicability
of the theory to systems more general than those considered in the original
papers®*.

Due to the importance of magnetic fields as probes of condensed mat-
ter, and, perhaps more crucially, due to the occurrence in nature of fer-
romagnets which spontaneously break spin rotational symmetry, efforts to
bring magnetic fields within the range of action of DFT were made as earl
as 1973%. It was recognized that, in the presence of a magnetic field B,
the mapping between ground-state energy and ground-state wavefuntion is
not one to one, i.e., the Hohenberg-Kohn theorem does not hold in this
case. To recover a one to one mapping it is necessary to supplement the
number density distribution by spin- and current-densities which play the
same role with respect to an external field B and vector potential A as
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the density does with respect to the ordinary scalar potential. In practice,
however, the orbital currents were ignored - perhaps due to the conceptual
difficulties deseribed below - and the interest focussed on the effects of spin-
polarization which were easily incorporated in a self-consistent Kohn-Sham
scheme, now known as “spin-density functional theory” (SDFT)3:5/.

Obviously, the above approach is not justified when the magnetic field
is sufficiently strong For instance, a large B field can completely polar-
ize the electrons in the lowest Landau level: in this regime, the current-
dependent part of the correlation energy gives the decisive contribution
to the ground-state energy and actually determines the structure of the
ground-state itself®. Generally speaking, inclusion of currents in density
functional theory is required whenever a large magnetic field coexists with a
strongly inhomogeneous electronic structure. Concrete examples of this sit-
uation are: (i) broken-symmetry states (charge-density waves, spin-density
waves, Wigner crystals) in three-dimensional semimetals and doped semi-
conductors in strong magnetic fields® (ii) broken-symmetry states in the
fractional quantum-Hall effect regime of a two-dimensional electron gas%:1!
(iii) ground-state energy calculation on finite size systems (such as atoms,
molecules, small metal particles) in strong magnetic fields. However, until
recently the application of the density-functional method to such physical
situations was at best tentative with regard to its basic principles!!

Although simple in appearance, constructing an acceptable non-
relativistic current-density-functional theory (CDFT) is a remarkably deli-
cate task. One can understand the basic difficulty by considering the non-
relativistic expression for the orbital current density

3(7) = 7(7) + (e/m)n(MA(7) (1.1)

The first term };,('F') is referred to as “paramagnetic current density,” and
measures the density of canonical momentum in the ground-state wavefunc-
tion. The second term is referred to as “diamagnetic current density” and
depends explicitly on the number density n(F) and the vector potential
A(F’) In the application of the variational principle the vector potential
must be kept constant. It follows that the variation of j (at constant n) is
effectively a variation with respect to ]p therefore ],, not j, must be used
as basic variable. All this makes perfect sense physically since j contains
the relevant information about the electron wavefunction (for instance, in
the homogeneous electron gas, in a uniform B field, j vamshes everywhere,
while at the same time, j, is huge!). Unfortunately ]p has the serious
drawback of not being a gauge-invariant quantity. Thus, the challenge is
to formulate a gauge-invariant theory in terms of non gauge-invariant vari-

ables.
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Recently, Vignale and Rasolt (VR)12 13 succeeded in constructing a
non-relativistic CDFT which, usmg Jp as one of the basic variables, satisfies
the physical requirement of gauge-invariance and the continuity equation
for the current. The cornerstone of the new theory is the recognition of a
fundamental symmetry of the exchange-correlation energy functional E,,,
in virtue of which the latter is actually a functional of the gauge-invariant

combination . .
() =V x [(7,(7)/n(7)] (1.2)

The physical meaning of the new variable 7(7) will be discussed in the
following sections.

Most of this chapter is devoted to a detailed presentation of the VR
formalism. In Section 2 we justify the choice the basic variables of this
theory, and prove the analogues of the Hohenberg-Kohn theorem and the
variational principle. In Section 3 we present the derivation of the self-
consistent equations, and discuss their unusual structure. In Section 4
the intimately related issues of gauge-invariance, current conservation, and
crystal translational symmetry are examined, showing that the VR theory
is well-behaved on all three counts. In section 5 we introduce the general
principle of the local-density approximation, and provide a new derivation
of its weak-field limit. Section 6 reviews the status of the unification of
spin- and current-density functional theory. Finally, Section 7 presents a
review of open questions and recent developments in this field.

2. BASIC VARIABLES AND THEOREMS

2.1 Hohenberg-Kohn Theorem

We consider the non-relativistic Hamiltonian for NV electrons (e is the
absolute value of the charge)

=+ [nr@V( (ar+ 2 [For)- Arar . )

Hj is the Hamiltonian of the homogeneous electron gas,

N

R2vZ 1 e?
Hy=— N = 2.2
’ sz +2;|F,-—Fj| (2:2)
i#j

The remaining terms describe interactions with external scalar and vector
potentials V() and A(F') In order to emphasize the novel feature of the
orbital current we ignore, for the time being, the spin. The inclusion of
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spin will be reviewed in Section 6. The number density and paramagnetic
current density operators in Eq. (2.1) are defined as follows:

n%P () = ()
() =~ T - OO - (23)

The corresponding ground-state expectation values are denoted by n(7) and
]p(r"') The physical current density is given by Eq. (1.1). The constancy
of the total number of electron and the continuity equation for the current
[6 - () = 0] impose the constraints

/ n(F)di = N
V- 35 + (e/me)¥ - [n(MA] =0 . (24)

The generalized Hohenberg-Kohn theorem states that V() and A(F), and
the non-degenerate ground-state wavefunction (7 - - - ¥y ) are uniquely de-
termined (apart from an additive constant in V') by the distributions n(r)
and ]p(i") The proof is by reductio ad adsurdum. Suppose that there are
two sets of fields V(7), A(F’) and V'(7), Al (7) giving the same ground state
distributions n(7) and j,(7)!*. Let ¢ and ' be the two different ground
states corresponding to the two sets of fields. Let H and H' be the two
corresponding Hamiltonians and £ and E’ the two ground-state energies.
Then, from the variational principle for the ground-state of H, we obtain
the inequality

W H|p) < [H|)=E /n(f)[vm G

V() - g @)+ £ [T - A

Another inequality is obtained by interchanging the primed and unprimed
variables, and summing the two inequalities we get the contradiction

E+E <E+FE (2.5)

which proves the theorem. Note that this theorem would have not been
true, had one attempted to work with the physical current density ] as
basw variable. In that case one would still have the freedom of operating
a gauge transformation on the vector potential, and thus multiplying the
ground-state wavefunction by a coordinate-dependent phase factor, without
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changing the physical current density. Therefore, the ground-state wave
function is not a unique functional of j. Working with the paramagnetic
current density eliminates this ambiguity.

2.2. Variational principle

The variational principle of CDFT is formulated as follows. Let
Fln,jp) = ($[n,7p] | Ho | $n,5,)), (2-6)

where 3[n, ]_';,] is the ground-state wavefunction corresponding to n and fp,
be the “internal energy” functional. Then the functional

Byaln' ) = Flo' 31+ [ '(9) [V( ]
+2f f;mffmﬂlr* (27)

where V and A are given external fields, has a minimum when n’ and j p take

the correct values corresponding to the potentials V and A. This minimum
value is the correct ground-state energy of the system in the presence of V
and A. The proof of this theorem follows from the variational principle for
the ground-state of H, since

Bvaln',jy] = ($ln', 3] | H | $ln',;0) 2 ($ln, 5] | H | $ln, 7))
= Evaln, J] (2.8)

which proves the theorem.

3. SELF-CONSISTENT EQUATIONS

In this section we show that the minimization of Fy A[n’,J:',] is formally
equivalent to the self-consistent solution of a one-electron Schroedinger-type
equation.

We first decompose the internal energy functional as follows:

! !
F[n',j0) = Tu[n', 7] + // (F)" ( )drdr +E. ', jl]  (31)
The first term T, is the non-interacting version of the F functional:

2vr2
T,[n',f;lz(zb“[n',f;]l—zh Vi o, T (3.2)

i=1
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where 3%[n' ,j;’,] is the ground-state wavefunction of N non-interacting elec-
trons with the given density and current distributions. The second term is
the classical electrostatic energy. The third term E,. is, by definition, the
exchange-correlation energy functional.

By construction ¥°[n’ ,fp] is a Slater determinant of N one-electron
orbitals, which are the N lowest lying solutions of a Schroedinger equation
with some appropriate external fields V. s¢[n ,]p] and A.psfn’ ,]‘,]15 :

(o (-89 + ) V@i =t . @9)

The densities n' and ]_;’, are related to the one-electron orbitals by the equa-
tions

N
") =3 KO P

) = Z( o) (PR - FeeEmO) 69

The functional T, can now be expressed in terms of the one electron eigen-
values €;. Multiplying Eq. (3.3) to the left by !*, integrating over , and
summing over ¢ one finds

T’["";z'»] = g‘i - /" (F)[ Vers( Asz(F)JdT
- E / TAGE fi'eff(r”)dr* (3.5)

Combining Eqs. (2.8), (3.1) and (3.5) we construct the functional Ey 4
to be minimized. In calculating the functional derivatives of Ey 4[n/, ]p]
with respect to n’ and ;;, one must keep in mind that Vesy and A.;y are
functionals of these distributions. However, as a consequence of Eq. (3.3),
the derivatives of €, are exactly cancelled by those of V,ss. Thus, the
variational principle leads to the equations

Vess(7) = V(7) + VE(T) + Vael

7) = Ags (7)) (36)

and

Aess(F) = A7) + Aze(7) (3.7)
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where
7) = e? ———nl(f’) i
Y /lf—j'ld |
Vae(7) = [6Exeln', 53)/60' (P,
Aro(F) = [8Eze[n 53] /675(Plmr - (38)

Equations (3.6) to (3.8) determine the fields Vs and A.ss as functionals
on n' and j,. The latter are in turn determined by V.ss and A.sf via
equations (3.3) and (3.4). Thus, we have obtained a self-consistent set
of one-electron equations, from which the ground-state properties can be
calculated.

At first sight, equation (3.3) appears to have the conventional structure
of a genuine one-electron Schroedinger problem in the presence of a vector
potential A, ff. But a closer inspection reveals a stnklng difference: the
effective scalar potential is now also dependent on A and Ae f5- One can
easily verify that the vector potential part of V. s leads to an equation in
which A,s; appears linearly: the quadratic term remains (e?/2mc?)A? as
in the non-interacting case. The explicit form of this equation is

K2 ihe
{ 3 Vz——[Aeff(?) V+ V- Aepp()

m

(7) + V() + V() + vn(r*)}zp.-m _ i (3.9)

The ground-state energy can be obtained inserting the expressions for
Vess and A,gs given in Eq. (3.7) in T, and Ev 4. The result is

Ec,v:;e,- / / "(F)"(r)d*d* / n(F)Veo(F)dF

- 'Z‘/.;p(f") ' fi‘:c("?)dr + Exc[n,;p] . (310)

We note, in passing, that the chemical potential p, determined as
the largest occupied eigenvalues of the Schroedinger-like equation, is ex-
act (Koopman’s theorem of CDFT).

4. GAUGE-INVARIANCE

The unusual structure of the self-consistent equations derived in the
previous section poses a number of serious questions. Consider the gauge
transformation

AR — A7) - VA (4.1)
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where A(7) is an arbitrary function. Obviously, all the physical quantities,
like n(r),j(r), and Eg must be invariant under this transformation. Does
Eq. (3.9) satisfy this requirement? A second question arises in connection
with the continuity equation constraint (Eq. 2.4). The solution of Eq. (3.3)
appears - according to the usual properties of the Schroedinger equation -
to satisfy a different form of the constraint whereby Ais replaced by A, £f-
How can this be correct?

In order to answer the above questions it is essential to determine the
behavior of the various functions under the transformation

3p(F) = 3p(7) + (e/me)n(FIVAR) - (42)
We begin with the internal energy functional F' defined in Eq. (2.6). The
ground-state wavefunction transforms according to the rule

- e N -
ol ) eopl i 3 A i’ ) (43

(The validity of this equation can be directly verified by noting that Eq.
(4.2) is just a gauge transformation for j,.) From this, the transformation
of F is immediately derived:

F[n',jy] = Fln', 7] + % / 75(7) - VA(P)F

s [ @O IVAD [ (4.4)

The crucial fact about this equation is that the transformation depends
only on ]_‘; and n', not on the details of the ground-state wavefunction.
Therefore the same transformation must also apply to the non-interacting
functional T,. Taking the difference of F and T, and using Eq. (3.1) leads
to the important result

E.on',7" + ;j—cn'ﬁ\] = E,c[n',]!) (4.5)

for arbitrary A. A compact way of expressing the above invariance is to
say that E,. is actually a functional of the gauge-invariant combination ¥

defined in Eq. (1.2)
E..[n, 7, = E;cln, 7] . (4.6)
Equation (4.6) is at the heart of the VR formulation. Differentiating both

sides of Eq. (4.6) with respect to n and ]P and using the definitions of Eqs.
(3.8) one finds the following expression for the effective potentials:

I/ef‘f(i") = V(f)+VH(f)+6L£%ﬂ ﬂ"%fi'zc(_’)j((r;)) 2:; 2 xc(-) (4 7)
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1 o 6E;[n,7)
" < 850

From these equations, it is easily seen that both A,. and V. fs are gauge
invariant, and therefore Eq. (3.3) (or, equivalently, Eq. (3.9)) has the
correct gauge-covariance of the usual Schroedinger equation. To show this,
suppose we have found the self-consistent solution corresponding to a vector
potential A(r) Let us multiply each of the self-consistent 1!s by a phase
factor exp[3£A(7})], so that the new paramagnetic current is given by Eq.

Aess(F) = A7) + Azo(F) = A7) + (4.8)

(4 2). Let us insert the new _7,, in A, f5 and V¢ and let us also replace

A according to Eq. (4.1). Then, due to the invariance of Vs and A,
one finds that the new !s are indeed the self-consistent solution of the
transformed equation. Thus, the proof of gauge-covariance is complete.

In addition, from the form of Azc, one derives the remarkable identity

VIn(7)4zo(7)] = 0

This, in combination with the usual property of the Schroedinger equation
mentioned at the beginning of this section, guarantees that the continuity
equation is automatically satisfied by any self-consistent solution of Eq,
(3.3).

As a final point related to gauge-invariance, we briefly discuss the
translational symmetry of the effective potentials in the practically impor-
tant case of a uniform magnetic field and periodic crystal potential. It is
well known that a translation in space by a lattice basis vector @ is equiv-
alent in this case to a gauge transformation!®, whose generating function
is

A(F) ~ (B x &) -7

Therefore, the gauge-covariance of the V R formalism automatically ensures
the periodicity of the density, current-density, effective scalar potential and
exchange-correlation part of the effective vector potential. The only non-
periodic quantity in the self-consistent equations is the external vector po-
tential A. This implies that all the usual theorems about the classification
of the solutions of the one electron Schroedinger equation according to the
representations of the magnetic translation group, are also good for the VR
self-consistent equation. For instance, a Bloch-wave representation of the
solutions to the VR equation is allowed whenever B is along one of the
lattice basis vectors, and the number of magnetic flux quanta per unit cell
is rationall®.
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5. LOCAL DENSITY APPROXIMATION

Density functional theory owes most of its popularity to the existence
of a simple but remarkably successful local density approximation® (LDA),
which expresses the E.. functional in terms of the exchange-correlation
energy (per electron) €;c(n) of a uniform electron gas:

BEPAf) = [ n(@ecd(n()ar (5.1)

In this section we develop a similar local density approximation for current-
density functional theory. From the results of the previous section it is
evident that in this case the LD A must be in terms of n(7) and #(F), and
thus will have the form

BP4n, ) = / n(F)eze(n(7), | 7(F) )dF (5.2)

where €,c(n, ) is now the exchange-correlation energy of an electron gas
with uniform density and unform 7(7). The question arises: what is the
physical meaning of a uniform () distribution? The answer to this ques-
tion is easily obtained by considering the effect of a uniform magnetic field
on a uniform electron gas. If the electron gas is at rest in the laboratory
frame then the current-density j(7) must vanish everywhere (a way to see
this is to remember that a translation in real space is equivalent to a gauge
transformation and hence leaves all physical quantities unaffected. Thus,
the current density can at most be constant, and, in the rest frame of the
system the constant must be zero). The vanishing of the current density
implies the uniformity of #(), which is given by

i(F) = 7 = ——B 5.3

) =i=-— (5.3)
Thus, we find that €,.(n, v) is the exchange-correlation energy (per electron)
of a uniform electron gas in a uniform field B given by Eq. (5.3). This is
quite satisfactory from a physical point of view. It also sheds some light
on the physical meaning of ¥(r): it is essentially the value of the magnetic
field which would locally produce the assigned distribution of paramagnetic
current, if the density were sufficiently uniform.

With Egs. (5.2) and (5.3) we are now in a position to give explicit
forms for the LDA in various physical regimes. Of course, the LDA is
expected to work well only when the scale of variation of n and ¥ is much
larger than any microscopic length scale (interelectronic distance, radius of
the cyclotron orbits).
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(i) Weak field regime (uB << kT << EF)

The LDA in this regime was first derived by Vignale and Rasolt1?:!3.
The magnetic field and the temperature are both small compared to the
Fermi energy, but the temperature is sufficiently large to suppress de Haas-
van Alphen oscillations in the energy. In this regime, the ground-state
energy (per unit volume) of a uniform electron gas is given by second-order
perturbation theory:

E(n,B) = E(n,0) — %x(n)B2 (5.4)

where x is the orbital magnetic susceptibility. Inserting Eq. (5.3) for B
and using Eq. (5.2), we obtain

—LDA -~ mkr [ x L "
e R 1 C ) R ECTE
n=n

where xo = —(e?kr/127?mc?) is the non-interacting orbital susceptibility
(kr is the Fermi momentum). This result was obtained by VR'*13 using
a completely different method which did not explicitly rely on j = 0. The
present derivation is much simpler, and physically more transparent. It
explains, in particular, the a priori surprising fact that the coefficient of
| 7 |? is proportional to the susceptibility itself, rather than its inverse, as
in the weak field regimes of DFT and SDFT?.

The remaining problem is, of course, the calculation of x. An early
calculation of this quantity was done by Rajagopal and Jain!”, using the
static Thomas-Fermi approximation. A more complete treatment has been
recently provided by the present authors!®. Our calculation parallels the
calculation of Ma and Brueckner!® of the exchange-correlation energy of a
weakly inhomogeneous electron gas, but is applied to the current-current
correlation function. This calculation is exact in the high-density limit.
(For technical details we refer the reader to our original paper.!®) The
results for ¥ at metallic densities are tabulated in Table 1. Note that the
many-body renormalization is quite small, in comparison to that of the
spin-susceptibility. Correspondingly, the current-dependent corrections to
E,. in this regime are expected to be very small.

(ii) de Haas-van Alphen regime (kT << pB << EF)

The exchange-correlation energy in this regime is dominant by quan-
tum oscillation of the form?°

E2(B) = (eB/c)*/*[4n*h}/*] 7 (_1_ - _1_)

¢ m* m

;(—1)’€"5/2603[% - %] (5.6)
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where m* is the quasiparticle effective mass and wg = herk% /e. Then using

Eqgs. (5.2) and (5.3) we find

E2%[n, 7] ~ / E( :17(7"") |>df' (5.7)

Note that the LDA functional retains an oscillatory structure in 1/| 7 |,
but unless the density is strictly uniform, the space integration over differ-
ent periodicities leads to the appearance of an extra power of | 7/ | which
strongly suppresses the oscillations in the limit # — 0.

Table 1.

Comparison of many-body effects in the orbital and spin susceptibilities of
the uniform electron gas. The non-interacting susceptibilities are xo’ n =
2.59 x 107% /r, (in cgs units) and x§™ = -1 X3P*™. The value of the spin-
susceptibility is taken from Table II of Ref. 22

s Xorb/Xgrb Xapin/xspiﬂ rs Xorb/Xsrb Xapin/xgpin
1 0.981 1.15 5 0.926 1.79

2 0.970 1.31 6 0.909 1.98

3 0.957 1.46 7 0.892 -

4 0.942 1.62 8 0.875 -

(iii) Strong field regime (uB ~ Er)

Perhaps the most interesting applications of C DFT will come from the
study of systems in extremely high magnetic fields. Eqgs. (5.2) and (5.3)
provide an attractively simple approximation for the strong field situation.
Unfortunately, to date, no reliable expression for the exchange—correlation
energy in a uniform magnetic field is available?®. Many-body calculations
of this quantity will be welcome.

6. CURRENT- AND SPIN - DENSITY
FUNCTIONAL THEORY

The inclusion of spin in the CDFT formalism has recently been dis-
cussed by Vignale and Rasolt!3. In the most general case, the basic vari-
ables for current and spin-density functional theory (CSDFT) are the spin-
density matrix

3
nas(F) =< 1/),-;(?)'?::(77) >= no(7)bas + Z n,\(r"')oéﬂ (6.1)
=1
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(oa are Pauli matrices), and the spin-current-density matrix
- lh - -
Fras(7) = = < YF () Tal?) ~ (FF (Pal?) >

3
= Jpo(Mbap + 3 Tpa(Modg (6.2)
A=1

There are basically two alternatives for the formulation of the theory:

(1) Total current formulation.

Since the physical Hamiltonian (with the additional B-§ term describ-
ing the coupling of the ma._gnetm field to the spin) depends only on the total
current-density operator j, (i.e., the trace of Jpaﬂ) one can treat F, E,,
etc., as functionals of nyg(r) and (7). The self-consistent equation takes
the form

;{%,; (—iW + E«‘Teff(r‘))2 + chf(f)}aﬁz/)ﬂ(r*) =eo(7)  (6.3)

c

where ffe;f and V.s; are now matrices in spin space, given by Egs.
(4.8) where the only difference is that §E;./én is replaced by §E;c/énqg.
Note that, in this formulation, the effective vector potential is still spin-
independent (i.e., proportional to the unit matrix in spin space), like the
physical one. It is evident, from our previous discussions, that Eq. (6.3)
is gauge-covariant and satisfies current conservation. A local density ap-
proximation for E,. is obtained—in principle—by considering the exchange-
correlation energy of an electron gas with uniform spin density matrix nqg,
in the presence of a uniform magnetic field B given by Eq. (5.2).

The total current formalism is promising from a practical point of
view, because it provides the exact ground-state energy with minimum
departure from the conventional spin-density functional formalism. On the
other hand, the spin-currents generated by the self-consistent solution of
the one-electron equations in this scheme are completely void of physical
meaning. Only the total current has physical meaning.

(ii) Spin-current formulation

Alternatively, as shown by Vignale and Rasolt!®, one can construct a
much more complete theory that yields both the spin-density matrix and
the spin-current density matrix. To this end, one regards E,, as a func-
tional of n,g and ]_';,a,g. The self-consistent equations are still given by Eq.
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(6.3) but Azcap = 6Eu/6;p,go, is now a nontrivial matrix in spin space.
In order to implement this formulation it is necessary to extend the space
of admissible Hamiltonians to include the possibility of a fictitious spin-
dependent vector potential (of course, the physical Hamiltonian will still
have a spin-independent vector potential). Perhaps, the most important
consequence of this extension is that it exposes some additional internal
symmetries of E,., which would not be accessible in the total current for-
mulation. Specifically, it was shown in Ref. 13 that a combined rotation
and gauge transformation of the basic variables

no(7) — no()
nA(7) — Z R (F)nu(7)

n=1

Tpol(F) = TpolF) + % [n(r*)\?Ao(F) +>n A(F)VA A(;)]
A=1

D) = 32 Ranl) [on() + (9 o)

+ na(IFAL)| (6.4

where Aqg(7) = Aobag + 2?\.—_1 K(r"’) - 8ap is an 7-dependent spin-matrix
and R), is the matrix corresponding to a rotation by 2e | A | /he along the
direction of A, is a symmetry operation within the enlarged Hamiltonian
space. The ground-state wavefunction transforms according to the rule

d’(rl < PN O "'UN) -
N
ezp[i%;A(ﬁ,o‘,-)]z/:(Fl PNy Oy ) (6.5)

Hence, the transformation laws of F and T, are easily worked out, and by
a straightforward generalization of the arguments leading to Eq. (4.5) one
finds that E,. is invariant under the transformation. As a consequence of
this invariance, one can show that the generalized continuity equation for
the spin-currents

- - € - [ — -
A\VERY — =—(B .
@+ SO0 = Z(EO < 5T), (69
is automatically satisfied. (§(F) = (1/2)Tro'n(F) is the spin density). This
confirms the claim that the spin-currents obtained from the solution of the
self-consistent equations are the correct ones.
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Unfortunately, due to the complexity of the invariance group (6.4), it
has not been possible so far to determine a simple functional form, com-
parable to Eq. (4.6) for E,.. However, in the case of magnetic fields of
constant direction, the structure of the group simplifies considerably, and
one can easily prove that the functional has the form

Ezclny,ny, Jp1,dp1] = Exclnt, ny, o1, 7]
(Vo =V X (Upo/ns)) - (6.7)

A local density approximation can again be obtained in this case, by
considering a fictitious uniform system with two different densities for spin
up and spin down electrons, in the presence of two magnetic fields which
couple only to the orbits of spin up and spin down electrons respectively.
The magnitudes of these fictitious fields are determined along the lines of
section 5, by requiring the current densities for each spin component to van-
ish everywhere. In the weak limit, and for not too large spin polarization,
it is reasonable to assume that the two spin components contribute equally
to the orbital susceptibility. A reasonable form of the E,.. functional is
therefore

=LDA
Ege

Y [ (X 1) 1w o (6:8)

as proposed in Ref. 13. We refer to this paper for further technical details.

- - =LDA
[n1,ny, 73,0 2 B [ng,my]

7. SUMMARY AND OPEN QUESTIONS

The CSDFT reviewed in this chapter is a rigorous formulation of a
many-body problem of nonrelativistic interacting fermions in gauge fields.
In addition to spin polarization, it includes for the first time the effect of
orbital currents. A central result is the self-consistent Schroedinger-type
equation, showing that the replacement of the external vector potential by
an effective one (including exchange-correlation effects) must be done in
the linear term, but not in the quadratic one. Although, at first sight, this
appears to violate gauge invariance, and hence the continuity equation, a
careful consideration of the transformation of the effective potentials, based
on the symmetry of E,., reveals that there is no such violation.

We emphasize that the appearance of an exchange-correlation contri-
bution to the vector potential has nothing to do with the fact circulating
currents generate, according to Maxwell’s equations, a “classical” contri-
bution to the magnetic field. This effect is extremely small [0(v?/c?)] and
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could be accounted for by replacing the external .Z(f') by the self-consistent
potential .

- - e (77

A = A+ % [ E e
The origin of fi.,c(f'), on the other hand, is purely quantum-mechanical, and
does not depend on the electron charge. It would be present in a system
of neutral particles (such as 3He atoms) if the ground-state wavefunction
carried a finite orbital current.

An interesting question that still needs clarification is the relation of

the VR theory to the relativistic formulation of Rajagopal and Callaway®.
In that formulation the Fermion current is given by

34 = BEPH)

where 1 (7) is a four-component Dirac spinor, and does not depend on the
vector potential. Similarly, the current-field interaction does not contain
the cumbersome A? term that was so problematic in the nonrelativistic
formulation. However, the price paid for this simplification is that one
must now work with four-component spinors, i.e., electrons and positrons
on equal footing. When the nonrelativistic limit is taken and the Dirac
spinors are folded back into two-component Pauli spinors (for example,
by application of the Foldy-Wouthuysen transformation) the A% term will
reappear, and the relativistic current will go over to the nonrelativistic
one. It is then clear, by the arguments given in the introduction, that the
minimization of the energy functional will have to be with respect to jp.
Thus, if the nonrelativistic limit is taken correctly the final Schroedinger
type equation and the form of E,. must reduce to the VR form. This limit
has not been explicitly verified to date.

At the time of writing there is no application of the C DFT to physical
systems to be reported. However, a number of theoretical questions have
already been addressed within the frame of CDFT. A particularly inter-
esting question is the following. It is known that the quasiparticle Fermi
surface in an inhomogeneous many-body systems, differs, in general, from
the Fermi surface associated with the Kohn-Sham eigenvalues?t. It is also
known, however, that, in the presence of a small magnetic field the ground
state energy of a crystal exhibit dHvA oscillations whose periodicity (in
1/B) is determined by the cross sectional area of the guasiparticle Fermi
surface in a plane normal to the field?!. Since CDFT is an exact the-
ory of the ground state energy, it appears that, at least in principle, one
should be able to extract the correct shape of the quasiparticle Fermi sur-
face without having to resort to the many-body self-energy. This question
has recently been posed by Serene?®. He argues that the eigenvalue sum in
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the VR expression for the ground-state energy oscillates with periodicity
dictated by the Kohn-Sham Fermi surface, and therefore, the oscillatory
part of E,, must be equal to the difference between the quasiparticle and
the Kohn-Sham oscillations. Thus, in principle, all the information about
the true quasiparticle Fermi surface is contained in E;.. Unfortunately, it
appears that this information is well concealed, because a simple local den-
sity approximation is not sufficient to extract it. This is consistent with our
observation in Section 6, that the LD A form of E,. does have dHv A oscil-
lations, but they are expected to be of higher order in B. The conclusion is
that the important information about the quasiparticle Fermi surface must
be hidden in the non-local parts of the E,. functional. Experience with or-
dinary DFT shows that such nonlocal contributions are usually extremely
difficult to approximate.

We briefly mention two more recent developments of CDFT. Oliveira,
Gross, and Kohn?® have developed a density-functional theory for super-
conductors which is to the Bogoliubov-de Gennes theory?” of inhomoge-
neous superconductivity what the Kohn-Sham theory is to the Hartree
theory. Using the VR formalism, the authors have been able to incorpo-
rate a magnetic field in their formalism. This generalization should prove
useful in the study of magnetic penetration phenomena in superconductors.

Very recently, T.K. Ng?® has studied the time-dependent generalization
of CDFT for electronic systems in weak electromagnetic fields. He finds
that in the dynamic situation and in the linear response regime, a gauge-
invariant theory can be formulated in terms of f . The structure of his
LDA E,. functional in the weak field regime is, however, different from
the V R one, because he works in the limit w > 0,¢ = 0, whereas VR work
in the limit ¢ > 0,w = 0.

In conclusion, the self-consistent CDFT for magnetic systems appears
now to be on firm theoretical grounds. An open challenge is to develop
useful approximate forms for E,. based on many-body calculations of the
correlation energy. Explicit calculations of the properties of physical sys-
tems are also needed to establish the power and limitations of this new
method.
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1. INTRODUCTION

Density functional theory for stationary states or ensembles is a for-
mulation of many-body theory in terms of the particle density, p(r).
Based on the work of Hohenberg and Kohn! (HK) and Kohn and
Sham? (KS), it is now a mature subject which has had many success-
ful applications. In retrospect, the stationary Thomas-Fermi theory3+4
and the Hartree® and Hartree-Fock-Slater® equations can be viewed as
approximations of density functional theory.

Time-dependent density functional theory as a complete formalism”
is of more recent origin, although a time-dependent version of Thomas-
Fermi theory was proposed as early as 1933 by Bloch.? The time-
dependent Thomas-Fermi model provides good first estimates for a
variety of physical processes such as atomic® 1! and nuclear!?13 col-
lisions, nuclear giant resonances,4~18 atomic photoabsorption,17-19
and plasmons in inhomogeneous media.20—25 The time-dependent
Hartree and Hartree-Fock equations?® have been used extensively for
more quantitative studies of nuclear dynamics?”:28 and atomic29—32
as well as molecular33 collision processes. However these methods ne-
glect correlation effects. Inclusion of such effects would require the
time-dependent analog of the stationary KS equations.

The first, and rather successful, steps towards a time-dependent KS
theory were taken by Peuckert3* and by Zangwill and Soven.3® These
authors treated the linear density response of rare-gas atoms to a
time-dependent external potential as the response of non-interacting
electrons to an effective time-dependent potential. In analogy to sta-
tionary KS theory, this effective potential was assumed to contain an

exchange-correlation part, vz.(rt), in addition to the time-dependent
external and Hartree terms:

/
oy (rt) = v(rt)+f %ﬁ—:_)q d37' vz (rt).
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Peuckert suggested an iterative scheme for the calculation of vy,
while Zangwill and Soven adopted the functional form of the static

exchange-correlation potential,

8 Ezc[p(r't)]
vzc(rt) = ch,;'t s

where Ez.[p] is the exchange-correlation energy functional of ordinary
density functional theory. For this functional, Zangwill and Soven em-

ployed the local density approximation,
Ezelo(r't)] = [exc(p(r't))p(x't)d?r,

where €z¢(p) is the exchange-correlation energy per particle of a static
uniform electron gas of density p. The static approximation is obvi-
ously valid only if the time-dependence of p(rt) is sufficiently slow. In
practice, however, it gave quite good results even for the case of rather
rapid time-dependence.

Significant steps towards a rigorous foundation of time-dependent
density functional theory were taken by Deb and Ghosh36—3? and by
Bartolotti%?—43 who formulated and explored Hohenberg-Kohn and
Kohn-Sham type theorems for the time-dependent density. Each of
these derivations, however, was restricted to a rather narrow set of
allowable time-dependent potentials (to potentials periodic in time
in the theorems of Deb and Ghosh, and to adiabatic processes in the
work of Bartolotti).

Finally, a general formulation covering essentially all time-dependent
potentials of interest was given by Runge and Gross.” A novel fea-
ture of this formalism, not present in ground-state density functional
theory, is the dependence of the respective density functionals on the
initial (many-particle) state ¥(tg). A detailed description of the time-

dependent density-functional formalism will be presented in section
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2. The central result is a set of time-dependent KS equations which
are structurally similar to the time-dependent Hartree equations but
include (in principle exactly) all many-body correlations through a

local time-dependent exchange correlation potential.

To date, most applications of the formalism fall in the regime of lin-
ear response. In section 3, we shall describe the linear-response limit
of time-dependent density functional theory along with applications

to the photo-response of atoms, molecules and metallic surfaces.

Beyond the regime of linear response, the description of atomic and
nuclear collision processes appears to be a promising field of applica-
tion where the time-dependent KS scheme could serve as an econom-
ical alternative to time-dependent configuration-interaction calcula-
tions.44~49 So far, only a simplified version of the time-dependent KS
scheme has been implemented in this context.50-53

Another possible application beyond the regime of linear response
is the calculation of atomic multiphoton ionization which, in the case
of hydrogen, has recently been found®4:5% to exhibit chaotic behaviour.
A full-scale numerical solution of the time-dependent Schrédinger
equation for a hydrogen atom placed in strong time-dependent elec-
tric fields has recently been reported.’® A time-dependent Hartree-
Fock calculation has been achieved for the multiphoton ijonization
of helium.57 For heavier atoms an analogous solution of the time-
dependent Kohn-Sham equations offers itself as a promising applica-
tion of time-dependent density functional theory.

2. FORMAL FRAMEWORK

2.1. One-to-one mapping between time-dependent potentials
and time-dependent densities

Density functional theory is based on the existence of an exact

mapping between densities and external potentials. In the ground-



Time-Dependent Density-Funtional Theory 259

state formalism,! the existence proof relies on the Rayleigh-Ritz min-
imum principle for the energy. Straightforward extension to the time-
dependent domain is not possible since a minimum principle is not
available in this case. The proof given by Runge and Gross’ for time-

dependent systems is based directly on the Schrodinger equation*
i 2u(t) = A)L(). (1)

We shall investigate the densities p(rt) of electronic systems evolving

from a fixed initial (many-particle) state
¥(to) = Yo (2)
under the influence of different external potentials of the form

V(t) = Cpup Jd3r §F(x)v(xt)do(r). (3)

In the following discussion, the initial time ¢; is assumed to be finite
and the potentials are required to be expandable in a Taylor series

about tg:

w(rt) = 55520 J vj()(t — to). (4)

No further assumptions concerning the size of the radius of conver-
gence are made. It is sufficient that the radius of convergence is
greater than zero. The initial state ¥g is not required to be the
ground state or some other eigenstate of the initial potential v(rty) =
vg(r). This means that the case of sudden switching is included in
the formalism. On the other hand, potentials that are switched-

on adiabatically from ¢y = —oo are excluded by the condition (4).

* Atomic units are used throughout.
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Besides an external potential of the form (3), the Hamiltonian in
Eq. (1) contains the kinetic energy of the electrons and their mutual

Coulomb repulsion:

Ht)=T+0+V(t) (5)
with

=%, fdr 3@ B dor) (6)
and

U =40 ([ & $3@F @) o $: W) ()
The number of electrons, N, is fixed.

We shall demonstrate in the following that the densities p(rt)
and p/(rt) evolving from a common initial state ¥g under the influ-
ence of two potentials v(rt) and v/(rt) are always different provided
that the potentials differ by more than a purely time-dependent (r-
independent) function:t

v(rt) # v/(xt) +c(t). (8)

Since both potentials can be expanded in a Taylor series and since they
differ by more than a time-dependent function, some of the expansion
coefficients v;(r) and v;‘ (r) (cf. Eq. (4)) must differ by more than

If v and o differ by a purely time-dependent function, the resulting
wave functions ¥(t) and ¥/(t) differ by a purely time-dependent phase
factor and, consequently, the resulting densities p and p’ are identical.
This trivial case is excluded by the condition (8), in analogy to the

ground-state formalism where the potentials are required to differ by
more than a constant.
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a constant. Hence there exists some smallest integer £>0 such that

v (r)—l (r) = a%kF [v(rt)—v'(vt)]sz, # const. ()
From this inequality we shall deduce in a first step that the current
densities j(rt) and j/(rt) corresponding to v(rt) and v'(rt) are differ-
ent. In a second step it will be demonstrated that the densities p(rt)
and p/(rt) are different.

Since we consider, by construction, only states ¥(t) and W¥/(t) that
evolve from the same initial state ¥, the current densities j and j’

as well as the densities p and p' are identical at the initial time tg:

i(rto) =i'(rto) = < Woli(r)|¥o > = jo(r), (10)
p(rtg) = p'(rto) = < Wol|p(r)|¥o > = po(r). (11)
j(r) denotes the paramagnetic current-density operator
§0) = —§ T A9 @IVe () -[V D)o (x)}, (12)
and j(r) is the usual density operator

plx) = o9d ()0 (r). (13)

The time evolution of the current densities j and j’ is most easily com-

pared by means of the equations of motion
ity = —i <)), AL > (14)

FiE) = ~i <VEISE), ANV > . (15)
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Taking the difference of these two equations at the initial time ¢ one
finds

2 1i(rt) =3 (xt) =t = —i <Woli(r), (A (to)— A (t0))]| %o >
= —po(r) V (v(rto) —v'(rto)). (16)

If the potentials v(rt) and v'(rt) differ at t = ¢ (i.e., if Eq. (9) is satis-
fied for k = 0) then the right-hand side of Eq. (16) cannot vanish iden-
tically. Consequently j(rt) and j’(rt) will become different infinitesi-
mally later than ¢y. If the minimum integer k for which Eq. (9) holds
is greater than zero, one has to evaluate the (k+1)th time-derivative of
jand j’ at tg. To this end, the quantum mechanical equation of motion

& <vmIdRNE > = < vOIFOO-(00), ADIvE) >

is applied (k + 1) times; the first time with O;(t) = j(r), the second
time with Og(t) = —i[j(r), H(t)], etc. After some straightforward al-
gebra one obtains

k+1

O T )3 (1)t

= —po(®) V{ Ly lo(rt)~v/(et)emo} # O, (7

where the last inequality follows from (9). Again the inequality (17)
implies that j(rt) and j'(rt) will become different infinitesimally later
than tg. This completes the proof for the current densities.

In order to prove that the densities p(rt) and p'(rt) are different,
one employs the continuity equation:

£ 1o(et)—4'(xt)] = 9 -{i(et)-3'(x)) (18)
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Evaluating the (k+1) th time-derivative of Eq. (18) at the initial time
tg, one finds by insertion of Eq. (17)

B3 lolet) = ()]emto = Vlpo(s) Vu(x)] (19)
where
wi(r) = ai:,;[v(rt)—v’(rt)]t=¢o=vk(r)—v;c(r). (20)

It remains to be shown that the right-hand side of Eq. (19) cannot
vanish identically if the condition (9), wi(r) # const, is satisfied. The
proof is by reductio ad absurdum: Assume that the right-hand side of
Eq. (19) vanishes and consider the integral

Jd3r po(r) [V (r))? (21)

which, by means of Green’s theorem, can be written as

= —[ &% wy(r)V-[po(r) Vg (r)] + §dS-(po(r)wi (r) Vg (r)).(22)

As long as one deals with realistic, i.e. experimentally realizable po-
tentials v(rt), the surface integral in (22) vanishes: Experimentally
realizable potentials are always produced by real (this means, in par-

ticular, normalizable) external charge densities p,¢(rt) so that, in the
Coulomb gauge,

o(rt) = fd3r'£’|=;ﬂ—_('r#,‘ll. (23)

A Taylor expansion of this equation about ¢t = ty demonstrates that

the expansion coefficients vi(r), and hence the functions wy(r), fall
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off at least as 1/r asymptotically so that the surface integral vanishes.
(For more general potentials see remark (iii) below.) The first term
of (22), on the other hand, is zero by assumption. Thus the complete
integral (21) vanishes and, since the integrand is nonnegative, one con-

cludes
po(r)[Vw(r)}2 =0

in contradiction to wi(r) # const.* This completes the proof of the
theorem. A few remarks are in order at this point:

i) By virtue of the 1-1 correspondence established above (for a
given ¥g), the time-dependent density determines the external po-
tential uniquely up to within an additive purely time-dependent func-
tion. The potential, on the other hand, uniquely determines the time-
dependent wave function, which can therefore be considered as a func-

tional of the time-dependent density,
¥(t) = ¥p](), (24)

where ¥[p] is unique up to within a purely time-dependent phase fac-
tor. As a consequence, the expectation value of any quantum mechani-

cal operator Q(t) is a unique functional of the density,
Q(t) = < ¥[o](1)IQM)|¥[ol(t) > = Qlo](2); (25)

the ambiguity in the phase of ¥[p] cancels out. As a particular ex-
ample, the right-hand side of Eq. (14) can be considered as a density

It is assumed here that po(r) does not vanish on a set of positive
measure. (Otherwise no contradiction is reached since pg(r) could be
zero in exactly those regions of space where wy(r) # const.) Densi-
ties that vanish on a set of positive measure correspond to potentials
having infinite barriers. Such potentials have to be excluded from the
ordinary ground-state theory as well (see, e.g., Ref. 58).
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functional which depends parametrically on r and ¢:

Plol(rt) = —i < ¥p)()I(r), A@)]I¥[p](t) > . (26)

This implies that the time-dependent particle and current densities
can always be calculated (in principle exactly) from a set of “hydrody-

namical” equations:

Folxt) = —V-i(rt)
(27)
£i(xt) = Plo](rt).

In practice, the functional P[] is of course only approximately known.

ii) In addition to their dependence on the density, the functionals
Q[p], defined by Eq. (25), implicitly depend on the initial state ¥g.
No such state dependence exists in the ground state formalism. Of

course one would prefer to have functionals of the density alone rather
than functionals of p(rt) and ¥q. It should be noted, however, that for
a large class of systems, namely those where ¥ is a non-degenerate

gound state, Q[p] is indeed a functional of the density alone. This is

because any non-degenerate ground state ¥g is a unique functional of
its density po(r) by virtue of the traditional HK theorem.! One has to
emphasize that this class of systems also contains all cases of sudden
switching where Wy is a ground state, but not the ground state of the
initial potential v(rtg).t

iii) It is essential for the proof of the 1-1 correspondence that the
surface integral in (22) vanishes. As long as one considers only realis-

tic physical potentials of the form (23), a vanishing surface integral is

Whether an exclusive dependence on the density alone can be demon-

strated for an even larger class of systems is an open question at
present,
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guaranteed. However, if one allows more general potentials, the sur-
face integral does not necessarily vanish. Consider a given initial state
¥, that leads to a certain asymptotic form of pg(r). Then one can
always find potentials which increase sufficiently steeply in the asymp-
totic region such that the surface integral does not vanish. For such
cases, the right-hand side of Eq. (19) can be zero, as was demonstrated
by Xu and Rajagopal®® (see also Dhara and Goshﬁo) with the explicit
examples

po(r) = Ae™>T [(Ar)2, wi(r) = Be, A)X>0 (28)

and
po(r) = const, wi(r) satisfying V2wi(r) =0. (29)

If one intends to include potentials other than those given by Eq. (23),
an additional condition must be imposed to ensure that the surface
integral in (22) vanishes. For a given initial state ¥g, the allowable po-
tentials must satisfy the condition*

lim_ {r?po(r)v;(r)Vu;(r)} =0 (30)

for all coefficients v;(r) of the Taylor expansion (4). Thus, the density
functionals Q[p] given by Eq. (25) not only depend explicitly on the
initial state Wg; the latter also determines the set of allowable poten-
tials and hence the domain of densities for which the functionals Q[p]
are defined. One has to emphasize, however, that the cases excluded
by the additional condition (30) are largely unphysical. The examples

The condition pgw; Vwg—0, given by Dhara and Ghosh®? for r—o0,
is not sufficient to ensure a vanishing surface integral since it does not
account for the fact that the spherical surface increment dS increases
proportional to r2.
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(28) and (29) of Xu and Rajagopal, for instance, lead to an infinitet
potential energy [ p(rt)v(rt)dar per particle in the vicinity of ¢t = ¢g.
It would be desirable to prove the 1-1 correspondence under a physical
condition, such as the requirement of a finite potential energy per par-
ticle, rather than under the more restrictive mathematical condition
(30). Whether such a proof can be constructed is currently an open

question.

2.2. Variational principle

The solution of the time-dependent Schrédinger equation (1) with
initial condition (2) corresponds to a stationary point of the quantum

mechanical action integral
A= [la < v@lig - AOYE) > . (31)

Since there is a 1-1 mapping between time-dependent wave functions,
¥(t), and time-dependent densities, p(rt), the corresponding density

functional
t R "

Alpl = [ dt < ‘I’[P](t)lt;% — H(t)|¥pj(t) > (32)
must have a stationary point at the correct time-dependent density
(corresponding to the Hamiltonian H(t) and the initial state W).
Thus the correct density can be obtained by solving the Euler equation

=0 (33)

with appropriate boundary conditions. The functional A[p] can be

Note that a function satisfying V2w (r) = 0 for all r cannot vanish
asymptotically (except in the trivial case wi(r) = 0), nor can it ap-
proach a constant asymptotic value (except in the case wi(r) = const).
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written as
Alp] = Blp] - [3} dt[d®r p(rt)v(rt) (34)
with a universal (¥o-dependent) functional B|p|, formally defined as

Blp| = [ dt < Wlpl(t)i§; ~ T~ 0|%(o)(t) > . (35)

2.3. Time-dependent Kohn-Sham scheme

A particularly important application of the stationary action prin-
ciple described in the last section is the derivation of a time-dependent
KS scheme. To this end we first consider a system of non-interacting
fermions subject to an external potential v(rt). The exact many-
particle wave function is then a time-dependent Slater determinant
&(t) which, by virtue of the Runge-Gross theorem, is a functional,
®[p|(t), of the time-dependent density. (Note that the argument of
section 2.1 holds true for any particle-particle interaction U, in par-
ticular also for U = 0. The functionals P[p], B[p], etc., however de-
pend on the particular U considered.) The action functional for non-

interacting particles then has the form

Aslp] = Bslp] — [ dtfd3r p(rt)v(rt) (36)
where
Bylp] = [3} dt < ®[p|(®)i§—T|®[o](t) > . (37)

According to the variational principle of section 2.2, the exact density
can be obtained by solving the Euler equation
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6A; Pl A _ 633 p _
m}[fjl =0= m’lﬂl v(rt). (38)

Next we assumet that a single-particle potential vs(rt) exists such that

the interacting density is identical with the density
plxt) = Taly lea(rt)” (39)
of the non-interacting system described by the Schrédinger equation
i on(rt) = (-G +va(rt))on(xe). (40)

If such a potential exists it must be unique (by virtue of the Runge-
Gross theorem) and, in view of Eq. (38), it can be represented as

6Bg
vs(rt) = 5—5(,% | ¢(xt)=p(re), (41)

where the functional derivative of B; has to be evaluated at the exact
interacting (= non-interacting) density p(rt).

To determine the potential vs(rt) more explicitly one employs the
variational principle for the interacting system. First one rewrites the

total action functional (34) as

Alp] = Bs[p] - [} dtfd®r p(rt)v(rt)

'
—%fﬁ; dtfd3r [d3¢' p(rt)p(r't) —Azclp], (42)

Ir—r|

where the “exchange-correlation” part of the action functional is for-
mally defined as

This assumption is analogous to the familiar assumption of simulta-
neous interacting and non-interacting v-representability made in the
ground-state formalism.
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t)p(r't
Azc[p] = Bslp] — %f:(‘) dt[d3r [d3+' ﬂ(lr?)_ﬁg-;-l—)- — Bjp]. (43)

Inserting (42) in the variational equation (33) one finds

6Bslp
Sp(rt

—(v(rt)+ [d3+ ”(r t)| +65";’(’;£‘;]] =0. (44)

Since this equation is solved only by the exact interacting density

one obtains, by comparison with Eq. (41), the explicit representation

8Azc
7 (rg’)’] : (45)

vy(rt) = rt)+fd3' p(r t) +

r|
Egs. (39), (40) and (45) constitute the time-dependent KS scheme.
Compared to the time-dependent Hartree-fock method, this scheme
has two advantages:

a) The time-dependent effective potential v,(rt) is local (i.e. a mul-

tiplication operator in real space).
b) Correlation effects are included.

Explicit approximations for the time-dependent exchange-correlation
potential

vao(rt) = 66'23;;’ (46)

will be discussed in section 3.2 in the context of linear response theory.

The density functionals P[p], B[p|, Azc[p], etc, are well-defined
only for “v-representable” densities, i.e., for densities that come from
some time-dependent potential satisfying Eqs. (4) and (30). Since
the restriction to v-representable densities is difficult to implement in
the basic variational principle of section 2.2, a Levy-Lieb-type38:61:62
extension of the respective functionals to arbitrary (non-negative, nor-

malizable) functions p(rt) appears desirable. Two different proposals
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of this type have been put forward so far.83:64

Besides these mathematical generalizations, a number of exten-
sions of the time-dependent density-functional formalism to physically
different situations have been developed. Those include spin-polarized

6

systems,%5 multicomponent systems,® time-dependent ensembles,87:68

and external vector potentials.54:69

3. FREQUENCY-DEPENDENT LINEAR RESPONSE

3.1. Selfconsistent equations for the linear density response

In this section we shall consider the ground-state response of elec-
tronic systems. In that case, the initial density po(r) resulting from
the potential vg(r) can be calculated from the ordinary (ground-state)
KS scheme:

(- F-+uo@)+S Bl o ool ()6 ) = ) 1)

20(t) = Sioe o ()12 (48)

At t = tg a time-dependent perturbation v(rt) is switched on, i.e. the

total external potential is given by

_ Jvolr for t<tp
v(rt) = {vogrg +vy(rt) for t > tg. (49)

Our goal is to calculate the linear density response p;(rt) which is

conventionally expressed in terms of the full response function x as
p1(rt) = fd3r"o]'°° dt'x(rt, r't' vy (r't'). (50)

Since the time-dependent KS equations (39), (40), (45) provide a for-

mally exact way of calculating the time-dependent density, the exact
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linear density response of the interacting system can alternatively be

calculated as the density response of the non-interacting KS system:
pi(rt) = [d3¢'y, [Pdt!x g s(rt, ') (x't)). (51)

vsl) (rt) is the time-dependent KS potential (45), calculated to first
order in the perturbing potential. It can be written in the form

oY) (rt) = vy(rt) + [+ pu(rt)

r— |

+[ a3 [t fze(xt, 't py (r't). (52)

fzc denotes the exchange-correlation response kernel which is formally
defined as the functional derivative of the time-dependent exchange-
correlation potential (46),

fze(rt, r't’) = %%(ZLIE(I!)!ll P = po, (53)
evaluated at the initial ground-state density pg(r).

Egs. (51) and (52) constitute the KS equations for the linear den-
sity response. Given some approximation for the exchange-correlation
kernel fz., these equations provide a selfconsistent scheme to calculate
the density response p; (rt).

The response function xxg is relatively easy to calculate33:70 (as
opposed to the full response function x). In terms of the stationary
KS orbitals of Eq. (47), the Fourier transform of x g g(rt,r't’) with re-
spect to (t—t') is given by

o0 ) (1) ()0 (')
w— (6 —€g) +16

XKS (r, r’;w) = Zlc,j(fk—fj) (54)

where f; and f;j are Fermi occupation factors. The summations in
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(54) run over all KS orbitals (including the continuum states).

For the purpose of constructing approximations to the exchange-
correlation kernel fzc, it is useful to express this quantity in terms of
the full response function x. A formally exact representation of fz is
readily obtained by solving Eq. (50) for v; and inserting the result in
(52). Eq. (51) then yields

fze(rt, ') = x5 (rt,r't’)—x‘l(rt,r’t’)—s—lf_i:—rt,’l)-. (55)
By virtue of the Runge-Gross theorem, two potentials

v(rt) = vo(r)+vy(rt) and o'(rt) = vo(r)+vi(rt)
always lead to different densities p(rt) and p(rt) provided that v, (rt)#

v](rt) + ¢(t). This statement does not automatically imply that the
linear density responses pi(rt) and p(rt) produced by v;(rt) and

v] (rt) are different; the difference between p(rt) and p'(rt) might show
up only in higher perturbative orders. However, since the right-hand
side of Eq. (19) is manifestly of first order in the perturbation, py(rt)
and p}(rt) must in fact be different. Therefore the time-dependent
KS scheme for the linear density response (Eqs. (51) and (52)) is

well-defined and the inverse response operators x 1

and x;&g in Eq.
(55) must exist’! on the set of v-representable densities that corre-
spond to the set of external potentials specified in Sec. 2.1. On
a larger set of potentials, the response functions x and xgg are

not necessarily invertible. In particular, the frequency-dependent re-

sponse operators x(r,r’;w) and xxg(r,r’;w) cannot always be in-
verted since they determine, by definition, the linear density response

to adiabatically switched monochromatic perturbations,

v1(rt) = vy(rw) e @t M| _co<t<oo,
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which are not covered by the Runge-Gross theorem (due to the condi-
tion (4)). As a matter of fact, it has been demonstrated’»’S that the
response function x(r,r’;w) of suitably constructed non-interacting
systems can have eigenvectors with vanishing eigenvalues at isolated
frequencies wg. Consequently the adiabatic density response vanishes
at these frequencies and x(r,r’;wp) is not invertible.

We conclude this section with a discussion of the homogeneous elec-
tron gas, perturbed by an adiabatically switched potential consisting
of a single Fourier component in (qw)-space:

vy (rt) = aT-wy, (qu) e, —oco<t<co.

Again the Runge-Gross theorem is not applicable in this case.
However, for this particular system the exchange-correlation kernel
can be constructed in explicit terms: The linear density response
p1(qw) resulting from the perturbation v;(qw) is determined by the
full response function xh""‘(qw) of the homogeneous electron gas,

p1(qw) = xP™(qw)vy (qw). (56)
Defining
hom 1 1

QR

(qw) = Xolaw) ~ Yom(ga) (57)

with xo being the Lindhard function, one finds by insertion in (56):
p1(aw) = xo(gw){va(aw) + T p1(aw) + £ (qw)er(aw)}.  (58)

Comparison of Eq. (58) with Egs. (51)-(52) shows that the Fourier

transform fA9™(r — r/,t — t') of fA°™(qw) is indeed the exchange-
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correlation kernel of the homogeneous electron gas. fggm(qw) is
closely related to the so-called local field correction G(gqw) of the ho-

mogeneous electron gas:
2™ (qw) = — G(qw)- (59)

Using well-known features of the electron gas response functions, fs hom

can be shown to have the following exact properties:

1. As a consequence of the compressibility sum rule one finds™

lim fhem(g,w=0) = j(pezc(p)) = folo), (60)

where €z¢(p) denotes the exchange-correlation energy per particle of

the homogeneous electron gas.
2. The third-frequency-moment sum rule leads to’>

Jim fhem(g,w=00)
_ _3,,2/35_(6_’%%1) + epl/sg;(%%’l) = foolp). (61)

76,77

3. According to the best estimates of €zc(p), the following relation

holds for all densities

folp) < foo(p) < O. (62)

4. In the static limit (w = 0), the short-wavelength behavior is given
by78
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hm fh"m(q,w=0) = —%’2':(1 - ¢(0)), (63)
where g(r) denotes the pair correlation function.
5. For frequencies w#0, the short-wavelength behavior is”®
Jim_ fhem(g,w#0) = —3-2(1—9(0). (64)

6. fos hom (qw) is a complex-valued function satisfying the symmetry re-
lations

Re fiom(q,w) = Re f2e™(q, —w) (65)
Im fx°"'(q, w)=-Im fz"m(q, —w). (66)

7. fhom (qw) is an analytic function of w in the upper half of the com-
plex w-plane and approaches a real function foo(g) for w—00.80 There-

fore, the function f29™ (qw)— foo (g) satisfies standard Kramers-Kronig
relations:

Re £ (qu) — faolg) = P, de! Im Iz (aw') (67)

w-w

Im fi&gm(qw) = —Pf°° dw' Re fh""ﬂqw') - foo(‘I)

—o0 W w —w

(68)

8. The imaginary part of fz; hom exhibits the high-frequency behavior
. h —_ [

wll{%oImfzgm(q’ w) = ;m (69)

for any ¢ < 00.81 A second-order perturbation expansion®:82 of the
irreducible polarization propagator leads to the high-density limit
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¢ = 23r/15. (70)

9. In the same limit, the real part of f,’,‘é’”‘ behaves like83

hom

R _ [
S Be fz2™(0,0) = foold) + —5- (71)

Since ¢ > 0, the infinite-frequency value fo, is approached from above.
This implies, in view of the relation (62), that Re fA9™(g = 0,w) can-
not grow monotonically from fg to feo.

The above features of f3°™ are valid for a three-dimensional elec-

tron gas. Analogous results have been obtained for the two-dimensional
case,81,84,85

3.2. Approximations for the exchange-correlation kernel

The time-dependent density-functional formalism described in sec-
tion 2 can be shown®! to reduce to the traditional HKS formalism for
the class of static initial value problems in which the potential is time-
independent, v(rt) = v(r), and where the initial state ¥ is the ground
state of v(r). In particular, the functional Az.[p] reduces to the usual

exchange-correlation energy if ground-state densities are inserted for
p(rt):

Azc|p] = (t1—t0)-Ezc[p] for all ground —state densities 5(r). (72)
This has an immediate consequence for possible approximations to

the functional Az[p]: If an approximate expression for Az[p] both
satisfies (72) and is local in time, it must necessarily have the form

[Hdt Eq [p]lp=p(rt). (73)
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Of particular interest is the adiabatic local density approximation

AfEPAY] = [patfdr [pep)l], (74)

=p(rt)
which is local in time and space. By Egs. (46) and (53), the exchange-
correlation kernel corresponding to (74) takes the form

2
FARPA (et Pt) = 8(t~1)6(r—2) Syloeac(oll| _ (75)

y
Obviously, the static exchange-correlation energy can be expected to
be a good approximation only for very slow time-dependent processes,
i.e., one implicitly invokes an adiabatic approximation. This is also
reflected in the fact that (75) is identical with the zero-frequency limit
(60) of the homogeneous exchange-correlation kernel:

FAEPA (r,x';w) = 8(r—1') f2o™(¢=0,w=0; p) (76)

p=po(r) )

Going beyond the adiabatic local density approximation, Gross and
Kohn33 have proposed an approximation for the exchange-correlation
kernel which explicitly incorporates the frequency dependence. With

respect to spatial coordinates, a local approximation as in (76) is em-
ployed:

TEPA(e ) = 8(r — ¥ fhem(g=0,wip)| _ (77)

po(r)’
The frequency-dependence of Im f;‘gm(q = 0,w) is approximated by

a Padé-like interpolation between the high- and the low-frequency lim-
its:

Imlema=0,0) = Ay (78)
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where
a(p) = —¢(7/¢)%/3(foo ()~ fol0))®/®

b(p) = (7/¢)*%(foo(p)—Jo(0))*/?

_ [T(1/4))2
7= a2

Jo, foo, and ¢ are given by Egs. (60), (61), and (70), respectively.
For the exchange-correlation energy ez¢(p) (which enters fy and foo),

77

the parametrization of Vosko, Wilk and Nusair'’ is employed. Using

the Kramers-Kronig relation (67), the real part can be expressed as

Re flom(q=0,w)

= foo + py/HEEQ/VD - Lnze, gy
Sl G by IS SR (79)

E and IT are complete elliptic integrals of the second and third kind in

the standard notation of Byrd and Friedman.36

Figs. 1 and 2 show the real and imaginary part of f;‘;”" as cal-
culated from (78) and (79). The functions are plotted for the two
density values corresponding to rs = 2 and r; = 4. For the lower den-
sity value (rs = 4), a considerable frequency-dependence is found. The
dependence on w becomes less pronounced for higher densities. In the
extreme high-density limit, the difference between fy and fo tends to

zero. One finds the exact result

foo—fo ~ r2 for r;—0. (80)
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Fig. 1. Real part of the parametrization for ffc"m(q=0, w)
(from Ref. 75).

fhwlo.u.)

hom
xc (a.u)

Im

Fig. 2. Imaginary part of the parametrization for
hom(g=0,w) (from Ref. 75).
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At the same time, the depth of the minimum of Im f;‘c""" decreases,
again proportional to rf .

We finally mention that an extension of the parametrization (78) to
nonvanishing q was given by Dabrowski.87 A similar interpolation for
the exchange-correlation kernel of the 2-dimensional electron gas has

been derived by Holas and Singwi.81

3.3. Applications

The time-dependent KS scheme defined by Egs. (51) and (52) has
been successfully applied to the photo-response of atoms33:88:89 and

90,91 metallic92-98

molecules, and semiconductor?® surfaces and, most
recently, of bulk semiconductors.100

In the present context, we restrict ourselves to sufficiently low ra-
diation frequencies such that the wavelength is much larger than the
atomic radius and that Compton scattering is negligible. In the case
of atoms, this condition is satisfied for photon energies below ~3 keV'.
Under these circumstances, the electric field across the atom can be as-
sumed to be constant.

The potential v(rt) associated with a monochromatic spatially

constant electric field in z-direction is given by
vy(rt) = E zcoswt. (81)

The induced density change, 8p(rt), is most conveniently character-

ized by a series of multipole moments. The induced dipole moment,
p(t) = —fz&p(rt)dsr, (82)

can be expanded as10!

p(t) = a(w)-Ecos wt+%ﬂ(0) : EE-{—%ﬂ(Zw) :EEcos2wt
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+%‘y(w) : EEEcos wt+%1(3w) : EEEcos 3wt, (83)

where the notation is meant to convey the tensorial character of the
quantities a, 8,v. The first coefficient, a, is termed the (dipole) po-
larizability; B and ~ denote the second-and third-order (dipole) hyper-
polarizabilities. For ordinary laboratory fields, the electric dipole mo-
ment is adequately described by the polarizability «. In the presence
of intense laser fields, hyperpolarisabilities up to 4 have to be taken
into account. Higher orders are negligible in present-day experiments.
For spherically symmetric states 3 is zero.

If one considers only the linear term in Eq. (83)), the Fourier com-
ponents py(rw) of the first-order density shift py(rt) can be treated
independently and the frequency-dependent polarizability is given by

a(w) = —4 [ zp1 (rw)d®r. (84)

By virtue of the Golden Rule, the photoabsorption cross section is
then proportional to the imaginary part of a(w):

o(w) = ¥ Ima(w). (85)

Zangwill and Soven3® have used the time-dependent KS scheme (51)-
(52) to calculate the linear density response of rare-gas atoms to a
perturbation of the form (81). For the exchange-correlation kernel
fzc they employed the adiabatic local density approximation (76).
The resulting photoabsorption cross section (as calculated from Eqgs.
(84) and (85)) turns out to be in rather good agreement with exper-
iment. As an example, we show in Fig. 3 the photoabsorption cross
section of the Xe atom in the vicinity of the 4d threshold. A few
general remarks are in order at this point:
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Fig. 3. Total photoabsorption cross section of the Xe atom versus
photon energy in the vicinity of the 4d threshold (from Ref. 35). Solid
line: selfconsistent time-dependent KS calculation; dash-dot line: self-
consistent time-dependent Hartree calculation (fzc = 0); dashed line:
independent particle result (Hartree and exchange-correlation kernels
neglected); crosses: experimental data from Ref. 102.

i)The calculations of Zangwill and Soven do not show the char-
acteristic autoionization resonances found in high-precision measure-
ments. This is due to the local density approximation employed for
the ground-state exchange-correlation potential in Eq. (47). Since
self-Coulomb and self-exchange energies do not properly cancel in the
local density approximation, the total selfconsistent potential in Eq.
(47) falls off exponentially rather than like -1/r. As a consequence,
the effective potential does not support the high-lying Rydberg states
essential for the description of autoionization resonances. In princi-
ple, the time-dependent KS scheme (51)-(52) should be capable of
describing such effects if a selfinteraction-corrected approximation for

the exchange-correlation potential is used. A different approach to the
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selfinteraction problem was proposed by Zangwill and Soven in a sec-
ond paper,89 where they introduced selfenergy corrections directly in
the response function x g g.

i) Within the original scheme of Zangwill and Soven, the onset of
continuous absorption for each atomic subshell is given by the corre-
sponding KS single-particle energy eigenvalue. This follows directly
from the fact that the response function xxg has poles at the KS
single-particle excitation energies (cf. Eq. (54)). Since the KS ex-
citation energies do not coincide with the exact atomic excitation
energies, the calculated absorption edges are typically several volts
below the observed thresholds. We emphasize that this result is due
to the approximation (76) used for fzc(r,r’;w). The exact function
fzc(r,r';w), formally defined as the Fourier transform of (55), has a

rather intricate structure which both removes the incorrect poles of

X ks and gives rise to poles at the correct quasi-particle excitation en-
ergies.

iii) It is of interest to estimate the overall importance of the exchange-
correlation kernel fz.. The dash-dot curve in Fig. 3 shows the result
obtained with f;. set equal to zero. Deviations from the full calcula-
tion (solid curve) are about 10%. Clearly the full calculation agrees
much better with the experimental values.

iv) Zangwill and Soven have employed the adiabatic local density
approximation (76), in which fz.(r,r';w) is replaced by fzc(r,r';w =
0). On the basis of the parametrization (78)-(79) of Gross and Kohn,33
the importance of the frequency dependence of the exchange-correlation
kernel has been estimated: In the frequency range relevant for atomic
photoabsorption, the w-dependent function f. is expected’ to differ
by at most 2-6% from its zero-frequency value employed in the calcula-
tion of Zangwill and Soven. Since the complete neglect of fz. leads to
deviations of only 10%, the effect of the frequency-dependence of fz.

can be estimated to be smaller than 1% in the photoabsorption cross
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section of atoms.

The scheme of Zangwill and Soven has also been applied to calcu-
lations of the photoabsorption of small molecules.2%:%! In particular, a
previously unexplained double-peak structure near 15 eV in the pho-

toemission cross section of acetylene could be described successfully.

The adiabatic exchange-correlation functional (74) has also been
employed in calculations of the third-order hyperpolarizabilities de-
fined in Eq. (83). The results obtained by Zangwilll®3 for rare-gas
atoms are in good agreement with experiment. According to Senatore
and Subbaswamy,104 however, a term was missing in Zangwill’s calcu-
lation. When they include this term, the agreement with experiment
is reduced considerably: The calculated third-order hyperpolarizabil-

ities of rare-gas atoms are too large typically by a factor of 2.

The response problem of surface electrons is to find the currents and
charge densities induced by perturbing electromagnetic fields, and to
calculate the resulting modifications of these fields.

The Hamiltonian governing the electronic dynamics is

A=Y, 301 Aq(r;, )2+ T4 (vo(r:) +o1(ri, 1))
F T ey (50

where vg(r) is the potential due to the ion cores and vy(r,t), Aq(r,t)
are the perturbing potentials in the transverse gauge (V-Aj = 0). The
primary objective is to find the first-order density and current changes,
p1(r,t) and j(r,t), caused by vy and A .

In most theoretical work, as well as in this section, the ionic po-
tential, vo(r), is replaced by the potential due to a uniform positive
charge background in a half-space, say z > 0. This is the so-called
jellium model for metal surfaces. In this model there are two intrinsic
microscopic length scales, the inverse Fermi wave-number, k;l, and
the Thomas-Fermi screening length (~ surface thickness), ;c;.;, In the
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present context, both lengths are typically of the order a~10~8 ¢cm.

In the most important applications the perturbing potentials vy
and A; vary on a length scale, ¢, which satisfies £ > a. Examples
are the scalar potential vy(r) due to an external charge at a distance
2>a, or the vector potential, A;(r,t), associated with a light wave of
wavelength A>>a. The corresponding ny and 3; vary on the scale of £
in the x-y plane but, because of the abrupt drop of the unperturbed
density at the surface (on the scale of a), they vary on the short
scale a in the z-direction. Formal arguments due to Feibelman103
have shown that, to leading order in a/¢, the effect of the surface
on the electromagnetic fields far from the surface (|z| > a) is entirely

characterized by two complex frequency-dependent lengths, d" (w) and
d 1 (w) .

Actually, for the jellium model dj(w)=0.* To define d, (w) we
Fourier analyze all physical quantities parallel to the surface, in the x-
y plane. For example, a Fourier component of the induced charge den-
sity becomes

pi(r,w) = py(z,w)elUT, (87)
where q = (¢z,4y,0) (and |q"|-a<1). Then d, (w) is given by
d) (W) = [zp1(z,w)dz/[p1(2,w)dz, (88)
i.e. it is the (complex) center of mass of the induced surface charge.

d) (w) is the generalization of the static image plane introduced by
Lang and Kohn.108

This d, (w) is then the object of quantitative calculations. They

This result has been obtained in the random phase approximation in
Ref. 105. It is easily established as a rigorous many-body result for
the jellium model (W. Kohn, unpublished).



Time-Dependent Density-Funtional Theory 287

require the density response, p;(z,w), to a uniform external electric
field perpendicular to the surface. The calculation was first carried
out in the random phase approximation (RPA), equivalent to time-
dependent Hartree theory, in which effects of exchange and correlation
are neglected in the self consistent perturbing potential (52). These
calculations led to very interesting results not present in classical
Maxwell theory, the surface photo effect, excitations of bulk and sur-
face plasmons, and hints of an additional surface-localized plasmon.
They help to explain experimental data on the photo-yield spectrum
of A£.107

Some recent calculations2~?8 have employed the time-dependent
response theory of Gross and Kohn, including exchange-correlation ef-
fects either within the adiabatic approximation (75) or the frequency-
dependent parametrization (78)-(79). They have confirmed the qual-
itative conclusions of the RPA calculations, with quantitative modifi-
cations generally of the order of 10%.

Finally we mention some recent formal work on the response prop-
erties of real crystal surfaces (not the jellium model).108 Here again
the response properties of the surface are characterized by complex
d-parameters having the dimension of a length. Quantitative calcula-

tions have been reported1%8 to be in progress.
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INTEGRAL FORMULATION OF DENSITY-FUNCTIONAL THEORY
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ABSTRACT

The Hohenberg-Kohn-Sham density-functional theory is
reformulated in terms of explicit relations between the electron
density and the effective potential through the use of Feynman
path integrals. 1In this formulation electron density is the
only basic variable as in the Thomas-Fermi theory and orbitals
are not needed. Possible applications to calculations in large
molecules and the present limitations of the method are
discussed.

1. ELECTRON DENSITY AS THE BASIC VARIABLE

In their seminal paper [1] Hohenberg and Kohn proved that
electron density alone can be used as the basic variable for
electronic structure problems. Their work not only provided the
theoretical foundation for the Thomas-Fermi theory and its
extensions [2,3], but also led to the Kohn-Sham formulation
[4], and to the great success of the density-functional theory
[5-12].

The Kohn-Sham formulation has been extensively applied to
molecular and solid systems [11,12]. In essence, the Kohn-Sham
method uses a set of auxiliary orbitals to determine the
noninteracting electron kinetic energy (which is the dominant
part of the exact kinetic energy), and includes the rest of the
energy functional in the Kohn-Sham effective potential. The
resultant working equations are a set of coupled single electron
equations, which are normally turned into algebraic eigenvalue
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problems through the use of basis functions [11,12]. Within the
Kohn-Sham method, electron density is parameterized in terms of
orbitals and not used directly as the basic variable. The
success of this method lies in the accuracy associated with
treating the dominant part of kinetic energy correctly.

However, the costs for this gain in accuracy are that one is
forced to deal with orbitals individually, and hence to have a
difficulty similar to the Hartree-Fock method when it comes to
calculations for large molecules.

The alternative method is to have the electron density
directly as the basic variable, originating from the Thomas-
Fermi model [2,3,6]. In the Thomas-Fermi method, the
noninteracting electron kinetic enery is approximated explicitly
as a functional of the electron density, leading to an equation
for the electron density. The idea is indeed wonderful: one
needs just a single equation for large systems with arbitrary
numbers of electrons. Unfortunately, the approximate kinetic
energy functional is still not accurate enough for this approach
to have much value in practical applications, despite countless
efforts. 1Inclusion of gradients of electron density in the
functional can make partial correction, as demonstrated in
recent studies [13-19]. There are other direct approaches which
use the full Weizsacker kinetic energy as the main ingredient in
place of the Thomas-Fermi kinetic energy [20-28]; the result is
an equation for the square root of the electron density [22,24-
28]. There is also a different approach to the problem by
constructing an approximate equation for the local effective
potential [29]. However, the accurate approximation of kinetic
energy as an explicit functional of the electron density remains
fo be one of the most intriguing and challenging problems in
density-functional theory.

Significant progress has been made recently in the direct
approach, not on the kinetic energy functional itself, but on
the explicit functional expression of electron density in terms
of the Kohn-Sham effective potential [30-34]. This is the
integral formulation of the Kohn-Sham theory, which is the focus
of the present paper.

The method to bypass orbitals has been known for a long
time: in a formal way via the use of the single-particle
Green's function [35]. Golden suggested the use of operator
product approximation for improving the Thomas-Fermi model
[{36]. The product approximation for the Green's function was
shown to give convergent and correct result for noninteracting
electrons in a linear potential by Handler and Wang [37] and in
a quadratic potential by Handler [30]. Handler also gave an
expression for the density matrix in terms of the local
potential in the product representation for the Green's function
via the inverse Laplace transform [30]. Starting with the path
integral representation of the Green's function, which is
essentially equivalent to the operator product representation,
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Harris and Pratt carried out the inverse Laplace transform
analytically and expressed the electron density as a
multidimensional integral within the framework of the many-
electron Hartree theory [31]. They also proposed the use of
such a relation as an integral equation for the local Hartree
potential. Building on these studies, Yang established the
relation between electron density and local potential in the
Kohn-Sham theory, thereby generalizing the work of Harris and
Pratt to include the effects of electron exchange and
correlation [32]. The possibility of this generalization was
also mentioned by Pratt, Hoffman and Harris [33]. Yang also
gave the spin-polarized version of the theory [32], and
constructed several forms of the functional relation between
density and potential based on different path integral
representations [34].

Unlike the gradient correction for the Thomas-Fermi theory,
which is a perturbative expansion [38-39], the integral
formulation of the Kohn-Sham theory is based on convergent
sequences of approximation for the Green's function from the
Feynman path integral approach [40,41]. Therefore, it uses
electron density as the basic variable in an explicit way with
accuracy that can be controlled and improved by the convergent
path integral representation of the Green's function.

2. THE INTEGRAL FORMULATION

According to Hohenberg-Kohn-Sham density functional theory,
the total electronic energy of a N-electron system is given by
the minimum of the functional

2 t e ¥ -)‘
Blp'] = T [p'] + § [ £X00PD) g2,
|[r-r+]

T2t . (1)
+ fv(r)p (r)dr + Exc[p ]
subject to the constraint of density normalization

[or(Frar = N, (2)

where Ts[p'] is the Kohn-Sham noninteracting kinetic energy,

v(;) is the external potential (the nuclear potential in
molecules), and Exc[p'] is the exohange-correlagion energy. The
Euler equation for the ground state density p(r) is
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8T_[p]
~_§T + Veff‘(;) = Uy (3)
Splr)

where p is the Lagrange multiplier for the normalization
constraint and vgee is the Kohn-Sham local potential

> > ~+l > GE [p]
v ff(r) = v(r) + e2f—§£§—l drt + ——59;—— . (1
€ [r-r| sp(r)

In principle, Eq. (3) is all that one needs to solve to
obtain the ground state density and energy. However, the exact
forms of Tglp] and E,[p] still evade us. Kohn and Sham [4]
solved the problem of Ts[p] indirectly, but exactly by
indroducing a set of single-electron orbitals satisfying the
equation

~ 2
> H 2 > >
Hwi(r) =[- - Vo o+ veff(r) ] by = eiwi(r), (5)
and giving the electron density

R N/2 .
plr) =2 1 v (m)]%, (6)
1=1

~

where the sum i1s over the N/2 lowest eigenstates of H .
Closed-shell structure is assumed here, but the generalization
to spin-polarized situation is straightforward.

The Kohn-Sham method replaces Eq. (3), a single equation
for density, with Eq. (5), eigenvalue problem for N/2 lowest
eigenstates. This is a trade of simplicity for accuracy.
However, it is the use of these N/2 orbitals that limits the
application of the Kohn-Sham mefhod to molecules with number of
electrons N of the the order 10°. In contrast to the Kohn-Sham
method, direct methods can be regarded as techniques which
compute (approximately) the total electron density without using
the N/2 orbitals as expressed in Eq. (6). The motivation for
such an approach is to bypass the computational efforf of
determining the N/2 orbitals, which is of the order N- in CPU
times. The Thomas-Fermi theory and its extensions are direct
approaches to Eq. (3), which approximate Tg[p], The integral
formulation is also a direct approach, but starting from the
Kohn-Sham orbitals, as described below.

The ground state electron density of Eq. (6) can be
expressed as the diagonal of the corresponding density matrix
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> > N/2 >, % 5 > S
plr, £') =2 1 My (r) = 2 <rnley - W) |r'>, (D)
i=1

where €p is the Fermi energy, the value of which lies between
the highest occupied and the lowest unoccupied orbital energies,
and n(x) is the unit step function. A well-known formula
relates this density matrix to the single-particle Green's
function [351]; namely,

N N Y + jiw
p(r, rt) =

1 1 bl
T dB—B— exp(SsF)G(r', r'; 8) (8)

where the Green's function is

G(F, P1; 8) = <Hlexp( - BH)|F'>, (9)

~

H is the effective single-particle Hamitonian of Eq. (5), and Y
is any positive constant. The integration on the complex-8
plane in Eq. (8) is the inverse Laplace transform. Eq. (8) has
been used in conjunction with a K-semiclassical expansion for
the Green's function to obtain the gradient expansion for the
kinetic energy functional [38-39]. The Feynman path integral
formulation for the Green's function is used here [40,41];
namely,

G(F, 715 8) = [ px(r) exp( - S[X(1)]), (10)
where the classical action is

S[X(1)] = 8 [} P (X0 + v (K1) Far, (1)

and the path integration is over all possible paths satisfying
the boundary conditions

X(0) = r',  %X(1) =71 . (12)

In the polygonal, or discrete path representation, the
electron paths are represented as piecewise straight lines; this
has been used to express the electron density in terms of the
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local potential, in simple model [30], in many electron Hartree
theory [31] and in the Kohn-Sham theory [32]. There are other
ways of carrying out the path integrations [40,41], leading to
corresponding representations of density in terms of potential
(341, Some may have better convergence property. The use of
Fourier path representation is described here [34]; it also has
been used in quantum dynamics and statistical mechanics (for
example, [42-441]).

In the Fourier path representation, all paths with boundary
condition Eq. (12) are expanded in terms of Fourier series
[40,42-44]

V. ! 2 sin{knt)

o
2
§p<r) N AL D P = E=1 C T A3

Integration over all such paths is carried out by integration
over all possible real values of the Fourier coefficients Zyeo
The kinetic energy part of the classical action can be written
explicitly in terms of Zy and the final form of the Green's
function is

p-1
Gp(;,;';ﬂ) = (——m§—§)3p/2fd§{-- d%p_1exp{- _EE__[ 2 |§k|2
2ThTB 2h°B k=1
o (= PP - Bf) vopelR (1)) arl, ()

This expression is an approximation to the exact one, Eq. (10),
because of the truncation of the Fourier series in Eq. (13).
The accuracy of Eq. (14) increases with increasing value of p.
In other words, Eq. (14) is known to be convergent with respect
to p [40,42-44],

Now, the Fourier path integral of Eq. (14) is inserted into
Eq. (8), leading to the corresponding density matrix

k
220y = 2fas. +eeqs  [P_13P/2 2
pp(Fur ") = 2faz, dzp‘1[2“1p] I3ps2 (Kol It (15)
where

2 4222 PN s 2

o= r-rr |+ ) |z, |7, (16)

p k

k=1
2 2m 1 >
= - 1

K v Cep [y Vorp (X (1)) drl. an

The diagonal part of Eq. (15) gives the electron density in
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terms of the effective potential
> > >
p (r) = pp(r, r) = pp[eF T Ve rl] . (18)

Eq. (15) is the central result of the integral formulation
of the Hohenberg-Kohn-Sham theory within the Fourier path
integral representation. Eq. (18) can be considered as solution
to the Euler equation (3) at p-level approximation. Since the
effective potential itself depends on the density, Eq. (18) has
to be solved self-consistently, with the Fermi energy ¢
determined by the normalization constraint. Although the
corresponding functional form of Tqlp] is still unknown, the
kinetic energy can be obtained by the used of Eq. (15) with Vere
given by the self-consistent density. There are several ways of
doing this [34].

At the lowest level of approximation, p=1, the electron
path of Eq. (13) is a straight line and there is no integration
in Eq. (15). Correspondingly, Eq. (18) becomes the local
Thomas-Fermi relation. In other words, Thomas-Fermi theory
neglects any detail of the electron dynamics.

3. SIGNIFICANCE AND PRESENT LIMITATIONS

The integral formulation provides successive, in principle
convergent approximations beyond the Thomas-Fermi theory, in
contrast to the conventional gradient expansion which is
divergent. It uses the electron density as the basic variable
in the same way as the Thomas-Fermi theory. Calculations for
noninteracting fermions in a one-dimensional harmonic potential
indicate fast convergence: quantum shell structure, which is
absent from the Thomas-Fermi theory, appear in the second-level
approximation and further improvement is achieved with the
third-level approximation [45]. For a Monte Carlo calculation
on a harmonic potential system see Ref 46.

With the formal and explicit relation of density and local
Kohn-sham effective potential established, one certainly would
like to explore its practical applications, in particular to
large systems where the solution of the Kohn-Sham equation is
prohibitive. This expectation arises from the fact that the
number of electrons only plays the role of normalization
constant for the density in the integral formulation.

When it comes to numerical implementation, however, Eq.
(15) present difficulty that has not been overcome so far;
namely, it is a multidimensional integral with oscillatory
integrand. If one uses numerical quadrature methods,
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calculations of electron density can be done for the
approximation at p=2, which should improve the Thomas-Fermi
model, but still can be of poor accuracy. The direct numerical
integrations would be very difficult (in terms of the
computation time requirement) to carry out for approximations
beyond p=2. At p=3, there are nine-dimensional integrals
involved. Another possible direction would be to use some type
of Monte Carlo methods. But the oscillatory integrand in Eq.
(15) makes it difficult to apply Monte Carlo methods, which
normally requires a positive integrand for it to be efficient.
Problems of this nature also occur in path integral approach to
quantum dynamics, where one needs to evaluate Eq. (14) for
complex values of B; there are some initial progress using Monte
Carlo method [47,48].

The integral formulation can also be considered as a method
of bypassing the Hamiltonian matrix construction and
diagonization associated with the conventional method of solving
eigenvalue problems in Kohn-Sham theory. This idea has also been
extended to the finite-temperature Kohn-Sham theory [49] and to
linear response problems [50].

The advance of the method now depends on the development of
efficient methods for doing the multidimensional integration
involved in Eq. (15). It is another challenging problem.
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1. INTRODUCTION

Development of the density functional theory (DFT) can be
viewed as a sequence of three distinct steps. First, in their
celebrated paper /1/ Hohenberg and Hohn have shown that the
electronic wavefunction of the ground state is entirely determined
by the corresponding density. This provided a non-consiructive

proof of the existence of the density functional for the
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electronic energy, E[p]. It had taken 15 years before the next
step was reached. The constrained search approach /2,3,4/ yielded
an implicit construction for the functional E[p]. A rigorous
prescription for E[p] was given, but its algebraic form (either
direct or indirect) remained unknown. Various approacheﬁ to this
problem, often connected with the efforts to find a Schrodinger-
like equation for the electron density, followed soon /5-10/.
However, an ezplicit construction of E[p] has become known only
very recently /11-13/. 1In this approach, the M equations for the
spin-orbitals, variational coefficients, etc. are replaced by H-1
equations for the auxiliary quantities and the equation for p
itself. 1In principle, one can either solve or find approximate
solutions to these auxiliary equations first and then solve the
equation for p separately.

In this chapter we review this new approach to the
construction of E[p]. The formalism is valid within any
well-defined molecular orbital theory and provides means of
reformulating it within the language of DFT.

2. MNOLECULAR ORBITAL THEOGRIES

The molecular orbital theories, such as self-consistent field
(SCF), configuration interaction (CI) and multi-configurational
SCF (MCSCF), constitute minimization of the energy functional

o) = i5(0) | 413, v(@) @&
* (172 Bhis(o) | Va3 (3)-94,(3) o

DB @b 11 G@EDEED) RE) )
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RTHICR] $(@D8,D6ED) ()4, @) . (1)

In the above, G(Z,7’) = |-’| ! for electrons, and d7 takes care
of both the Cartesian and spin spaces. The coupling tensors A and
B, specified in the particular theory, are functions of Nc >0
variational parameters c¢c. The Nf one-particle functions
(spin-orbitals) are subject to the orthonormality comstraint

* . -
/ ¢z(?)¢j(?) dr = 61‘]' ,» 1<14,5¢ Nf . (2)
For the system of N particles Nf > X, NO (Nf > N0 > 0) of them are
optimized. In particular, N0 = Nf = N, Nc = 0 for SCF; No =0,
Nf > N, Nc > 0 for CI; and Nf > N0 > N, Nc > 0 for MCSCF.

The particle density is given by

Mﬂ=%ﬁﬂ3ﬁ®%@)- (3)

Since p is real and non-negative everywhere, and integrates to N,
the tensor A(c) is Hermitian and semi-positive definite, and its
trace equals N. Using the definition (3) one can rewrite Eq.(1) as

Blboc] = 1 0(F) v() &7+ (1/2) T hy(0) J Y (@)-V4,(F) oF
+ (1/2) JJ o(T) 6(T,1°) () dT d”
RRTCR 48 DOED)E)4,() diaP . (1)

The energy E is a sum of four terms. The first one (the potential
energy of particle-external potential interactions) and the third
one (the direct part of the potential energy of particle-particle
interactions) are sole functionals of p. The second one (the
kinetic energy) and the fourth one (which describes both the
exchange and correlation energies) depend also on vectors ¢ and c.
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One can arrive at the sole density functional for E, valid
within a particular molecular orbital theory, by minimizing (1)
subject not only to the orthonormality conditioms (2), but also to
the constraint (3). If p denotes a fixed density, this can be
written symbolically as

El[p] = min E[4, c] . (5)
$,¢)=p

Minimization of E[p] yields the ground state density po and the
ground state energy E[p,].

The definition (5) constitutes the constrained search approach
of Lieb /3/ and Levy /2/. Practical applications of (5) have been
hindered for a long time because a construction of all pairs of
vectors (¢, ¢) - p have been unknown. This problem has been
solved only very recently.

3. CONSTRUCTION OF ONE-PARTICLE WAVEFUNCTIONS

Ve start the construction of one-particle wavefunctions with
the following

DEFINITION: A vector ¢ = ¢(T) of N¢ functions is called proper if:
1. The functions ¢i and ¢j are linearly independent for all

1¢itj<N,.
N

2. 55y (F) 9,(F) # 0 for all ¥ e &°.
i=1

N

3. There is a finite domain D € R° such that I ¢i(?) $# 0 for all
i=1

-

r €D.
For the quantum-mechanical applications it is also desirable that
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each component of ¢ is twice differentiable in m3.

The construction of all one-particle wavefunctions that
conform to both (2) and (3) is provided by the following
THEOREM 1 /11/: Let ¢ = $(T) be a proper vector and p = p(T) be a
given density which integrates to N. Let trace of A(¢) is equal
N. Let

SLORERWO (51 A R @D, ()

where the generalized overlap matrix § is a Hermitian,
positive-definite solution of the equation

* 1 5
S‘ij =/ ?’z ¢J f-pdr . (7)

1. The functions ¢ = ¢(T) given by

*

¢i=ﬁ”2ﬂ”§(9”%ﬁ¢' : (8)

conform to (2) and (3).
2. The above construction is invariant with respect to the
transformation gy - x ¥, where « = x(?) is any complex function
with no zeros. One can therefore set ¢Nf(?)5 1 without any loss of
generality.

Inserting Eqs.(6) and (8) into (4) one obtains

E[p,8,c] = V[p] + J[p] + T [p] + Telp,d,c] + V,.[0,8:¢c] (9)

where

[ v(@) p(d) & (10)
(1/2) ] o(T) G(T,T?) p(T?) dT dT* (11)

V{p]
I[p]
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T.00) = (1/8) [ V@D o @) &, (12)
nUJm=(umi§;Uu)w”%w(§”%L

[ FY@) o(@) WD -W9,(@) a2 - (1/8) | F2@) o(D)
1345 (517 5 R MG O (1)

vxc[p,ﬁbc-] =
-1/2 -1/2\*% ,o-1/2 -1/2,*
ijfl pgrsBiJ'kl("‘) s )ip(8 / )jqlS / )kr(S / )is
118 @ @)@ e @), @9, 6D, (@) et
(14)
Let us introduce the density amplitude
V=A@ = 2® (15)

L
Minimization of E yields the following pseudo-Schrodinger equation
for A

[(-1/2) P+ V@) + ¥, (D] AE) = € A@) . (16)

The potential V is a sum of the external potential v and the
electrostatic potential due to p

V(@) = v(@) + J p() ¢EF, D) & . (17)

The ezclusion potential ¥ . ., /12/ arises from the Pauli exclusion

principle. It is composed of the Pauli potential /8/

, (18)

and the exchange- correlation potential
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§ <ch>

= e

(19)

Both V and F__ ., depend on the density p. Therefore Eq.(16) is
non- linear and has to be solved iteratively. Vezcl also depends
on Ne-1 auxiliary functions ¢ and Nc coefficients ¢. They can be
obtained from the respective minimizations of E, or they can be
assumed. This way one can obtain either exact or approximate

yezcl‘

The Lagrange multiplier ¢ allows for a proper normalization of
A. It should not be confused with the chemical potential, since
the latter one is obtained only by minimization with a variable
number of particles /14/.

4. DENSITY DRIVEN SELF- CONSISTENT FIELD THEORY: FORMALISK

The above formalism can be illustrated by considering the
density driven self-consistent field theory (DD-SCF) /12/.
Obviously, it is an analog of the standard SCF approach. To
obtain the working equations of DD-SCF one starts from Eq.(1)
together with

Ao.=6.. , 1<i,j<N , (20)
1) ¥ L.

There are N; = N one-particle functions ¢ and no (N, = 0)
parameters c¢. Substantial simplifications occur: Eq.(6) becomes

ALORLICRNTACIIONE (22)
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The fermionic kinetic energy reads

Tlo.d = (1/2) | F1@) oD gj(s*)‘;j Y, (F)Vo;(@) dF
- (19 £ 126 V@117 & (29)

V.. consists only of the exchange term

v [o.4) = (-1/2) =
[1 a@ e () @)F @)@ 0(@)6(E, ) did ,(24)

where
o@,P) = §j(S'1)’;j EE) (25)

There are two important theorems concerning the matrix § in
the DD-SCF case /13/:
THEOREM 2: The matrix § exists for any N-dimensional proper vector
¢ and any density p which integrates to N, and is defined up to a
non-zero real multiplicative constant. The vector ¢ is
independent of this constant.
THEOREM 3: Let us define the following iteration

sty = 1 vy @ B My G@OR®TT W &

(26)
followed by normalization of S(“+1) (for example by forcing
Tr § = 1). The iteration (26) converges linearly to § if
the guess § 0 is sufficiently close to §.
In practical calculations we have found that, especially for
large N, the convergence can be slow. However, application of the
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matrix Aitken interpolation enhances greatly the rate of
convergence /15/.

Let us define the tensor {l as the solution of the following
linear equation

* * * x 9
fl{ Skrdin * ®SpiSan - [ V¥ ¥a¥,F T dr } Mt i5 = 8inbn

(27)
vhere &£ is an arbitrary non-zero real constant.
The explicit expressions for T(T) and Vzc(?) read /12/

@) - RO L 67 UNORIPG)
2 4 q1-1 -1,* ¥ 712
- @ 1 57 Y@@l
+ [4 ﬂ(i’)]‘l zizjwi(?wj(?) ﬁln“;” ~
[2 1 @9, @) (5 (51) gt () Wy(E)] 420 (e
v ] )9 ) I;:m(s‘l);,, Vv, (@)9, (3112 7 3@ e () a2
L2 [ [ (@) W,(@) ] £1@) o) a
-1 V)8, )] ﬁn(s’l);,,v[tf;('r”)v,,(?’)] }

@) o) dt’] (28)
and

P@ = - FI@) [ o@P)e @F) F1@)E) 6E,1) a
-1, * o -
+ (1) §j¢i(r)¢j(r) ﬁlnkl,ij x
09 @) FL@) - 9@ ]
V(@) (@28 @8 LER(E)0(E) 6, F) dvaE
(26)

The auxiliary functions g satisfy the equations
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- (1/2) Py, () - (1/2) 271@) W@ @

@) £1@ W@ -3 Yo V@, @]

- (1/8) F2@) ¥, () |§m(s*);,, Wy, (@), (D112

+ (1) FEEHRE D, D6 P+ p) @)
F (9 FE @ 6@ W@ -2 (Y V@)
-m(*’) o (3,0) @) o)

<)¢A()/a( ) 0 (1,1)

+ (1/4) 1 ! W@ I8y, - £ * B 0, ig
[ 21 9@ IENE (& b @)Wy ()] 2@ ) e ()6
@) E) |§n(s‘1>’,';,, VI, @9, @112 830 ()6
L2 [ [VHE) W) ] FLE) o) d

- V[#Z(?’)h(?’)]-{!?;‘m(s'l)fnnV[aﬂr,,('r*’)u#,,(’r”)]}ﬁ'z(?’)p(?’)d?’
c4 [ a@) FE) - 6@ ]

) @ ) £HEEE @) 6@ a ]

=0 t, ..., N-1
$,(F) =1 N (30)

5. DENSITY DRIVEN SELF- CONSISTENT FIELD METHOD: DISCUSSION

There are several available approaches to solving the DD-SCF
problem:

4. SCF-like approack (not very elegant)
1. Guess A and ¢.
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Calculate S and f§ (Eqs.7 and 22), a (Eq. 25), and 8 (Eq.27).
Calculate V (Eq.17), T (Eq.28) and Voo (Eq.29).
Solve Eq.(16) for A and Eq.(30) for g.
. Repeat steps 2-4 until self- consistence.
B. "True” DFT approach (rather futile)
1. For a given p, solve Eqs.(7, 22, 25, 27 and 30) analytically
for ¢.
2. Substitute g into Egqs.(9, 23 and 24) to obtain E[p] explicitly.
3. Obtain from E[p] the variational equation for A and solve it
self- consistently.
€. Fized ¢ approach (rather crude)

(LB VI M

1. Assume ¢.
2. Guess A.
3. Calculate S and § (Eqs.7 and 22), a (Eq. 25), and 8 (Eq.27).
4. Calculate V (Eq.17), T (Eq.28) and Ve (Eq.29).
5. Solve Eq.(16) for A.
6. Repeat steps 3-5 until self- consistence.
D. Hybrid approach
1. Assume a basis set for ¢.
2. Guess A.
3. Calculate § and § (Eqs.7 and 22), a (Eq. 25), and  (Eq.27).
4. Calculate V (Eq.17), T (Eq.28) and Voo (Eq.29).
5. Solve Eq.(16) for A.
6. Minimize the energy (Eqs.9, 10, 11, 12, 23 and 24) with respect

to §.
7. Repeat steps 3-6 until self-consistence.

The hybrid approach seems to be best suited for numerical
computations. However, one should point out that even the fixed ¢
approach is capable of providing reasonable results. For example,
one can use the "exact" HF density for p and the functions R; R,
X, y, z; and R, x, y, z, R2, xR, yR, zR as the auxiliary functions
for the Be, Ne and Ar atoms, respectively. The resultant values
of the kinetic energy are 15.09 (Be), 133.8 (Ne) and 565.7 (Ar)
compared to the exact values of 14.57, 128.6 and 526.8. This
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example shows clearly that the results of DD-SCF calculations are
expected to be quite insensitive to the choice of §.

The formalism of DD-SCF makes also possible to derive
expressions for the Pauli and exchange potentials in terms of the
Hartree-Fock spin-orbitals. The sth HF spin-orbital satisfies the
equation

- (172) R v @ @@ = D L (1)

where e, is the sth spin-orbital energy and

(K@) = - By A& @I @) o) @), (32)

defines the exchange operator. Using the HF spin-orbitals as the
auxiliary functions in Egs.(23) and (24) one obtains

’E) = 2 AL v @) W () ]
- /) AT @I O e & @) o @)
N De, s @) 3 ¢“F @Y ()
{- 1 & @) @) o
+ 1 ) g ) 0 (ke @) @) ) ey,
(33)

Xl kl 7~

and

Fe® = @ @D @6 @)
- B ¢“F & )¢“F< )5 0,55

{- 1 (&) (*’)¢l(*’) dz’



Reformulation of Molecular Orbital Theories 315

LA EMTE) T Ge) @)y @) BTy

(34)
The Lagrange multiplier turns out to be equal to the average
spin-orbital energy

e=Nlgxe . (35)

Eqs. (33) and (34) can serve as a starting point for construction
of approximate expressions for I and Vzc.

6. CONCLUSIONS

The formalism presented in the above paragraphs can be easily
extended to other molecular orbital theories. One can obtain
explicit expressions for the exclusion potential and the
associated variational equations for the auxiliary functions ¢ and
the variational coefficients ¢. This allows to approximate the
exact pseudo—Schrgdinger equation for the density amplitude up to
any desired degree of accuracy. Since the demsity amplitude is a
function of only three Cartesian coordinates, the equation can be
solved numerically. The auxiliary functions can be approximated
by finite basis sets. As demonstrated above, these bases can be
of a significantly lower quality that the bases currently used in
ab initio calculations.

Another possibility offered by the present formalism is the
analysis of the results of molecular orbital calculations in terms
of the Pauli and exchange-correlation potentials. Expressions
analogous to Eqs.(33) and (34) can be set up for the natural
orbitals. In principle, one can also study various correlation
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problems such as the maximal fraction of the correlation energy
that can be recovered within the particle density constrained to
be equal to the HF one.

The present approach makes it possible to separate the
computation of the particle density from the computation of
spin-orbitals. Only one Lagrange multiplier is used. This allows
for efficient numerical algorithms for solving the relevant
variational equations. In this aspect, the present formalism
differs significantly from the proposition of Nyden and Parr /10/,
where N(N+1)/2 Lagrange multipliers have to be used for the
N-particle problems.
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ABSTRACT

The linear combination of Gaussian-type orbitals (LCGTO) approach to
Xea and density functional theory is reviewed, with particular emphasis on
applications to large molecules and clusters. Fitting the potential is central to
the LCGTO approach, and efficient and accurate ways to do so are described.
Model cluster calculations apply these methods to the adsorption of alkali
atoms and carbon monoxide on transition metal surfaces as well as the problem
of CO vibrational shifts upon alkali coadsorption.

1. INTRODUCTION

In the twenty-five years since the Hohenberg-Kohn (HK) theorem /1/ sug-
gested that something like Thomas-Fermi theory /2/, whose pivotal quantity is
the electronic density and not the many-electron wavefunction of Schrodinger
theory, allows an exact solution for the total energy of nondegenerate ground
states of atoms, molecules, and solids, indisputable computational progress
has been made in the application of density-based methods to these systems.
Such methods are now collectively called density functional theory (DFT).

In the present work we would like to emphasize the computational perspec-
tive. From this point of view, theoretical progress in DFT is harder to define.
This is partly due to the fact that one must often be ready to step outside the
bounds of conventional DFT in order to achieve practical advances. It is pos-
sible that the empirical evidence gained from nearly forty years of experience
with the X method /3,4/ will hold up, namely that it is best to compute a ki-
netic energy using quantum mechanical methods. If so, the Kohn-Sham (KS)
extension /5/ of the HK theorem will remain important. The new concept
added in the KS approach is one-electron orbitals, with which a kinetic energy
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is evaluated quantum mechanically. In the KS formulation /5/ the orbitals are
those of a noninteracting electron gas having the density of the real system.
This may or may not be the optimal way to interpret the kinetic energy /6,7/
that is computed in what are now called local density functional (LDF) or KS
methods.

The computational advantage of Slater’s Xa approach /3,4/ over Hartree-
Fock (HF) stems from from the fact that every orbital ¢;(r) is generated by
the same (effective) real-space one-electron potential, V,

—1V2 + V() ]4i(r) = €idilr). (1)

The potential of this homogeneous system of equations is called local. The
HF equations are inhomogeneous and thus cannot be so written, because each
orbital would then need a different V(r). In this work we are interested in
computationally efficient self-consistent methods based on this local potential
approximation. For the most efficient SCF computations the local potential
should be a spin density functional and not depend on any additional elec-
tronic degrees of freedom. We gain considerable computational advantage by
avoiding methods that project out a component of the wavefunction, e.g. via
angular momentum about some center as is common in pseudopotential meth-
ods /8/, or via each orbital as in HF /9/ or the self-interaction correction /10/.
Due to the influence of KS, Slater’s approach of separating the local potential
V into parts originating from nuclear attraction and from interelectronic re-
pulsion, and a remainder attributed to exchange (and correlation) effects, has
became the conventional starting point in discussions of DFT.

Methods are called LDF if the exchange and correlation (XC) potential at
each point in space is only a functional of the local density at that point. It is
the local potential approximation, and not the LDF approximation, that as-
sures computational efficiency. We note that the Coulomb potential, although
not of the LDF form, does not present a major computational obstacle in DFT,
due at least to the fact that it is a local potential. We would like to, but can-
not define further the boundaries of computational efficiency within DFT. This
review is about pushing back those boundaries in the Gaussian-type orbitals
(GTO) approach to DFT.

Of local potential methods in current use, Xa is the simplest and oldest
one. Such methods will continue to be used for some time despite the exis-
tence of more accurate quantum chemical methods, because calculations on
larger systems are possible with simpler methods and there is a large body
of computational experience using these methods. All other current LDF XC
functionals are at least as complicated as that of Xa, which alone is quite a
challenge in any analytic molecular orbital (MO) approach. When any LDF
XC functional is treated numerically, however, there is essentially no difference
in computational difficulty.

There is no guarantee that computationally efficient methods will remain
accurate enough, but the advantages of local potential methods are substantial.
As we shall see, local potential methods offer the hope of a first-principles N*
quantum chemical method, N being the size of the orbital basis set. Challenges
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to the KS formulation /6,7/ use symmetry-required degeneracy. Even if spin
is neglected, symmetry properties of the electronic wavefunction,

U(ry,ra,...,rn),

are lost in obtaining the density,
p(r) = 7(r,r) (2)

where

y(r, r’) = N/ U*(r' ra,...,rN) U(r,ro,... ,rN) dra... dry .

Therefore no DFT can give the symmetry of the ground state, because it gen-
erates only the density. It is not clear whether or not local potential methods
can correctly describe even the multiplet structure of atoms /11/, let alone
the lowest state of each symmetry, as has been claimed /12/. In the approach
of KS, what is needed is a connection between external fields, the local poten-
tial, acting on a noninteracting electron gas and symmetry or degeneracy of its
corresponding interacting electronic wavefunction. Such a connection does not
appear to exist /6,7/ if we require that the external fields of the interacting
and noninteracting systems both have the same point-group symmetry.

Even if no connection at all can be made and we are forced to proceed
via an alternative route in the case of degeneracy, local potential methods
already require more information than straight DFT, namely the entire first
order density matrix /13,14/, v(r,r'), just as does HF. In contrast to HF,
its off-diagonal part is used only to compute the kinetic energy. First-order
density matrices can come from wavefunctions which in turn contain symmetry
information. For example, it is common practice to use the square of the
spin angular momentum operator to project out spin contamination in an
unrestricted HF single-determinant solution /9/. While it is not clear whether
or not an exact LDF theory exists, less accurate local potential methods can be
made to have certain symmetries and thus have the corresponding degeneracies
of the real systems /15,16/.

This work focuses on applications of local potential methods to intermedi-
ate-sized molecules and clusters (containing ten or more atoms), with an at-
tempt to minimize the use of any further approximations. A decade ago it
became possible to compute the total energy of diatomic molecules other than
hydrogen within an LDF approximation accurately enough to demonstrate
shortcomings of the models /17/. That method, which uses GTOs, has now
been surpassed in accuracy by completely numerical methods for diatomic
molecules /18-23/. These more accurate methods showed that the GTO bind-
ing energies for first row diatomics are accurate to within 0.1 eV /23/. Com-
pletely numerical methods for the near future appear limited to systems pos-
sessing axial symmetry, whereas the GTO approach has been applied to many
large systems /24-31/.
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The second section of this work describes how to variationally fit the charge
density. This efficiently reduces the otherwise N* problem of computing the di-
rect electron-electron repulsion to an N3 problem, due to the special properties
of the charge density. The third section discusses various ways to fit the com-
plicated LDF expressions for XC on a three-dimensional molecular grid. The
fourth section suggests a completely analytic treatment of the Xa functional,
which allows exact analytic total energy gradients. The fifth section discusses
SCF convergence and fractional occupation numbers (FON). The sixth section
describes an application of these methods to a problem in surface science: the
chemisorption of akali atoms and of carbon monoxide on nickel surfaces. The
analysis of these systems allows us to understand effects observed when al-
kali metal atoms and carbon monoxide coadsorb on the same transition metal
surface.

2. FITTING THE COULOMB POTENTIAL

Central quantities in local potential methods are the density of electrons
of each spin direction and the total electronic density,

p(x) = p1(r) + py(x).

Here, up and down arrows refer to the two spin directions. For each spin
orientation the density is expanded in terms of one-electron orbitals, e.g. for

spin up
p1(r) = nip &3 (r) gir (), (3)

where n;; is the occupation number of the ¢th one-electron orbital. (We follow
the convention that repeated indices in any product are to be summed over.) In
nonrelativistic methods we seek stationary solutions to the energy functional,

E =n; / $it(r) hop Giy(r) dr +ny) / i) (r) hop ¢3) (r) dr
+ Ec(ﬂ) + Ezc(PT,pl) + Enue,

(4)

where hop is the sum of the usual kinetic energy and the nuclear attraction
operator, Eyy. 1s the nuclear-nuclear replusion term, and F, and E,, are den-
sity functional expressions for the self-Coulomb energy of a charge density p
and for the XC energy of charge densities p; and p|. The latter two terms are
computationally the most challenging terms in the local potential approach.
The first is discussed in this section, and the second in the next two sections.

The DFT expression for the electron-electron Coulomb repulsion is that
of a classical charge density p,

E. = Yollo), (5)

where

(fllg]l = /drldrz f(r1) g(r2) [ r12.
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Substituting the local potential expression for the density, Eq. 3, into Eq. 5,
we see that the electron-electron Coulomb repulsion problem contains terms
involving four atomic centers in the linear combination of atomic orbitals
(LCAO) approach. The direct LCGTO approach to any local potential method
will therefore result in an N* computation, as does the LCGTO approach to
HF. (For special cases, such as when the size of the molecule becomes much
larger than the spatial extent of the most diffuse GTO basis function, HF and
direct local potential calculations grow less rapidly than N*. Such considera-
tions simplify all GTO calculations to more or less the same degree, and thus
do not affect this discussion.) If we do not use some kind of approximation
here, we lose all the practical advantages of the local potential approach when
we use Gaussian basis sets. Therefore, fitting E, seems unavoidable /32/.
Furthermore, if we want to use incomplete basis sets the problem must afford
a variational treatment.

An important aspect of most GTO ab initio quantum chemical methods in
use today is that they are variational in the total energy. Therefore relatively
inaccurate (in a simple least-squares sense [33/), but systematically related
wavefunctions can yield rather accurate total energy differences and thus reli-
able molecular potential energy surfaces. Of course, in chemistry and surface
science we are interested in many properties other than the total energy, such
as electronic excitations. The point is that if practicality dictates that we
must use incomplete basis sets, then it is extremely valuable to use some sort
of variational principle. At this point the leading all-purpose candidate in-
volves the total energy, simply because of its central role both in the ab initio
and the DFT formalisms. Even for cases such as computing hyperfine coupling
constants where a variational total energy seems least appropriate, the energy
variational principle can be made to suffice /34/, which is good because such
calculations are usually only meaningful around the relevant minimum of the
molecular potential energy surface.

No variational local potential molecular method now exists due to the
complicated functional dependences on the density of current XC functionals;
for example, when a grid of points of is used to treat these XC functionals
numerically, the location of each point is never altered during the SCF pro-
cess. Variational methods are possible for at least some LDF FE,. expressions
/35/, and it is quite possible that problematical LDF XC functionals can be
reparametrized using simpler functional forms.

These two necessary conditions, fitting and doing so variationally, are met
in the GTO approach using the method of Dunlap, Connolly, and Sabin /17/.
To review this approach, we write the total energy as,

E = Eginetic + Epoiential = T(P) + /p(r) U(p(l‘)) dr.

Here T'(p) is the local potential expression for the kinetic energy and varying
this expression, written symbolically,

_ §lpU(n)] (6)

V(p) 7
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gives the effective one-electron local potential for Eq. 1. To consider the effect
of fitting on the total energy, we denote fitted quantities by drawing a line
over them. If the potential is fit, then the total energy should be evaluated,

E-T(p) = / p(r) V(p(r)) dr + / p(r) [U(p(r)) — V(p(r)]dr, (7)

because then the nonfitted density only occurs multiplied by the local poten-
tial. Variation with respect to the orbitals (occurring only in the nonfitted
density) gives the local potential term of the one-electron equation (1), there-
fore the energy of Eq. 7 is insensitivein first order to changes of the one-electron
orbitals. If, furthermore, variation of this expression with respect to the fitted
quantities is stable, then we have a viable method that is insensitive to all
first order errors. This important result can also be applied to any part of the
potential, as we shall see in the following and the next two sections.

Applied to fitting the direct electronic Coulomb potential, Eq. 7 gives the

expression 17/,
E. ~ [p|7] - 3[pll 7). (8)

Fortunately varying this expression with respect to p is equivalent to varying
the functional,
AE. = 3lp—7lle—7] 2 0,

which, through Poisson’s equation, is equivalent to least-squares fitting the
electric field generated by the electrons /17/,

AE, / |VU, — VU, |*dr.

Having discovered the only stationary way to fit the charge density that
is also insensitive to first order changes in the one-electron orbitals, we must
address the problem of practicality, i.e. we must improve upon the N* direct
approach. Simple physical arguments ensure that this is possible. Because the
orbital basis set at hand is reasonably complete for treating a large number
of functions, namely the collection of one-electron orbitals, one might expect
it to do pretty well in fitting one more similar, but particularly nice function,
the LCGTO density generated by the LCGTO orbitals. This quantity has
three features that make it easier to deal with than the exact orbitals. First,
because the product of two Gaussians is a third Gaussian, the LCGTO density
is exactly expressible as a finite sum of Gaussians. Second, the LCGTO density
is cuspless. Third, the LCGTO density is nodeless.

A potential problem arises in fitting the LCGTO density due to the fact
that multiplying two atomic orbitals of high angular momentum together gives
terms having the combined, and thus quite high, angular momentum. This
does not seem to be a problem in practice, however, as is suggested by a con-
sideration of the highly successful LCAO approach itself. Good basis functions
for the MO basis are the solutions of the atomic problem, augmented usually
only in the valence region. These atomic functions are generated using the
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‘central-field approximation’. In local potential methods this approximation
is to neglect all but zero angular momentum contributions to the potential. A
direct extension of this LCAQ approach to fitting the potential suggests includ-
ing (perhaps in segments) the spherically symmetric central-field potentials of
each atom as the zeroth-order basis for fitting the potential. As implemented
in either the muffin-tin /4/ or self-consistent-charge /36/ approximations, such
an approach yields a simple and rather reliable description of molecules. Of
course, to get the most accurate results, one must augment this zeroth-order
basis with either off-center or nonzero angular momentum functions.

For large systems we have found that it almost always suffices to in-
clude three subbases for each atom: s-type, r’-type, and one with the lowest
symmetry-allowed angular momentum for that atom in its environment. The
s-type subbasis is generated from the s-type orbital basis with each exponent
doubled. The r2-type subbasis arises from the spherically symmetric part of
the product of two p-type orbital functions. If a few of them are used to re-
produce the shoulders of the atomic density due to core shell structure, then
the core s-type fitting functions turn out to have positive cofficients in every
molecular environment. That enhances numerical stability. We choose three
to five even-tempered exponents with the central one being close to the in-
verse square of the atomic radius for our nonzero angular subbasis /31,37/.
The next highest symmetry-allowed angular momentum and off-center s-type
basis functions are often used to test effective completeness /31,37/. So de-
scribed, the charge density basis sets that we employ are clearly smaller than
the orbital basis set and we have an N® method for treating E, unless the or-
bital basis set is heavily contracted. Contraction of the core fitting functions
is useful, but for some reason cannot be used in the valence region /38/.

Is fitting the charge density or something similar useful to other quantum
chemical methods? The first order density matrix in the GTO approach is
more complicated than the density because it is a function of two positional
variables, not one like the density. Therefore direct extension of this approach
to fitting the HF exchange energy, through fitting the first order density ma-
trix, is not as effective as is fitting E, through fitting the density /39/. All
direct and exchange two-electron integrals are four-center Coulomb integrals,
however. The set of four-center integrals can, in turn, be thought of as di-
rect integrals, i.e. a product of two orbitals at one position interacting with
a product at another position. Now we can turn the above logic around. If
the density can be fit within a given level of accuracy using a small subset of
these pairs of functions, then a large subset of all pairs of orbital functions
must be redundant in describing the Coulombic interaction — within the very
same level of accuracy. This effective linear dependence shows up as small
eigenvalues in the diagonalization of the set of all four-center Coulomb inte-
grals. By eliminating those components of this product basis that give rise
to eigenvalues below a realistic tolerance, significant savings, albeit using a
somewhat complicated algorithm, are possible in the ab initio approach to
quantum chemistry /40,41/. Fitting the charge density variationally can be
done for infinite systems, provided that the charge density of the electrons and
nuclei are both fit to charge-neutral functions and care is taken to remove the
self-Coulomb interaction of each nucleus /42,43/.
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3. THE GRID PROBLEM

All current LDF implementations for finite systems employ a grid of points
somehow spread throughout the molecule. On the other hand, until recently
/33/ no ab initio GTO method used a three dimensional grid of points. The
reason for this difference is that LDF XC expressions,

Ere = zc(PT (I'), pl(l‘)),

are quite complicated functions of the two spin densities, pt(r) and p(r), to
date requiring yet another basis to fit the related XC densities over this grid.
For Xa /4/, the XC energy is the integral of the 4/3 power of these spin
densities,

Eze = Cy [p$/3] + Co [P‘I/S] (9)
where
1= [ sy,
and

1/3
Co = —af (1),

k)

The Xo XC energy and potential densities are proportional,
1/3
* Ulc Co /’T/

"‘VITC = %Ca p}/a,

(10)

affording simultaneous treatment of these two quantities which, in general,
require separate numerical fits and could potentially require separate numerical
procedures.

Important alternatives to Xa are the LDF XC parametrizations 44,45/
that are based on the essentially exact Monte-Carlo results of Ceperley and
Alder /46/ for the interacting electron gas. These calculations can be per-
formed in the limits of no or full spin polarization /46/. In order to rep-
resent concretely these more complicated LDF XC functionals, we give the
parametrization of Perdew and Zunger /44/ (PZ), which we have used in our
LCGTO work. Apart from its dependence on spin polarization, it is practically
exact within the LDF XC approximation due to the quality of the fit. The
PZ energy densities are defined in terms of ry, which is the radius of a sphere
containing the unit charge and thus is implicitly defined by p~! = 473 /3. For
ry greater than unity, the PZ parameterization of the XC energy density is

PZUzc = 2/3Uzc + (11)

v
1+ Bryfrs + B2rs

with v = - 0.1423 (- 0.0843), £; = 1.0529 (1.3981), and f; = 0.3334 (0.2611)
in the unpolarized (completely spin-polarized) limit. For r, less than than
unity, the PZ parameterization of the XC energy density is

PZy,. = PUy + Alnry + B+ Crslnry + Dr, (12)
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with A = 0.033 (- 0.01555), B = - 0.048 (- 0.0269) C' = 0.0020 (0.0007), and
D = -0.0116 (- 0.0048) in the unpolarized (completely spin-polarized) limit.
In these equations, exchange is treated via Xa using the variational choice
/5,47/ of @ = 2/3. The PZ equations for V;., from Eq. 6, are even more
complicated,

d PZUu

PZV — PZU _Ts
TCc zc 3 dr,

For intermediate amounts of spin polarization, the PZ XC energy and poten-
tial densities are interpolated by forcing the ratio of corresponding quantities
for the two spin directions to be the same as in Xa. There is little difference
between these two LDF XC functionals, either for & = 2/3 or for & = 0.7
that we, as well as others /48/, use. The spin-dependence of X« is too strong
/49/, much like that of HF (the approximation of which being Slater’s origi-
nal goal /4/ when deriving the Xa potential). There is a greater tendency to
overbind nonradical (nonspin-polarized) molecules in PZ, because a monoton-
ically increasing function of the density is added to the Xa form of the XC
energy.

Ideally, the equations to be solved in fitting these expressions should follow
variationally from Eq. 7. Due to the appearance of the 1/3 and 1/6 power
of the density as well as its logarithm, however, these LDF XC expressions
are difficult to treat analytically in the LCGTO approach. If they cannot be
treated analytically, we must numerically integrate at least the XC component
of the completely approximated third term on the right-hand side of Eq. 7.

At this point we reach a quandary due to the fact that in general no chemi-
cally accurate three-dimensional numerical integration scheme exists (although
direct integration schemes are useful /50-52/). If the one-electron XC poten-
tial, V¢, is fit to a combination of analytic functions then the second term,

/ p() Vel p(r) dr,

can be more accurately integrated analytically than numerically. Thus one
might argue that it should be done analytically /32,48/, a choice that we
also make. Nevertheless, Eq. 7 suggests the important result that the weight
function, w(r), in the numerical approach to the least-squares fitting problem,

§ / Vae(r) = Vao(r)| 2w(r) dr = 0, (13)

should be the quantity /53/,
w(r) = p(r) [ Vae(r),
provided V (dropping the subscript) is nodeless, like V, otherwise it is ad-

viseable to use V in this weight. This choice ensures, numerically at least,
that the two integrals involving V and V respectively cancel in Eq. 7. This
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leaves only a term involving U as should be the case, because it alone is the
energy density. At this point we again face the analytic vs. numerical predica-
ment. Perhaps the expressions are more accurate if U is fit to a sum of analytic
functions rather than straight numerically integrated. We choose to fit.

Having determined what to fit, we must determine how to optimally choose
the smallest number of points, because with efficient analytic integral evalu-
ation this is the most time consuming part of the calculation. From research
on the atomic problem, we know how to optimally choose radial points about
each atom, at least for treating the full potential (if pseudopotentials are used,
more uniform and hence less problematical distributions can be used /54/).
The radial mesh should be logarithmic /55/, and start with the first Herman-
Skillman radial step size /56/,

92 \1/3
— n/N = 2
Ary = Arg 2 where Arg = 0.0025 (128Z) Bohr,

and N is the number of radial step it takes for the step size to double. We
normally choose N = 40. For angular points optimal choices can be found in
tables /57/, but they must be randomly rotated from one radial shell to next
one to avoid biasing certain directions /58/ (in the molecular environment
only). Increased efficiency results from reducing the number of angular points
in core regions /58/. Decreasing the number of radial points in the valence
region is not as advantageous due to the logarithmically increasing radial mesh
spacing.

When atomic point distributions are combined in the molecular environ-
ment, a final problem with numerical treatments of the XC potential arises,
namely that the atomic grids overlap, and thus the weights or volume ele-
ments for each point must change. This is probably the most serious numer-
ical problem, at least to consistently treating different molecules, conforma-
tional isomers or energy hypersurfaces in general. The safest way proceeds
by using analytic formulae to reduce the weight of a point asymptotically to
zero as it approaches a foreign nucleus. This is the strategy followed in the
DVM approach /48,59/. However that method leads to the largest number
of points. Alternatively, one can exclude the region of space nearest a foreign
atom, defining Wigner-Seitz cells or Voronoi polyhedra. Direct application of
this method leads to discontinuous potential surfaces as a point crosses a cell
boundary /60/. We linearly interpolate from one to zero over the current ra-
dial step size, higher-order interpolating polynomials have no noticeable effect
/61/. Alternatively, the point problem may be minimized by adding and sub-
stracting quantities of similar magnitude to compute only the much smaller
differences. This approach /62/ has recently culminated in what appears to be
a practical first derivative method for the DVM method /63,64/. Numerical
second order gradients are possible for small systems /33/.

4. A STATIONARY METHOD WITH ANALYTIC GRADIENTS
In the second section we used Eq. 7 to variationally fit the charge density.

In the third section we used it to determine weights for numerically fitting
Vic. Now we use it to analytically fit *V;,, yielding an analytic and variational
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LCGTO Xca method /17,65/ and its energy gradients /35/. In the interest of
saving space, we deal with the total energy, rather than paralleling the previous
two sections. Like the basic LCGTO Xa approach of Sambe and Felton /32/,
the method requires two auxiliary basis sets. With the first Gaussian basis set
we fit the charge density,

p(r) =~ p(r) Z pi fi(r),
and with the second auxiliary basis we fit the XC energy density for each spin,
zc(r) Uge I‘) = z T gl(r

(For X« the fit to the potential density is proportional to this fit.)
Directly applying Eq. 7 for each of these two approximations gives the
analytic LCGTO Xo total energy /17/:

E = nm¢i" o5 {hij + pi[ijllk] + 3 Caz] [ijk]}
+ nmy 871797 {h,J + o [ij||k] + 3Ca i [z]k]} (14)
p,p,[z“]] - 3Ca (x a:k.z, + zl lxiz})[ijk’l] + Enye,

where m refers to the mth one-electron orbital. In each primitive matrix ele-
ment, the index i, j, k, or | points to the correspondingly numbered function
from the basis set appropriate to the linear coefficient in question. In this
equation the linear coefficients {#;} expand the set of orbitals {¢m(r)} within
the appropriate primitive basis set. The coefficients {p;} expand the charge
density. The coefficients {z;}, in turn, expand its cube root, z(r) = p(r)/3.
In our fit to the XC potential, all nonzero-angular-momentum Gaussian expo-
nents are the same as those used in fitting the density p, but the zero-angular-
momentum exponents are reduced by a factor of three, for obvious reasons.
Because the cube root of the charge density is a much slower varying function
of position than the density itself, fewer primitive functions are necessary. In
fact, transmon metal atoms have positive core z; coefficients without including
any r®-type basis functions.

All of the linear coefficients in Eq. 14 are determined by making this expres-
sion stationary, subject to the appropriate constraints, obligatory orthonormal-
ity constraints on the KS orbitals and any precautionary constraints that one
might want to impose on the charge density and XC fits. Including these con-
straints is equivalent to an unrestricted variation of a Lagrangian, for example

/35/,
L = E—nhen{di 6 lid) - 8} = nnen{da dir i = 65} 15
— e {pi[i] - N},

where the various quantities ¢ allow satisfaction of the constraints they multi-
ply. As a precautionary measure, we require the integral of the charge density
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to equal the number of electrons. This constraint, represented by ¢g, is not
essential, though /66,67/. Even for large systems its effect on the total energy
is negligible, but it is useful because the size of its corresponding Lagrange
multiplier indicates the quality of the fit /60/.

The problem with Eq. 14 is that it requires N4 integrals, which, fortunately,
can be avoided /35,65/. Suppose that we somehow have fit z(r), the cube root
of the charge density to a sum of Gaussians. Consider the square of that fit,
y(r) = z%(r), and a fit to it J(r) . We now have exactly the same situation
that we had in fitting the charge density. Thus y is nodeless, cuspless, and has
a finite expansion in terms of Gaussians, and again we have reduced the order
of the calculation. Specifically,

zizjrrziijkl] = ziz; Mpmi; cpiMopni, (16)

where

Mpi; = S22 [1ij], (17)

and S~1/2 is the appropriate matrix to Lowdin orthogonalize the positive-
definite overlap matrix in the basis set appropriate to y. This amounts to
formally introducing the resolution of the identity into the matrix [sjk!] which
is correct under the assumption that the y basis is complete enough to span
all appropriate products in the z basis.

The analytic expression for first-order gradients follow directly upon notic-
ing that whenever we have a solution of Eq. 15, L equals F, because the
constraints are equality constraints. Therefore the gradients of L and E are
identical for all stationary solutions. The first partial derivative of L with
respect to any linear basis set expansion coefficient ({¢:}, {pi}, or {zi}) is
zero. Thus the gradients of the LCGTO Xa total energy with respect to the
position of nucleus A includes only the gradients of the primitive integrals in
Eq. 15:

VAE = Pl {Vahi; + o Valijlk] + § Ca o[V alijk]}
+ Pi{Vahis + o ValidIR] + §CaalValishl}

- {ePT- + ePLYV alij) — 3pipsV alili]
1Cq (:r:T Tm,TcxI + :vl lar:}cacll)VA[ijkl] + VaEpuc,

(18)

where ePT = emnm¢ 71 1s the one-electron eigenvalue-weighted density ma-
trix for spm up.

An analytic approach is only presently available for Xa. Most local po-
tential methods simply add a density functional expression for “correlation”
to Xa, a = 2/3, however. If these relatively small additions have significantly
slower spatial variation than Xa, then the “exchange only” part should be
treated analytically. In this case, both energies and gradients would be less
susceptible to errors due to using a finite number of points.



Gaussian-Type Orbitals and Finite Systems 329

5. SCF CONVERGENCE AND FON

Local potential DFT calculations on large systems are quite demanding
because an orbital for each electron must be explicitly computed. Further-
more, SCF convergence is slowed by a small gap at the Fermi energy which is
the average energy between the highest occupied MO (HOMO) and the lowest
unoccupied MO (LUMO) for systems with integral occupation numbers. Such
a small gap is often accompanied by another problematical feature, a high den-
sity of one-electron energies, density of states (DOS), near the Fermi energy.
As the system grows in size both problems may worsen, particularly if units
having levels in this region are added to the system, such as increasing the
number of transition metal atoms modelling a surface in chemisorption prob-
lems. The gap at the Fermi energy is, as a rule, smaller {(and concomitantly the
DOS in its vicinity higher) for methods based on Eq. 1 than for HF. In HF each
occupied orbital interacts only with the remaining occupied orbitals, whereas
the unoccupied orbitals are repelled by all the occupied orbitals widening the
gap, in contrast to local potential methods.

To see how this reduced gap affects SCF convergence, we must compute
a correction to Eq. 7. That equation is appropriate for a fixed density, but in
the SCF process if the fit to the potential changes, by AV, then the electronic
density changes, too. The first order change in the energy is included in Eq. 7,
but the second order change,

P 1(5)aV]5)12, (19)

E, = ny — Ny

€
an expression familiar from second order perturbation theory, is not. Here,
{i]|AV|j) is the one-electron matrix element of the change in the potential. In
this and the following equation the symbol A is used to signify the difference
between the potential, or density, at the beginning of an iteration in which the
one-eigenvalue problem is solved (requiring some potential), and the potential
that is necessary to move toward self-consistency. Each term in this expression
lowers the energy (for ground states) unless the 7 and j occupation numbers are
the same or if the change in the potential does not mix the two states, in which
case it vanishes. For finite systems, (:|AV|j) will not vanish unless required
by symmetry, and levels cannot become degenerate unless they are of different
symmetry. Therefore, this expression can be used to obtain quadratic SCF
convergence /68/. If the XC functional is handled numerically, however, the
problems with equating numeric and analytic integrals, discussed in section 3,
arise and Eq. 19 cannot be used effectively. Instead one can use it to treat
the largest and most rapidly varying part of the potential that can vary in
the SCF process, the direct Coulomb repulsion. In this case Eq. 8 must be
modified according to

n

Al L A ATk

plipl — [+ 8517+ 87] + 2 222 | (allis] | (20)
i€

For small systems the summation over 7 and j can be limited to a few levels
around HOMO and LUMO where the energy denominators are smallest /69/.
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For large systems, unfortunately, treating only a part of the potential, limit-
ing this summation, or monitoring the size and sign of AV from iteration to
iteration /70-72/ is problematical.

If symmetry restrictions are imposed on V for finite systems, then one-
electron orbitals can be degenerate. In fact, for symmetric molecules, there
is often some geometry at which two levels of different symmetry will become
degenerate at the Fermi energy. If there is degeneracy at the Fermi energy,
one can choose to occupy the orbitals equally /73/ (resulting in FON) or not
/74/. In such a case, yet another, lower energy solution of Eq. 4 can be
found by breaking symmetry /15/. The energy can be lowered still further by
symmetrizing the single-determinant wavefunction used to compute the kinetic
energy [75/. These broken-symmetry solutions to the degeneracy problem
other than FON are computationally intensive, however. A serious drawback
of FON is the lack of a unique wavefunction to associate with the calculation.
This shows up, for example, in our inability to consistently compute energies
and matrix elements for optical transitions involving orbitals that are partially
occupied in the FON ‘ground state’.

Primarily for practical reasons we choose to invoke symmetry on the one-
electron orbitals for our larger clusters. This saves a considerable amount of
computer time. A practical way to ensure that we stay on the ‘ground state’
manifold of our potential surfaces is to use FON that are a smooth function of
nuclear position. For gas phase clusters we prefer to use FON that are given
by the Fermi function,

ni(ef) = m; [1 + exp(q_;ef)]_l, (21)

where m; designates the degeneracy of level :. The Fermi energy ¢y must be
found self-consistently given the total number of electrons, and the width, o,
which is perhaps best chosen to be room temperature, 0.025 eV. For surface
calculations we treat the embedding problem by formally broadening the clus-
ter levels and filling the resulting formal density of one-electron levels from
below /28,31/,

iter) = mi [ exp- (5] A (22)

—— 2ro

Viewing the model cluster as isolated, this procedure is equivalent to averaging
over those cluster states that lie within the level width above the cluster ground
state,

Either of these two proceedures becomes equivalent to the classical FON
method /73/ in the limit of vanishing o. In this limit there may be convergence
problems, just as in the procedure with integral occupation numbers, again for
reasons of discontinuity. For values of o significantly larger than a represen-
tative level spacing at the Fermi energy, broadening aids in SCF convergence,
but for very small values of ¢ (compared to the gap) FON convergence can
be extremely difficult to achieve. Examples may be found in many systems



Gaussian-Type Orbitals and Finite Systems 331

(especially with rather localized or symmetry distinct orbitals near the Fermi
energy), where no solution with integral occupation numbers exists that obeys
‘Fermi statistics’, having all occupied levels at lower one-electron energy than
all unoccupied levels. In such a case, the ground state configuration is not
obtained by filling orbitals from below and the lowest energy solution must be
found by trial and error, just as in ab initio calculations.

On the other hand, FON always has a unique solution, which is guaranteed
by the local potential relationship /4/,

oE
ong "

Thus the unique classical FON solution is characterized by the fact that all
partially occupied orbitals have identical one-electron energies. A practical
advantage gained with FON, although at some price when a solution obeying
Fermi statistics exists, over using integral occupation numbers is that we never
have to do more than one calculation for these difficult systems. A small 0 FON
SCF procedure becomes, at least temporarily, unstable if at any time during
the iterations the occupation number of an isolated level near the Fermi energy
changes from slightly below one to one {or from zero to a finite number). Then
the Fermi energy jumps discontinuously by at least half of the difference in
energy to the next higher (lower) one-electron level. However, convergence
may be achieved if special precautions based on this analysis are taken /68/.

6. APPLICATION: CHEMISORPTION ON NICKEL SURFACES

Transition metal compounds present a challenge to any theoretical ap-
proach, be it ab initio or LDF /76,77/. The growing importance of transition
metal chemistry will ensure this challenge, albeit at ever increasing system
size, into the foreseeable future. Any proper description of this rich chemistry
requires a balanced treatment of the valence s and d orbitals which have rather
similar energies, but very different spatial character /78,79/. In conventional
ab initio quantum chemical formulations this often forces one to go beyond HF
and deal with complicated many-determinantal wavefunctions that can impede
chemical insight and make accurate treatment rather difficult to achieve. The
problems for an ab initio approach are compounded when transition metals
are bonded to each other /49/. Such systems, in one sense, seem most appro-
priate for the approximations of LDF theory. Their high density of valence
states suggests averaging and thus the statistical approach of Slater /4/. In
another sense, the d electrons are too inert and localized, at least for the late
first transition metal series, to strongly suggest a free-electron-gas model /5/.
In any event, it is no wonder that transition metal systems have always played
a prominent role among the applications of LDF methods.

The electronic structure of a large variety of transition-metal compounds
has been investigated using LDF methods, particularly at fixed experimen-
tal geometries /23,25,26,30,80/. Geometry optimization is increasingly im-
portant. Full geometry optimization is possible for systems involving one
transition metal using other LDF techniques /63,64/. Being able to read-
ily optimize only a few nuclear positions in the GTO method so far, we have
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focused on cluster models used for the description of local chemisorption phe-
nomena /28,31,81,82/. In this section we discuss our LCGTO description of
the chemisorption of alkali-metals and of carbon monoxide on transition metal
surfaces. A proper understanding of these adsorbation systems is an indispen-
sible prerequisite for the investigation of the phenomena observed /83/ when
both these species are coadsorbed on the same surface.

Chemisorption cluster models are quite popular for studying adsorption
on transition metal surfaces /28,31,82,84-88/. The cluster models the local
geometry of the substrate, and usually has the spatial symmetry of the ad-
sorption site. Cluster models can successfully give local chemical properties.
Such properties include adsorption geometries, vibrational frequencies both
within the adsorbate and relative to the surface, and localized excitation en-
ergies, both of core and valence electrons. Chemisorption cluster models - in
their usual design — do not include lateral interactions within the adsorbate
layer and are therefore most suitable for comparison with data from low cov-
erage experiments. Our investigations of coadsorption phenomena are a step
towards the more challenging problem of lateral adsorbate interactions.

In Table 1 we have collected results for atomic chemisorption from cluster
calculations modelling various sites on several crystal surfaces of nickel. All
the electrons are included in the SCF process. The one-electron levels were
all Gaussian broadened by 0.3 eV (cf. Eq. 22). The basis sets used in these
calculations have been described elsewhere /28,31,38,89,90/.

TABLE 1 - Atomic Adsorption on Nickel Surfaces. Comparison of Experimen-
tal and LCGTO-Xa results.

Site n® h? Ef w?

calc. exp. cale. exp. «calc. exp.
Ni(111)/Na 3-fold 10 246 - 178 254 170 -
Ni(100)/Na 1-fold 9 249 - 172 - 210 -
Ni(100)/Na 4-fold 17 2.22 2.23° 1.87 252 175 -
Ni(100)/K  4-fold 17 267 - 189 - 115 -
Ni(100)/0  4-fold 9 095 0.86f 6.01 4.99% 425 411}
Ni(100)/S  4fold 17 1.3¢ 1357 623 - 320 353"
Ni(110)/S  4-fold 11 0.80 0.84* 618 - 385 -

¢ Number of nickel atoms in model cluster. ? Distance of adsorbate above the
first lattice plane (in A). © Binding energy (in eV). ¢ Vibrational frequency
perpendicular to surface (in cm™1). ¢ /91/ f /92/ 9 /93/ * /94/ ¢ /95/ !
196/ ™ /97/.

The results of Table 1 for the adsorption bond length and the frequency of
the vibration perpendicular to the surface show good agreement with exper-
imental data where available. The agreement between X and experimental
binding energies is poorer, due more likely to the Xa approximation and the
cluster size than to incomplete convergence in GTO basis sets. In this case the
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PZ approximation would be expected to increase the calculated binding ener-
gies. The adsorption bond length of oxygen is calculated noticeably smaller
than indicated by available experimental data. However, this quantity is diffi-
cult to measure in the low coverage limit to which cluster models refer because
oxygen shows a strong tendency to form islands /98,99/. The ensuing inter-
adsorbate repulsion and weakening of the chemisorption bond may provide an
explanation for the discrepancy between experiment and cluster models in this
case. It is interesting to compare our Xea results for Ni(100)/O with those of
a recent large scale ab initio CI study based on a Nig; cluster /88/, in which
the following observables have been calculated: h = 1.09 A Ey =460 eV, w
=430 cm™L.

The bonding of alkali atoms to the surface is especially interesting because
they can promote catalysis. Alkali atoms are expected to easily lose their
weakly bound and rather diffuse valence s electron, donating it to the surface.
Population analysis /31/ shows the alkali substrate bonding to be fairly ionic,
leading to a dipole moment at the adsorption site. The bond lengths, however,
correspond to effective atomic radii for the adsorbate that are only slightly
smaller than the corresponding metallic ones, but much larger than the ionic
radii (e.g. for K /31/: rog = 1.95 &, rion = 0.99 A&, rpetar = 2.33 A).

TABLE 2 - Adsorption of Carbon Monoxide on Nickel. Bond lengths (in A).

Site dyi-co® dyic-0®
calc. exp. calec. exp.
Ni(100)  2fold 1.8 — 1.17 —
4-fold 2.04 — 1.21 —
Ni(111) 1-fold 1.71 1.72¢ 1.16 1.15¢
2-fold 1.86 — 1.18 —
3-fold 1.88 — 1.20 —

@ Nickel carbon bond distance (in A). ® Carbon oxygen bond distance (in A).
¢ /100/.

In Tables 2 and 3 we present LCGTO-Xa results for the chemisorption of
carbon monoxide on various sites of the surfaces Ni(100) and Ni(111). Cluster
models with seven (Ni(111) two-fold) to seventeen (Ni(100) four-fold) substrate
atorns have been employed. Agreement with available experimental data for
the length of the adsorption and the intra-adsorbate bond and the correspond-
ing vibrational frequencies is quite good. The lowering of the CO frequency
with increasing coordination at the adsorption site is very well reproduced. We
also note a concomitant lengthening of the CO bond and the distance to the
nearest substrate atom. The binding energy of CO on nickel surfaces is quite
small (£, = 1.3 eV /103/) and overestimated strongly in LDF calculations.
We do not feel, therefore, that these model clusters treated at the present level
of sophistication are suitable for determining preferred bonding sites.
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TABLE 3 - Adsorption of Carbon Monoxide on Nickel. Vibrational Frequen-
cies (in cm™1).

Site wyi-co® wyic—o®
calc. exp. calc. exp.
Ni(100)  2-fold 345 365° 1860 1900°
4-fold 250 — 1800 —
Ni(111)  1-fold 460 — 2000 2050¢
2-fold 400 380° 1840 18314
3-fold 315 — 1780 18164

® Vibrational frequency of adsorbate perpendicular to surface in ecm™!. ?® Car-
bon oxygen vibrational frequency in em™1, € /101/ ¢ /102/.

The bonding of CO to transition metal atoms has been the subject of many
investigations. Almost any discussion begins with the Blyholder picture /104/
of 5¢ donation and 2#* backdonation. The occupation of the antibonding
2r* orbital of CO is held reponsible for a weakening and lengthening of the
intramolecular bond, the simplest experimental diagnostic of which is a reduc-
tion in the frequency of the IR band due to C-O vibration. For gas phase CO,
the bond distance, dco, is 1.128 A and the vibrational frequency, weo, is 2143
cm™! /105/. Being more quantitative, the experimental relationship between
the CO bond length (in A) and the corresponding vibrational frequency (in
cm™1) has been fitted to a linear form /106/,

dco = -2 x 10~* weo + 1.56.

This relation has been confirmed (with much less scatter than found in the
experimental data) by taking the Blyholder model quite literally in a series
of LCGTO Xa calculations for CO /107/ with fixed fractional occupations of
the 5¢ and 27* orbitals. In this study, the change in occupation number of the
50 orbital relative to its gas-phase value, As,, ranged between zero and —1.2,
independent of Agy-, which ranged from zero to 1.8. The calculated reduction
of the CO frequency, Awco, is fitted by the second order polynomial in the
change of the occupation numbers /107/,

Awgo = —483 Mgy — T8 Asy — 25A%,. —10Asy- Ang,, —66 A2, (23)

to better than 10 cm™! over this whole range. From the relative size of the first
coeflicient, the occupation of the antibonding 27* orbital almost exclusively
determines the vibrational frequency. Chemisorption induced reduction of the
CO frequency may range up to about 350 cm™" on transition metal surfaces.
From our fit, this would correlate with an effective 27* population of about
0.6 to 0.7, depending on the effective charge of the adsorbed molecule. (The
bond distance is also strongly correlated with the occupation of this orbital in



Gaussian-Type Orbitals and Finite Systems 335

this model, as it must be, based on the simple chemical concept of bonding
and antibonding orbitals.)

Coadsorption with potassium on transition metal surfaces can result in
dramatic lowering of the CO frequency to between 1400 and 1500 cm™! /83/;
for Ni(111) a frequency of 1405 cm™! /108/ is observed. Cluster studies /107/
on Nig(CO)K3 and on NizCO with point charges modelling K¥ ions and their
image charges (the latter describing the response of the metallic substrate)
show that reductions of this size can indeed be obtained in model calculations.
Beyond the Blyholder model, part of the frequency lowering induced by the
coadsorbed alkali metal is due to dipole-dipole interaction /83/ between CO,
on the one hand, and the adsorbed alkali ion plus its image charge, on the
other hand. The charge distribution due to the coardsorbate produces a dipole
layer and sets up an electric field that polarizes the CO bond. The direction
of the latter is such that the bond is lengthened. (The fact that the CO
IR band is so strong means that there is a very large change in its dipole
moment when the CO bond distance is changed.) The indirect charge transfer
from the coadsorbed potassium into the CO 2z* orbital via the substrate
and the dipole-dipole interaction contribute about equally to the lowering,
both being responsible for a shift of 150 to 200 cm™" in the model cluster
calculations /107/. The backdonation part of this frequency shift translates
into an effective population of the CO 2#* orbital of about 1.0 to 1.1 according
to Eq. 23. It is worth noting that essentially no direct orbital interaction /83/
between CO and K71 was found in these cluster investigations /107/.

7. CONCLUSIONS

We have reviewed the present state of the Gaussian-type orbitals approach
to DFT with emphasis on problems connected to the practical solution of the
Kohn-Sham equations. Leaving aside questions related to the derivation of
the set of one-electron equations, we have described the advances that have
been made and the problems that remain when a set of one-electron equations
governed by one effective local potential is to be solved for large finite systems
using a GTO basis set. Given that improvements are possible on X and other
LDF methods /19/, we have tried to outline characteristics of local potentials
that affect GTQO implementation. For example, local potentials that are a
function of the gradient of the charge density in general would have to be
treated numerically, which in contrast to LDF methods would involve two
fitting algorithms, for V and U, not just two separate fits. The gradients of
the LCGTO density themselves, however, are trivially computed.

Three problem areas have been identified that plague efficient implementa-
tion of the GTO approach: the treatment of the electronic Coulomb interaction
and of XC interaction as well as difficulties converging to a self-consistent so-
lution. Variational fitting now provides a stable and economic way around the
N* bottleneck for the electronic Coulomb interaction, reducing the problem to
N? in the number of electrons. For the XC potential a comparable formalism
is yet to be found. Available general solutions to this second problem rely on
superposed atomic grids. This makes any solution costly and puts a heavy
burden when accurate solutions are demanded, because accuracy, in general,
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increases as the square root of the number of points. As an alternative, a
stationarity principle has been discussed that is restricted to the Xa form of
the XC functional, however. This latter form would have the added benefit
of allowing the calculation of completely analytical energy gradients, an in-
dispensible tool for geometry studies of complex compounds, with their often
soft motions on potential surfaces embedded in high-dimensional spaces.

We have presented an application to an important chemisorption prob-
lem that also dermonstrates the class of problems that may be tackled with
the GTO formalism today. Not only can we study relatively simple effects
in adsorbation, such as the vibrational frequencies of various adsorbed atoms
and diatomics in the low coverage limit, but, given sufficient insight, we have
the computational means available to attack problems in more complex ad-
sorbate systems, such as to quantify how alkali metal coadsorption lowers the
vibrational frequency of carbon monoxide so much.
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1. INTRODUCTION

The pioneering paper by Hohenberg and Kohnl 25 years ago put
density-functional methods for electronic structure calculations on a firm
theoretical footing. Techniques such as those developed by Kohn and
Sham? are mainstays in calculating properties of solids, especially metallic
systems, and are discussed in detail in other articles in this volume. Here
we will describe a rather different application of density-functional theory,
an approximate method called the (Gordon-Kim) electron-gas model3, that
is useful for calculating interaction energies between closed-shell atoms and
molecules.

Fundamental to almost all discussions of molecular systems is the
assumption that these systems consist of molecular units, with the electrons
tightly bound to a specific molecule. Molecular and ionic solids, for
instance, are characterized by having electrons highly localized about their
parent nuclei, with very little electronic density in the interstitial regions.
This extreme electron localization allows a great simplification in the
application of local-density functional theories. To a first approximation,
the electronic structure of interacting molecules can be taken as a sum of the
unperturbed (i.e. gas-phase) electron densities of those molecules. The
evaluation of the energy is then simple; the electronic structure is a given
and the interaction energy alone needs to be evaluated (i.e. no self energies).
Since calculation of the electronic structure of isolated molecules is
straightforward (for example with Hartree-Fock theory), the input densities
are accurately known and easily obtainable. Also, since the electronic
structure is input, and since the interaction energies are dominated by the
electrons in the region between the interacting molecules and not the core
electrons, the kinetic energy operator can be replaced with the free-electron
gas kinetic energy density functional without great loss of accuracy.
Because of its simplicity, and the rather accurate results obtained with the
model, the electron-gas model is one the most useful methods for
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determining interaction energies between closed-shell atoms, molecules and
ions.

It turns out that the assumption of gas-phase electronic densities works
well for pair interactions, but is not so good for some solids, particularly
ionic solids, where the large electrostatic interactions in the crystal can
considerably modify the electronic structure of the ions. Much of the rest of
this article is concerned with the problem of how to best approximate the
electronic density of atoms and molecules in solids. It should be noted that
in all the electron-gas-model calculations discussed here, the total electron
density is still represented as a sum of the distributions of the constituent
molecules. However, instead of using gas-phase molecular charge
distributions, one uses charge densities perturbed by the crystalline
environment around the molecules.

2. THE ELECTRON-GAS MODEL

In its original form,3 the electron gas model calculates the short-range
interaction energy between closed-shell systems via two simple
approximations. First, the total electronic density of a combined system is
assumed to be a sum of the unperturbed (i.e. gas-phase) densities of the
constituent systems (the additive density approximation);

p(r)=Zpi(r) , (1)

where pij is the electronic charge density of constituent i. Second, the
energy density is approximated by the energy density of a homogeneous
electron gas, e[p], with the local density approximatio, i.e. the energy
density at a point depends only on the charge density at that point. The
interaction energy is then obtained by numerically integrating the difference
between the energy density of the combined system and the sum of the
energy densities of the constituent systems. For a pair of interacting
systems located at rp and rp, we have



344 Roy G. Gordon and Richard LeSar
Egp=| dr {c[pa(r -rg+ pylr-r|-e[p,fr-rq]<[pylr- rb)]} (2)

where

/3
pl=Cp - o +edp]+psafpy] (3)

and the first three terms represent the kinetic, exchange, and correlational
energy densities, respectively. The constants Ck = 3/10(3n2)23 and Cx =
3/4(3/m)173 are the standard constants for a uniform electron gas.4 The
form of E. was determined by extrapolating between the known large and
small density behavior and is given elsewhere.3 The last term is the
Coulomb energy, where pr is the total charge density (nuclear and
electronic) and @ is the Coulomb potential. Despite the approximations
inherent in both the description of charge density and the energy density
functionals, this simple model is remarkably successful at predicting the
short-range repulsive part of the intermolecular potential for pairs of closed-
shell atoms, molecules and ions. Early applications and approximations of
the electron-gas model have been reviewed previously.’

A number of approaches have been suggested to modify and improve
the energy-density functionals used in Eq. 2. Perhaps the most used
method is the modified electron-gas (MEG) model. By comparing total
kinetic and exchange energies of atoms calculated both with the electron-gas
terms of Eq. 2 and with Hartree-Fock calculations, Waldman and Gordon®
found that the electron-gas results could be brought close to agreement with
the Hartree-Fock calculations by scaling the electron-gas terms with
coefficients that depended only on the number of electrons. These same
scaling factors can then be used to multiply the electron-gas terms for use in
calculating interaction energies, with the number of electrons now for the
combined system. Use of the MEG approximation leads to improved
agreement between experimental and calculated interaction potentials.t
Because the original form of the local-density correlation functional was an
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approximate representation, some groups’ have used the presumedly more
accurate Hedin-Lundqvist 8 parametrization. Finally, there has been some
study of non-local-density approximations in the context of the electron-gas
model. The work as applied to the Gordon-Kim model is reviewed by
Pearson and Gordon? in a paper on the use of gradient corrections to the
uniform electron-gas functionals. They show that proper inclusion of
gradient corrections (by treating the expansion as locally asymptotic) to the
kinetic energy may improve the results obtained with the electron-gas
model.

Long-range dispersion (van der Waals) interactions, which arise from
the interaction of instantaneous dipoles created by the fluctuating electronic
distributions, giving the well-known r-6 form at long range, and are not
accounted for in the electron-gas model. At small separations, however,
these interactions are part of the correlational energy. A number of
approximate ways to include these interactions have been studied, including
the use of a Drude oscillator model;19.1! matching the known long-range
form onto the correlational energy at small separations!2, and semiempirical
approaches.13,14.15 Because of ambiguities about how to match up the
long-range and short-range terms, none of the suggested methods have been
entirely satisfactory.

In addition to the approximations inherent in the use of local-density
functionals, the electron-gas model makes assumptions about the electronic
density of the interacting systems. The principal assumption is the additive
density approximation, where the total electronic density is taken as the sum
of the gas-phase distributions of the interacting molecules. For rare-gas
interactions, under normal conditions, this seems to be a reasonable
assumption. Calculations by Wood and Pyper!6 on these systems suggest
that by not relaxing the charge distributions, the repulsive wall is shifted to
somewhat larger separations, but that the errors are not large. As noted in
the introduction, however, in ionic solids the charge distributions of the
constituent atoms are perturbed from the gas phase. In the next section, we
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discuss approximate ways to calculate the perturbed electronic density of
atoms, ions and molecules inside solids.

In condensed phases, there is always the question of whether the total
interaction energy can be represented as a sum of interactions between pairs
of atoms. To test these effects, Gordon and co-workers!7:18 introduced
methods by which the many-body, short-range interaction energy could be
determined directly by a numerical integration of the energy-density
functionals over the entire unit cell. In ionic solids, these many-body
energies are reasonably small, as we shall see in comparisons below.

2.1. Free ion approximation (FIEG and FIMEG)

The earliest applications of the electron gas (EG) model to ionic solids?!?
assumed simply that free, gas-phasc-phase ions were placed unchanged in
the crystal (FIEG). Electron densities for the free ions were evaluated from
atomic Hartree-Fock self-consistent-field wave functions. The interaction
potentials of the nearest neighbor pairs of ions were determined as in Eq. 2.
The electrostatic interactions between all the ions in the crystal were
evaluated using the Madelung constant for the appropriate crystal structure.

The results with this very simple approach were reasonably accurate for
the alkali halide and alkaline earth dihalide crystals. Lattice constants and
lattice energies for the alkali halides were found to be within about 4% and
8% of experiment, respectively. The bulk moduli, which involve second
derivatives of the potential, were less well determined, underestimating the
experimental values by up to 30%.

Applications of the free ion approximation were also made with the
MEG model (FIMEG), both with pair interactions?0 and including the
many-body short-range energy.}? Results with the pair interactions were
surprisingly accurate for the alkali halide crystals, with the lattice parameters
and energies within about 2% of experiment. The calculated results for the
bulk moduli were improved to within about 10% of the experimental values.
Inclusion of the many-body energy made very little change in the calculated
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properties.!7 Phase transitions between different crystal structures were
also predicted,20 but the pressures of these phase transitions showed large
errors because of the extremely small energy differences involved.

The free-ion approximation is limited in its range of applicability to ions
which are stable in the gas phase. All positive ions are stable as free ions,
so the free-ion approximation can be used for any cations. However, only
anions with a single negative charge are stable, such as halide (F~, CI", Br",
I"), hydride (H"), hydroxide (OH") and cyanide (CN") ions. Multiply
charged anions such as oxide (02') are not stable in the gas phase, and thus
the free-ion approximation cannot be applied to oxide crystals.

2.2. Spherically stabilized rigid ions (RIMEG)

Since oxide ions do not exist in free space, one may question whether
they exist in oxide crystals. Generations of elementary chemistry students
have been taught about oxide ions as constituents of ionic compounds.
Have we been misleading them? We think not, since the oxide ion is
stabilized by its crystalline environment, which must carry two net positive
charges to balance the charge of the oxide ion. These positive charges
around the oxide ion help bind two electrons to an oxygen atom in a crystal
to form a crystal-field stabilized oxide ion.

A simple model for this crystal-field stabilization was introduced by
Watson,2! who distributed the positive charge on a spherical shell
surrounding the oxide ion. The additional potential produced by this charge
shell is constant within the shell, and Coulombic outside the shell. The
Hartree-Fock wavefunction for such a stabilized oxide ion retains the
spherical atomic symmetry, and can thus be obtained with simple
modifications of programs for atomic wave functions.

The electron densities for the Watson-sphere stabilized oxide ion were
used by Cohen and Gordon?2 to calculate energies for magnesium and
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calcium oxide crystals. The resulting lattice constants and energies were in
reasonable agreement with experiment.

In making comparison with the lattice energy, care must be taken to use
a consistent and well-defined reference state, since there is some confusion
in the literature on this point. In particular, attempts to use "gas-phase 02
ions" as a thermodynamic state are meaningless and undefined because of
the instability of this species. One consistent and well-defined gaseous
reference state consists of positive ions, singly-charged (stable) O™ ions and
free electrons. One of the energy terms needed in assembling the lattice is
the energy required to add a free electron to an O™ ion, to form a Watson-
sphere stabilized 02 ion. This energy, which we call the self-energy of the
02" ion, is added to the Coulomb terms (Madelung energy) and the pair
potentials (calculated from the electron-gas energy functional) to find the
(static) lattice energy.

2.3. Variationally stabilized non-rigid spherical ions
(VSMEG)

There remains the question of what charge and radius should be used to
describe the crystal field stabilization. Watson originally used a charge of
+1 electronic charge and a shell radius of 2.66 au, a value estimated as the
empirical "ionic radius" of the oxide ion. While these shell parameters give
reasonable results, most later workers!7 used a shell charge equal in
magnitude and opposite in sign to the charge on the ion being stabilized.
Thus for an 02 ion, a +2 charge shell is normally used to represent the
crystal field. Recently, however, Jackson and Gordon? have argued that a
shell charge slightly less in magnitude than the ion charge may be more
appropriate for crystals at high density, because of the increased overlap of
ionic charge densities at high pressures. Shell charges of 1.7 to 1.8 gave
slightly more stable lattices for two magnesium oxide phases, than did the
conventional shell charges of 2.0.



The choice of the shell radius has been the subject of much discussion
and calculation. Mulhausen and Gordon!7 originally used the shell radius
as a variational parameter in order to find the the minimum crystal energy as
a function of the shell radius (see figure 1), at the same time establishing the
most appropriate shell radius for a given crystal. However, because the

Local Theories of lonic and Molecular Solids

crystal energy is so flat in the neighborhood
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of the minimum, they found it difficult to determine reliable values for the
shell radius by this variational method. Therefore they used an electrostatic
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consistency argument, discussed below, to estimate the shell radius in his
calculations.

Recently, Wolf and Bukowinski24 have successfully implemented the
variational approach to determining shell radii. They found that larger basis
sets are needed for the Hartree-Fock ionic wave functions, and that very
careful optimization of the orbital exponents in these wave functions is
required for each shell radius. With these precautions, they were able to
calculate very reliable equations of state and other properties for magnesium
and calcium oxides, using the variational approach. Even the elastic
constants are predicted fairly well. It is interesting to note that the Cauchy
relations (e.g. Co = Cy4 for these crystals) are violated by the theory (and
the experiments). Normally, all theories based on spherical pair interactions
incorrectly predict the Cauchy relations to hold. However, the pair
potentials in the present theory depend implicitly on the rest of the lattice, so
they are really many-body forces.

The variationally determined shell radii decrease as the crystal volume
decreases at high pressures. The corresponding ionic electron densities also
shrink in size as the pressure increases. This squeezing of the ions to
smaller size is an important physical effect, particularly in predicting
properties such as the bulk modulus. If the ions are considered as rigid, the
predicted bulk moduli will be too large, and the lattice too rigid.

2.4, Coulomb-stabilized non-rigid spherical ions (CSMEG)

Because of the numerical instabilities in the variationally determined
shell radii, Mulhausen and Gordon!7 adopted a self-consistency argument,
first suggested by Pachalis and Weiss2, to estimate the shell radii. Since
the Watson sphere shell potential is supposed to represent the stabilizing
effects of the charges in the surrounding lattice, the Coulomb potential at the
site of the ion was calculated, and the shell radius adjusted so that the
Coulomb potential inside the sphere matched the site potential. Since
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changing the lattice constant changes the site potential, and hence the shell
radius, the ion charge density and the pair potentials, it was necessary to
determine the shell radius and the equilibrium lattice constant iteratively.
However, the iterations converge rapidly, and the shell radius is determined
easily without numerical instability. Equilibrium lattice constants and
energies were predicted with a typical accuracy of 1-2% for a wide variety
of ionic crystals. Equations of state were less reliable, in part because the
pressure due to the implicit volume-dependence of the self-energy was
neglected. By including this term, Coulomb-stabilized non-rigid spherical
ionic calculations of equations of state were successfully predicted for NaF
and NaCl26 and MgO.27 The computer program used for finding these
equations of state was specific to these symmetric crystals without internal
parameters.

This same model was applied to less symmetric crystals and to their
harmonic vibrations by Boyer et al.28 They renamed it the potential-induced
breathing (PIB) model, and were apparently unaware that it was identical to
the Coulomb-stabilized version of the model used by Mulhausen and
Gordon.!7 Boyer et al.28 use a different local density functional for the pair
interactions, and also use it, rather than Hartree-Fock, to determine ion
wave functions and self-energies. These differences, not their claimed
differences in stabilization method, which account for the difference
between CSMEG and PIB results for the structure and energy of MgO and
CaO. Elastic constants and lattice vibration frequencies calculated by Boyer
et al.27 showed improved agreement with experiment, compared to rigid ion
models.

The shell radii determined by this Coulomb consistency argument are
close to, but not identical to, those determined from the variational argument
(see figure 1 of reference 17). The differences between crystal properties
predicted by the variational and Coulomb-stabilized methods are small, and
probably within the accuracy of the modified electron-gas density functional
(see Wolf and Bukowinski,24 for a good comparison of these results).
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2.5. Non-spherical, polarized ions (VPMEG)

When ions are in a non-centrosymmetric environment, their electron
densities are distorted or polarized. An extreme example is anionina
diatomic molecule, such as an alkali halide molecule. An extension of the
electron-gas model was developed!0 to include such polarization effects.
The electron density in the outermost (valence) orbitals is assumed to shift
rigidly under the influence of the following forces on the valence electrons:
1. Coulomb interactions due to the other ion(s) in the system. 2. Forces
due to overlap of the valence electrons with electrons on other ion(s) in the
system, computed in the usual way by integrating an energy density
functional over the region of overlap. 3. A restoring force between the
valence electron and the nucleus and core electrons of the ion to which the
valence shell belongs. This restoring force is assumed to be harmonic, and
the force constant is determined by the dipole polarizability of the ion,
determined either theoretically or experimentally. The equilibrium position
of the valence shell under these forces is determined. Thus this method is a
close relative to the VSMEG method, except that the charge relaxation is a
shift rather than a breathing motion.

This method was applied successfully to many pair interactions of atoms
and ions!0 and molecules.1! Application of a similar model to certain solids,
such as alumina, gave promising results.29 This model is currently being
applied to other non-centrosymmetric solids and to lattice vibrations which
distort even centrosymmetric solids away from a symmetric ionic
environment.30

Application of this single-shell polarization model to other solids, such
as silica, did not give meaningful results. Because the oxide ions in silica
are between two equally close silicon neighbors, there is no preference for
shifting the shell toward either of these neighbors, and the shell ends up
shifting in a direction halfway between the silicon neighbors. Therefore a
two-shell polarization model was devised for this kind of situation.3! The
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valence electron density is divided into two equal shells, each of which is
allowed to shift independently. In addition to the forces enumerated above
for the single-shell model, there is a force between the shells, which is
estimated from the theoretical quadrupolar polarizability of the oxide ion.
This two-shell polarization model predicts the energy, structure and
compressibility of alpha- and beta-quartz30 and coesite32 much better than
the unpolarized MEG methods do. In particular, the two-shell model
correctly finds that alpha-quartz is more stable than beta-quartz, whereas
unpolarized models incorrectly find the reverse.33 The silicon-oxygen-
silicon bond angles are nearly correct in the two-shell model, whereas
unpolarized models find larger, nearly linear bond angles. The bulk
modulus, which is much too large in unpolarized models, is reduced to
reasonable values by the two-shell model, which correctly accommodates
the compression by bending the bond angles. Application of the two-shell
model to olivine and spinel forms of Mg,SiOy resulted in too much
polarization;34 since there are four cations close to an oxygen in this case,
it may be necessary to use a more elaborate polarization model.

2.6. Ionic crystals containing polyatomic anions

The application of these ideas to systems involving molecular ions is
complicated by the non-spherical nature of the molecular charge
distributions. Most of the work done on molecular ionic systems has been
in the spirit of the CSMEG model. In studies of the alkali and alkaline-earth
hydroxides!® and the alkali cyanides,33 the lattice-Coulomb potential was
calculated at a series of sites along the OH- and CN- bonds. This Coulomb
potential was then approximated with a set of six bare charges (replacing the
Watson sphere) and a Hartree-Fock calculation was performed on the ion in
the presence of these charges. As in the CSMEG approach, the calculations
were repeated until self-consistency between the calculated site potentials
and those used in determining the wave functions was reached. The effect
of the ionic environment on the molecular charge distributions was similar
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to the that found for atomic ions, with a decrease in calculated lattice
constants when the stabilized distributions were used. The agreement with
experiment of these calculations was good; within a few percent in
equilibrium lattice energies and constants. Analysis of the molecular wave
functions showed a modest change in the electrostatic moments of the
molecules, though the use of rather small basis sets in the Hartee-Fock
calculations (s and p orbitals only) limited the accuracy of these calculations.
As an example, the dipole moment of a CN- ion was found to be reduced
from about 0.19 atomic units in the gas-phase to 0.09 in low-temperature
solid NaCN, with almost no change in the higher moments.35 Recently,
Fowler and Klein36 did a more careful determination of electronic structure
changes in CN- ions in the high-temperature rotor phase of NaCN. They
approximated the crystal environment by fixing a CN- ion and its six
nearest neighbor Nat ions in their known lattice sites and performing
Hartree-Fock calculations on this cluster, thus neglecting long-range
contributions from the rest of the lattice. However, using a more complete
basis set that included d functions, they found a larger reduction in the
dipole moment (from about 0.15 to 0.03 atomic units) with a reasonably
large reduction (about 20%) in the quadrupole moment as well.

2.7. Neutral molecular crystal perturbation model (CPM)

Up to now, we have discussed approximate ways of including the
effects of electrostatic interactions on the electronic structure of atoms and
molecules in ionic solids. For systems made up of neutral species, for
instance the rare-gas solids or solid nitrogen, the electrostatic interactions
between molecules are reasonably small and do not lead to large
perturbations of the molecular electronic structures. At high pressures,
however, there is significant overlap of the molecular charge distributions,
leading to changes in the electronic structure from the orthogonality of the
wave functions. LeSar37:38 introduced a model to approximate these effects
that is in the spirit of the CSMEG model for ionic systems. In this
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approach, the Hamiltonian for a molecule in a solid is written as a sum of
the free-molecule Hamiltonian plus a term that represents the interaction of
the electrons in the molecules with the other electrons in the solid. If only
the electrostatic interactions were included, this approach would reduce to
the CSMEG model. However, an approximate potential, derived from the
energy-density functional of Eq 2, was suggested to represent the repulsive
interactions of the electrons with the rest of the atoms. Application of this
approach to solid Ar37 and He38 found that inclusion of these terms leads to
a compression of the electronic structure of the atoms as the pressure is
increased. If this atomic compression is included in determining the
interaction between the atoms, greatly improved agreement between
experimental and theoretical equations of state is obtained.

3. COMPARISON OF METHODS

Theoretical % error in % error in % error in
Method lattice constant  dissociation energy bulk modulus

FIEG2 +1.4 +1.6

FIMEG - pair® +3.9 -4.1 =17
FIMEG - MB¢ +5.2 -59

CSMEG - MB¢ +1.6 -3.3

CSEG - TFd -1.3 ? -7x7
CSEG - KSd -2.1 ? +7+7
CSMEGe +0.7 -0.7 +9+7
APWf +0.1 ? 0x7

a Kim and Gordon (1974), ref. 19

b Cohen and Gordon (1975), ref. 20

¢ Mulhausen and Gordon (1981), ref. 17

d J. L. Feldman et al, Phys. Rev. B37, 4784 (1988)

¢ Hemley and Gordon (1985), ref. 26

f M. S. T. Bukowinski and J. Aidun, J. Geophys. Res. 90, 1794 (1985)

Table 1. Comparison of results for NaCl (static lattice) by various electron
gas density functional methods.
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In Tables 1-3 we compare results of electron-gas model calculations on
three systems, NaCl, MgO, and SiO», using the various approximations to
the charge density discussed above. By comparing calculated values for the
lattice constant, dissociation energy, and bulk modulus to experiment, we
can examine each of the suggested descriptions.

The results for NaCl are shown in Table 1. NaCl is a case for which the
electron-gas model should work well in its simplest form, i.e. with the
assumption of spherical ions. NaCl is highly ionic, and X-ray
determinations3? of its electronic structure indicate that the ions are
essentially spherical, with minimal electron distribution in the interstitial
regions.

The first entry in Table 1 is from a calculation involving free-ion wave
functions and the EG model (FIEG). The relatively small deviations from
experiment in the FIEG calculation are fortuitous and most likely are due to
cancellation of errors between the more approximate energy-density
functionals and the gas-phase electronic density. A more realistic
assessment of the use of gas-phase wave functions is given by the FIMEG-
pair and FIMEG-MB calculations, which used the free-ion wave function
and the more accurate modified electron-gas (MEG) model. These
calculations differ from each other in the treatment of the short-range
interaction energy. The pair calculations assume pairwise additive potentials
while the MB calculations included contributions to the short-range MEG
energy from the mutual overlap of more than two charge distributions.

Both of these calculations have lattice constants that are larger and
dissociation energies that are smaller than experiment. This trend is typical
of results for ionic solids. Use of gas-phase charge densities yield lattices
that are too large and binding energies that are too small. Inclusion of the
Coulomb charge stabilization (CSMEG-MB) leads to a marked
improvement in the agreement with experiment both for the lattice parameter
and the dissociation energy. This calculation did not include the self-energy
contribution to the pressure, which is included in the calculation marked
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CSMEG. Including this term leads to very close agreement with
experiment, though, since pair interaction potentials were used, it is difficult
to compare the CSMEG calculations with the CSMEG-MB calculations.
The other two electron-gas calculations listed the CSEG-TF and CSEG-KS
used Coulomb-stabilized ions, whose wave functions were determined with
either the Thomas-Fermi kinetic energy functional or the Kohn-Sham
method, and the EG model with the Hedin-Lundqvist exchange-correlation
term. The results with these calculations are somewhat in poorer agreement
with experiment than the CSMEG method. Finally, we report the results
from accurate APW (augmented-plane wave) band-structure calculations,
which show the best agreement with experiment, as they should since the
change in electronic structure is calculated very accurately without the errors
introduced by a model. The price paid in the APW calculations is the
restriction to symmetric structures and the computer time needed in the

calculation.
Theoretical % error in % error in % error in
Method Lattice constant  dissociation energy bulk modulus

RIMEG?2 +9.2 -8.8 -2.4
CSEGb +2.6 -32.6 -194
CSMEG¢ +2.4 -0.7 +15.5
VSMEGd +0.4 -0.2 +10.6
APWe +0.3 ? -3.2

a Cohen and Gordon, ref. 20

b Mehl et al. (1986), ref. 7

¢ Hemley et al. (1985), ref. 27

d Wolf and Bukowinski (1988), ref. 24

¢ M. S. T. Bukowinski, Geophys. Res. Letters 12, 536 (1985)

Table 2. Comparison of results for MgO (0°K) by various electron-gas
density functional methods.

In Table 2, results of calculations on MgO are compared. Overall,
agreement between calculation and experiment for this system is comparable
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to that for NaCl. The CSEG results used the standard Thomas-Fermi
kinetic energy functional with the Hedin-Lundqvist exchange-correlation
term. As can be seen in the table, use of this approach does not yield as
close agreement with experiment for MgO as calculations based on the MEG
model, which uses the Thomas-Fermi-Dirac functional with each term
scaled by a factor that depends on the number of electrons in the system as
described above. The best agreement of the electron-gas models with
experiment is with the VSMEG, which treats the radius of the Watson
sphere as a variational parameter. The VSMEG method for MgO works
about as well as the accurate APW results. The RIMEG calculations used
Watson's wave function for the O2- ions and show rather poor agreement
with experiment. This disagreement can be understood by examining the
oxide wave function. Comparison of <r2> of the electronic distribution
shows that the Watson wave function has a considerably larger extent than
the converged wave functions determined in the CSMEG method, with the
value of the Watson wave function about 27.53 bohr? and CSMEG result of
23.00 bohr2. The larger extent of the wave function leads to a larger lattice
than experiment and a smaller dissociation energy.

Theoretical % error in . % error in % error in
Method  (lattice volume)'3  dissociationenergy  bulk modulus

CSMEG?2 +0.9 -5.0 +710

VPMEG?2 -1.3 +1.0 +49

a Jackson and Gordon, ref 31

Table 3. Comparison of results for SiO7 in ®-quartz structure (static lattice)
by electron gas density functional methods.

The final example shows the importance of polarization for non-
centrosymmetric solids. In SiOj, the oxide ions are polarized toward their
two silicon nearest neighbors. As discussed above and shown in Table 3,
use of spherical non-polarized ions (CSMEG) leads to results for the
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structure of the solid in much worse agreement with experiment than the use
of the two-shell polarized model (VPMEG). In particular, the silicon-
oxygen-silicon bond angle is well determined with polarization and not

without polarization (Fig.2).
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The calculated bulk modulus with the CSMEG model is too high by a
factor of 7, and with the two-shell polarization is reduced to reasonable
agreement with experiment. Considering the complexities of the quartz
structure, the simple two-shell model works remarkably well.

Much has been said in this article about the role of the solid-state
environment in determining the electronic structure of the constituent ions
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and thereby the interactions between the ions, which in turn determine the
structure. A sensitive indicator of the changes in the electronic distributions
is the <r2> of the electronic distribution. In Figure 3 we plot the ratio of
<r2> in the solid to that in the gas phase, <rz>g, for a series of ions
involving F- and Cl- (diamonds) anions.
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i o . * 1
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cation’s row in periodic table

Fig. 3. Ratio of the mean-square radius of the crystal-stabilized wave
function. (<r2>) to the gas-phase value. (<r2>g) for CI- (diamonds)
and F- (circles) ions in a series of ionic solids. The row in the
periodic table of the cation in the solid is given as the obscissa.
Open symbols are for monovalent cations (e.g. NaF) and closed
symbols are for divalent cations (e.g. NgF»).

This ratio is plotted versus the row of the periodic table of the cation in the
ionic solid, with the open symbols for single-valent cations (eg. Na*) and
the closed symbols for divalent cations (eg. Mg2+). This ratio varies for F-
ions from about 0.9 to 0.95 for the systems displayed, which means that
<r2> is up to 10% smaller for fluoride ions in the solid than in the gas
phase. Chloride ions are much larger in extent, due to the larger atomic
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number, and are more greatly affected by the solid than the fluoride
systems, with up to 20% reductions in <r2>. The stabilization of the
divalent oxide anions is even more striking; they do not even exist in the
gas-phase. As a comparison, calculations using the crystal-perturbation
model on helium at very high compressions (up to six fold over the low-
pressure solid) found that <r2>/<r2>¢ was reduced to about 0.94 at 23 GPa.
As in the ionic solids, this compression of the size of the atoms lowered the
calculated volume and improved agreement with experiment.

4. CONCLUSIONS

The Gordon-Kim electron-gas model coupled with simple descriptions
of the electronic structure of the constituents yields remarkably good
descriptions of the structure and energy of simple ionic and molecular
solids. By building into the electronic structure of the constituent atoms and
ions the dominant changes due to the crystal environment, only the
interaction energies need be determined, thus reducing considerably the
computational effort. The description of the electronic structure is itself
straightforward, making use of the local symmetry in the crystal lattice. For
many ionic systems, spherical, unpolarized ions can be assumed with very
little error. For others, such as quartz, more complicated models, which
include polarization effects, can be used. These methods require only
slightly more computational effort. Application to the more complicated
molecular systems is straightforward. Experience with the method indicates
that the calculated results are very reliable.
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1. Introduction

Excitement in physics almost always occurs at the fringe -
in areas that are not well understood and are typically beyond
the limits of applicability for standard theories - in short, at
the frontiers of physics. Condensed matter electronic structure
theory is no different in this respect from any other area of
physics. It should come as no surprise, therefore, that the
Local Density Approximation to the Density Functional Theory
(LDA-DFT) is often applied to systems or problems that, strictly
speaking, are beyond it’s known range of validity. The purpose
of this review article is to focus on a few of these areas and
to show how well or poorly LDA-DFT theory works and what
generalizations or extensions seem to be required to
successfully explain the physics in these areas. Because of the
vastness of modern condensed matter physics, the authors have
been forced to neglect many interesting areas (some of which are
treated in other articles in this book) and to restrict the
discussion to a few bulk and layer applications in which they
have some direct involvement or interest.

ADVANCES IN QUANTUM CHEMISTRY Copyright © 1990 by Academic Press, Inc.
VOLUME 21 All rights of reproduction in any form reserved.
365
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Before discussing applications of LDA-DFT, it is useful to
compare that theory with Hartree-Fock (HF) theory, which is also
based on a variational principle and requires solving a set of
nonlinear differential equations for one-electron orbitals and
energies. Indeed, the earliest LDA calculations were performed
prior to the advent of DFT theory and attempted to simply
approximate HF theory. In spite of these similarities there are
fundamental theoretical differences, which limit the range of
applicability for each of the theories.

HF theory is based upon a single Slater determinant
approximation to the ground state wavefunction, which is varied
to minimize the energy cbtained from the exact many-body
Hamiltonian. Thus the HF theory provides a rigorous upper bound
to the exact ground state energy, with the error being due to
neglect of electron-electron correlation. The fact that HF
theory has a well-defined ground state wavefunction, allows one
to rigorously interpret the one-electron orbitals and energies
as one-electron excitations, within the context of Koopmans'
theorem, 1.e., neglect of correlation and relaxation. The
primary advantage of HF theory lies in it’'s theoretical rigor
for both bulk and one-electron properties and the fact that the
errors introduced are, in principal, well-understood. The
primary disadvantages are the necessity of solving nonlocal
one—electron equations, the relatively large correlation and
relaxation errors in the one-electron properties of solids, and
because correlation calculations are only practical for fairly
small systems. These limitations have generally restricted HF
calculations to atoms and molecules.

In contrast, LDA-DFT (which we will refer to as simply LDA)
is based upon a local density approximation to the as yet
unknown density functional whose variational minimum with
respect to density would be the exact ground state energy.

Since the exact density functional is not known, the LDA energy
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does not represent a rigorous bound for the exact energy and the
error introduced is unknown. The primary advantages of LDA are
the intrinsic locality of the one-electron equations, errors in
the energy which become small in regions where the density is
smoothly varying (such as bonding regions in extended systems),
and one-electron eigenvalues which are in quite good agreement
with experiment for extended systems. The primary disadvantages
of LDA are it’s lack of theoretical rigor for one-electron
properties, relatively large errors in the one-electron
eigenvalues for highly localized states, and because the errors
introduced into both the bulk and one-electron properties are

of ten poorly understood. As a result of the advantages and
limitations just discussed, LDA has become the primary tool
applied to extended systems, while HF theory has remained the
primary tool for studying atoms and molecules.

From the above discussion of LDA, it should be apparent
that the range of application for LDA is poorly defined.
Nonetheless, one of the most remarkable results of LDA research
over the past 25 years has been the discovery that for a wide
range of systems, both the bulk and one-electron properties are
often well described by LDA. Indeed, since success has almost
become the norm, a great deal of recent work has been devoted
toward finding ways to fix up LDA in the few places it fails.
This work has been facilitated by two important developments.
The first is the development of high-precision full-potential
methods for solving the LDA one electron equations (as opposed
to using some type of shape-constrained potential and density).
The second is the modern treatment of relativistic effects
associated with heavy (high-Z) atomic components in solids.
Here, instead of solving the four-component Dirac equation for a
crystal with many atoms per unit cell, one can decouple the
Dirac equation to obtain the mass-velocity and Darwin

corrections in a non-relativistic L-S basis. This procedure,
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called either the semi- or scalar relativistic technique, does
not include spin-orbit coupling, but does allow
spin-polarization to be included for higﬁ Z components and much
of the published literature is based upon this method. However,
with modern supercomputers and new numerical algorithms results
using the Dirac equation have also become fairly widespread.
Recently, methods for rigorously including both
spin-polarization and spin-orbit coupling have been developed,
but are not standard in most LDA applications/1/.

In a sense, looking for the boundary where LDA breaks down
is a theme of this review. Specifically, we discuss first the
bulk calculations of cohesive energies, bulk moduli, and lattice
constants. Next a very brief discussion of elastic constant
calculations is given. The last of the properties based on the
total energies that we discuss is that of crystal phase
stability. We then look at comparisons between the LDA
one-particle spectra and various measured quasi-particle
spectra. Comparisons are made with x-ray photoemission (XPS)
spectra and optical measurements. Next we focus on the
determination of those states in the small energy range around
the Fermi Surface (FS). Finally we examine complex systems such
as the Heavy Electron systems or low dimensional structures,

where one is again pushing the limits of the LDA-DFT method.

2. Cohesive Energies, Lattice Constants and Bulk Moduli

The calculation of these properties are the least demanding
of LDA calculations in the sense that one can calculate the
cohesion, lattice constant, and bulk modulus of all the d and f
band elements of the periodic table to within 5-10% of the
experimental values treating them all as fcc crystals/2/. That
this is true of the d band metals and the rare-earth metals
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(where, with the exception of Ce, the f electrons are in
localized states and so they are d-band metals) is not
surprising since the ground states are usually fcc, bec, hep, or
dhcp structures for which the energy differences are small.
That this is true of the light actinide metals (Pa — Pu) with
low symmetry ground states is surprising/3/. The parabolic
trend of cohesion of the transition metals can be understood in
terms of having a maximum number of unpaired bonding d orbitals
filled in the middle of the series. However, this simple model
does not explain many of the more subtle details. For example,
in this simple picture K and Cu should have roughly the same
cohesion due to 4s orbital bonding. The LDA calculations show
that the cohesion in Cu is five times greater not only because
of a d orbital contribution (20%) but because the s-d
hybridization makes the 4s bonding stronger in Cu. These
calculations also show that the rare-earth and possibly the
actinides metals are d-bonding.

This information is captured in the universal bonding curve
of the transition metals, where the force (or pressure) on a
unit cell of the crystal is calculated as a function of
interparticle distance/4/. The generated curves are based upon
LDA calculations in which the atoms are pulled apart while
maintaining the crystal symmetry. In Fig. 1, a version of the
universal bonding curve illustrating the behavior of a
transition (Mo), a noble (Cu), and an alkali (K) metal is given.
This example shows, that if a given metal has a larger cohesion
than another, then its bulk modulus (slope of curve at ao) is
larger and its lattice constant is smaller based upon its
position on the universal curve. From these LDA calculations we
know that most of these metals have a broad sp-band that
hybridizes with a narrower d-band and that near equilibrium the

d-band pressure is always
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attractive and the sp-band pressure is always negative. Thus
the balance between these two pressures yields the observed
lattice constants. We also know that repulsive sp-band pressure
is the dominant contribution to the bulk moduli. This gives us
a picture of metallic bonding as a hybridized sp~-d bond with
weak directional character yielding close packed structures for
all the alkaline, noble, transition, rare-earths, and actinide
metals (some 65 elements). The only exceptions are the light
actinides where the d—-f hybridization generates non-close-packed
structures.

For compounds the situation is more complicated and here we
give a very brief review of this field. Again, the computed
results for lattice constants, cohesion, and bulk moduli are
within 10X of the experimental values for real materials.
Because of charge transfer effects with different atoms on
different sites, the analysis of bonding is not so straight

forward as it is for metals. (The assignment of charge in a
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multi-site problem with overlapping orbitals is ambiguous.) As
an example, we show in Table 1 the calculated results for Al,
Ni, and NizAl all calculated in the same manner. As can be
seen, the calculated results for the compound are as good as for

the elements from which it is formed/8/.

TABLE 1. LMTO RESULTS

AL(FCC) LMTO EXPT. DEV.
ag (&) 4.0345 4.0498 0.4%
B(Mbar) 0.82 0.79 3.0%
Econ(eV) 3.74 3.36 9.0%
Ni(fcc) LMTO EXPT. DEV.
ap (R) 3.5141 3.5198 0.2%
B(Mbar) 1.99 1.80 9.5%
Econ(eV) 4.45 4.45 0.0%
NizAl(CuzAu) LMTO EXPT. DEV.
ag (R) 3.571 3.5667 0.1%
B(Mbar) 1.78 1.64 7.9%
Econ(eV) 4.79 4.57 4.6%

Another goal of LDA research in the last six years has been
to calculate elastic constants by calculating the changes in the
total electronic energy associated with a given deformation.
Most of this effort has focused on cubic crystals where there
are only three independent elastic constants (Cll' C12, and
044)/6/. To obtain C11 and 012 one performs a volume-conserving

tetragonal distortion, which yields the shear constant Cs =

%(C11 - Clz). To obtain C11 and C12 separately one performs a
uniform dilation . Finally one obtains C44 from a
volume-conserving trigonal distortion along the (111) axis of
the cube. The elastic energy is then equated to the change in
the total electronic energy upon distortion.

The calculation of elastic constants has been a strong

incentive for the development of full potential methods. For
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example, in the earlier linear muffin-tin orbitual (either ASA
or its equivalent) calculations the trend in elastic constants
for the elements were given correctly, but qualitatively the
results were poor/9/. From these early results it was
determined that problem was that the contributions from the
non-spherical charge density generated upon distortion were too
large to be neglected. Recently there have been full potential
LDA calculations on both elements and compounds that are in
agreement with the experimental elastic constants at the 10 %
level. For example, Wills, et. al., has recently calculated the
elastic constants for the elements Cu, Ir, and W that are within
104 of the experimental values (except for Cjo of Cu in which
the error was 174)/10/. An example of compounds calculations is
the determination of the elastic constants of NbC and MoN/11/.
So, with the full potential techniques one can now obtain the
same level of agreement between theory and experiment for
elastic constants as was obtained earlier for lattice constants

cohesion, and bulk moduli.

3. Crystallographic Phase Stability

In the last ten years, LDA has been successfully applied to
the crystallographic phase stability of solids. For example,
Skriver/12/ recently studied the low pressure phase stability of
42 monatomic metals and correctly predicted the stable structure
for 35 of those metals. LDA has also been successfully
calculated the sequence of pressure-induced phase transitions
for a number of solids/13-17/, including several instances in
which the theoretical calculations correctly predicted
transitions that only later were detected experimentally/14,15/.

These successes are impressive and not something that one

would have anticipated, since the structural energy differences
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are small compared to the total energies. For example, one LDA
estimate of the intal atomic energy for Mg is more than a Ry
away from the more accurate Hartree-Fock values/5/. In contrast,
the energy differences between the hcp, fcc, and bec phases of
Mg are a few mRy/10/, a difference of 3 orders of magnitude
smaller than the total energy. Nonetheless, LDA calculations by
McMahan and Moriarty on hcp, fcc, and becc Mg not only reproduced
the known crystal structure at zero pressure (hcp). but also
predicted a hcp to becc phase transition between 50-57 GPa, which
was subsequently detected at 50 GPa/11/.

To understand this success, note that ILDA is nearly exact
for a homogeneous electron gas and has errors that increase as a
system becomes more inhomogeneous. Also, the errors in LDA
electronic band structures for metals tend to be small near the
Fermi level and progressively get larger for lower lying
occupied states. Hence LDA errors should be larger for core
states than for bonding states. This is in sharp contrast to HF
theory, which produces substantially better total energies, but
concentrates it’s error (neglect of correlation) in the bonding
regions.

The importance of valence bonding or band-structure effects
in determining crystal structures manifests itself in a number
of ways. One of the most general of these is an apparent
relationship between pressure induced electronic and structural
transitions in solids. McMahan/15/ has reviewed a number of
standard sequences of phase transitions which are related to an
s to d electronic transition under pressure. More recently, it
was shown that a 2s to 2p electronic transition in Li should
induce a series of structural transitions (fcc -> hep -> bec)
for pressures above 5 Mbar/17/. A number of the other
manifestations of band structure effects on crystalline phase

stability have been reviewed by Skriver/12/.
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The development of high precision techniques for solving
the LDA equations has transformed phase stability research into
an important tool for probing the boundaries of LDA. Several
recent calculations have revealed examples of systems where LDA
clearly predicts the wrong crystal structure at zero
pressure/12,18-20/. The best studied example of this type of
discrepancy is that for Fe/18-20/. Recent calculations show
unambiguously that LDA predicts fcc instead of bcc stability for
Fe, in clear disagreement with experiment/18-20/. The present
state of the art for LDA band structure calculations is such
that Fe should provide a good test for future extensions of DFT
beyond the LDA approximation.

4.  X-RAY PHOTQOEMISSION SPECTRA (ANGLE-INTEGRATED)

In photoemission experiments one shines light (incident
photons) on the sample that excites the electrons (via the
electron-photon interaction) and then analyses the energy of the
ejected electrons. For a review of the details of these
experiments see Ref. 21. Here we will give a brief outline of
the LDA theoretical model used to understand results of these
experiments. The theory can be based on the work of Caroli et
al.,/22/ yielding an exact many-body photoemission formulation
which includes electron-electron interactions to any order in
perturbation theory. Taking this theory to lowest order, which
corresponds to an independent-electron approximation, Feibelman
and EFastman/23/ have converted it into a Fermi’s
Golden-Rule-like formula in which the final-state electron has a
wavefunction corresponding to that used to describe a
low-energy—-electron diffraction (LEED) experiment. (Here the
collected electron has a velocity which is minus that of the
LEED Beam.) To develop a tractable theory one starts with the
expression for the radial photocurrent Jr'/23/
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R%J_ = K(E + ) Jj. drdr’¢"H, " InG H ¢

2
with K(E + w) = - g{———l————} V2(E+0) . In this expression H1

4re (E+w)
is the electron-photon interaction, G(r.r’.E) is the
one-particle Green's function of the initial state (at energy

E), ¢ (r.R,E+w) is the time-reversed LEFD function, and fw is

the incident photon energy, and R is the distance from the
crystal to the detector. Physically, ¢ is the wavefunction of
the ejected electron and G contains all of the
multiple-scattering effects of the initial-state wavefunction
(DOS function). At this point ¢ includes all the
multiple-scattering effects of the ejected electron in
transversing the crystal. (In XPS experiments the incident
photon energy is around 1.5 keV and so the escape depth for the
electrons can be about 50 4.) Winter et al./24/ have shown that
at KeV energies the rapidly oscillating phase factors suppress
coherent multiple-scattering and a single-site approximation for
¢ can be made. Next, using the periodicity of the solid and
restricting Hl to be the electric dipole operator, we obtain an
interaction proportional to the gradient of the crystal
potential. Remembering that the partial local DOS functions
(nk) can be expressed in terms of the imaginary part of the
Green's function, we now have Jr as a product of a single-site
¢, the gradient of potential at that site, and the partial local
DOS function. The angle-integrated photocurrent is given by an

integration over R,

I(E + @) = J R2J_(R. E + 0)dR

and with a little bit of algebra one obtains the final
expression (given here for the relativistic case)/20/
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IE + ) = 2 2 ol(E + v) nl(E)

sites «k

This final expression has been cast into a Fermi-golden-rule

form, where ni(E) are the partial DOS functions for the kth
channel on the ith site, and are given by a standard LDA

calculation. The relativistic cross-section ai(E + w) are
calculated over the energy E of the DOS functions for a fixed
incident photon energy hw (usually around 1.5 keV).

The importance of performing these calculations is that one
can then make a direct comparison with experimental data. To
illustrate this model we discuss the published results on UPt3
and UBe13/25.26/. First of all, the calculated and measured XPS
intensities in UPt3 are in very close agreement. Next this
example shows that the energy dependence of the cross-sections
of a given k {or £) is inversely proportional to bandwidth of
that k value. (So very wide bands have almost a constant
cross-section.) In the UBe13 example one sees the importance of
the relative values of cross-sections of the different atoms of
the system. Here the Be DOS function (13 atoms) is as large at
EF as the f DOS function from the single U atom, but the Be
(2=1) cross-sections are 30 times smaller and experimentally
there is no Be component at EF' The calculated XPS intensities

also show no Be component at E The agreement between these

P
one-electron calculations and XPS data is not perfect,
indicating many-body effects. As more and more of these
calculations are performed they should bring into sharper focus

the many-body effects in real systems.
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5. Optical Measurements

The interaction of light with matter is usually weak (in
the absence of high powered lasers). Hence, the optical
absorption for interband transitions, which is proportional to
the imaginary part of the dielectric function ez(w). can also be
calculated from a simple golden rule expression/27/. In the
frequency range of interest for optical transitions (on the
order of eV}, the photon wavevector is much smaller than the
Brillouin zone size and hence is ignored (dipole approximation)
and only direct transitions are considered. In the early days,
when computer power was limited, the joint density of states
(i.e., setting the matrix element squared to unity) was often
compared to optical spectra. While this gives some feeling for
the optical spectra, the energy dependence of the matrix
elements is needed for a better comparison with experiment. In
metals one must add a low frequency intraband absorption (Drude
correction) to the optical spectras/27/ and in semiconductors and
ionic compounds one must also consider excitons/22/ and possibly
impurity absorption as well.

The implicit assumption in all of this is that the LDA
eigenvalues are the same as quasiparticle eigenvalues. While
this should not be true in general, in practice the good
agreement that is often achieved suggests that this is a
reasonable approximation for metals. Early on, good agreement
was found for Al and other free-electron-like metals using
perturbative pseudopotential theory/28/. When more general
band-structure methods such as the linear combination of
gaussian orbitals (LOGO) or linear muffin-tin orbitals (LMTO)
approaches are used (see references cited in Ref. 29) on more
complicated metals, e.g., FeAl or ferromagnetic Fe, good
agreement is still achieved. Older calculations that did not

trouble to tackle the complications of accurate double Brillouin
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zone integrations by modern methods such as the tetrahedron
method, which a good optical calculation demands, nonetheless
found good agreement with optical spectra for many of the
transition metals by examining the bands themselves and looking
for likely singularities in the joint density of states that
should cause corresponding peaks in the experimental optical
spectra. A detailed comparison by such means may be found in
the review article by Macintosh and Andersen/30/.

In semiconductors the chief problem is that LDA typically
underestimates gaps by as much as 504, or even predicts metals
or semimetals instead of insulating behavior (i.e., closes the
indirect gap). At least two methods have been used to overcome
this problem. The most often used is an empirical
pseudopotential that is adjusted until the experimental gap is
correctly calculated/27/. Another approach that has been
recently proposed/31/ is to add an additional repulsive
broadened delta-function-like external potential around the
nucleus of each atom. The width and magnitude of this potential
are adjusted until the gaps at the I', X, and L points (for
rocksalt structures) fit experiment. In effect, an additional
artificial term has been added that mimics the Darwin term in
relativistic calculation. Because of its short range, its main
effect is to shift only the s-like bands up in energy and
thereby opening up the gaps. Once the gaps at one lattice
constant are correctly adjusted, the volume-pressure dependence
of the optical spectra seems to be correctly calculated without
further adjustment of the external potential.

The optical measurements probe occupied and unoccupied
electronic structure on the eV scale of energy. Another
technique, x-ray absorption spectroscopy (XAS) probes the
unoccupied states up to about a keV above the Fermi energy. In
this spectroscopy x-rays are absorbed by electronic transitions

from atomic core levels to the unoccupied states above the Fermi
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energy. Dipole selection rules lead to projections of the
electronic structure onto specific angular momentum components.
Special band-structure techniques have been developed by Miiller
and Wilkins to calculate this type of spectras/32/. These
techniques reflect the difficulties in accurately calculating
electronic states with high kinetic energies; they require much
larger basis sets with many more plane waves and angular
momentum basis functions. In addition, linearized methods run
into difficulties because of the many overlapping bands of
different angular momentum and the large energy range over which
the calculations must be done. Although the XAS data extends up
to a keV above threshold, in practice the technical difficulties
mentioned above will probably restrict band-structure
calculations to a few hundred eV above the Fermi energy. The
higher energy spectra is also considerably reduced in amplitude
by Debye-Waller type effects and hence is probably not worth
pursuing very strongly in any case. Although there is
considerable core-hole and final-state broadening that washes
out XAS, there is good agreement between these types of
calculations and experiment in predicting the relative positions
and intensities of every peak and valley in the metal
K-absorption edges out to 200 eV above threshold/33/. The only
caveat is that the experimental energy scale must be slightly
compressed/34/. It is unclear why this is necessary, but
Rehr/35/ has done calculations that suggest that this may be

corrected by an energy-dependent exchange-correlation potential.

6. Fermi Surfaces (Topologies and Mass Enhancements)

Fermi surface calculations have always been an important
test for LDA band-structure calculations. The existence of good

de Haas—-van Aphen (dHvA) experimental data for the extremal
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orbit areas provides crucial experimental verification of the
validity of the one-electron picture and of the various
approximations used for the potentials. In this section we will
only briefly review this area for nonmagnetic metals. For more
details, an excellent discussion of dHvA experiments and Fermi
surface properties is given in Ref. 36 and the situation for the
more complicated itinerant magnetic systems in Ref. 37.

The most fundamental problem facing LDA Fermi surface
calculations is that the theory in this case has no sound

theoretical underpinning. The standard LDA procedure is to

solve the equation en,ﬁ = u, where the en,ﬂ (for wave vector k
and band index n) are the one-electron eigenvalue spectra
obtained by solving the Kohn-Sham equations and p is the
chemical potential. Since the eigenvalues in LDA have no
obvious meaning, this approach is suspect. The correct

prescription is to solve the quasiparticle Dyson equation for

T and then search for the K that

satisfy En R =M In practice, since many LDA calculations have

the quasiparticle energies En

been performed that are in reasconable agreement with
experimental FS's, it is clear that the LDA eigenvalues must in
some way mimic the true quasiparticle energies. This can be

Justified by viewing the local exchange-correlation potential

-3
vxc(r) as an approximation for the mass operator, i.e.,

J dr/M(T.7; En'ﬁ)wn‘ﬂ(?’) ~ "xc(?)\“n,k’(?)
Although this is attractive, it is hardly rigorous and probably
not strictly correct.

Since the 1960's when electronic band structure methods
became sophisticated enough and available computers fast enough
for the first quantitive FS calculations on

non-free-electron-like materials, three controversies have
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continually arisen: (1) the quality of the LDA potential used,
(2) the quality of the band-structure methods themselves, and
(3) whether a non-local exchange-correlation potential is
required. The first two controversies, over the potentials and
methods, arose because calculations were initially
non-self-consistent and used a muffin-tin approximation for the
potentials; a Mattheis procedure that overlapped atomic charge
densities was used to construct the potential. As the first
self-consistent potentials started appearing, further
controversy was generated over which exchange-correlation
potential to use. Finally, when full potential methods began to
be used, there was great interest in non-muffin-tin corrections
to the FS. At the present time, with self-consistent full
potential methods we have gone about as far as possible in
solving the first two points without further fundamental
advances in the formalism. In retrospect, these new advances,
while important for sorting out where the problems really were,
often do not provide a FS that can fit experiment any better
than the original non-self-consistent calculations. The end
conclusion, point (3), seems to be that a non-local
exchange—-correlation potential is required to get the correct
Fermi surface and even this may not be enough: it is still an
open question whether or not one is forced to solve explicitly
for quasiparticle energies in order to remove the small
remaining discrepancies between the calculated and experimental
Fermi surfaces. There exists at least one counterexample model
calculation that shows that the LDA eigenvalues are not equal to
the quasiparticle energies/38/.

The question of nonlocality has been most closely examined
for free-electron-like materials. The overall Fermi surface for
these types of materials is almost forced to be reasonable,
since the Fermi surface must be roughly spherical and

Luttinger’'s theorem determines the volume enclosed by the Fermi
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surface. However, LDA calculates these small deviations from
spherical behavior to be twice as big as are observed
experimentally. Non-local corrections seem to help reduce these
deviations/39/.

For noble, alkaline-earth, and transition metals/30/, and
even for strongly correlated materials/40/, the LDA Fermi
surface is often in good agreement with measured dHvA external
orbit areas, often predicting areas within 104 of experiment.

In order to achieve such good results, however, it has often
been found necessary to shift either the Fermi energy or the
bands by a small amount. These shifts are usually rationalized
by an appeal to the non-local exchange-correlation parts of the
potential that are left out of the LDA. Based on experience
with nonlocal pseudopotentials used in semiconductors/15/, it is
known that non-local effects can be mimicked by an £€-(or orbital
angular momentum-) dependent potential. If such a potential
were to be used in a band-structure calculation, the net effect
would be to shift bands by amounts depending on the differences
between the £-dependent potentials weighted by the projected
&-dependent character of the bands. For transition and noble
metals shifts on the order of 10-20 mRy of the sp bands relative
to the d bands are typically needed to bring theory into
agreement with experiment/41/.

Another aspect measured by dHvA experiments is the
effective mass of the electrons, averaged over the various
extremal orbits. In contrast to the Fermi surface itself, which
is not expected to show many-body corrections/42/, the electron
effective masses should be enhanced over the band structure
effective mass by a factor of 1 + A for the electron-phonon
interaction/43/ and a similar factor for the electron-electron
interaction. In Table 11.1, p. 256, of Ref. 43, Grimvall gives
a list of recommended electron-phonon mass enhancement

parameters, A, for a large number of metals. These range from
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0.13 for K to 1.55 for Pb. In Au the average enhancement/26/
over the different extremal orbits as measured by comparing band
calculations to dHvA is about 0.10. In many materials the
electron-electron enhancement is considered to be very small and
is often not estimated. The one striking exception is
heavy-fermion systems, where these enhancements dominate the
electron-phonon enhancements. In UPt3, e.g., the enhancements
over the different extremal orbits/40/ (i.e., the experimental
mass divided by the band mass) range from 10-30, with 20 being a
typical enhancement. These enhancements agree well with the
specific heat enhancements/44/ of about 22.

7. LDA Calculations of Many-Body Parameters

A relatively new use for LDA calculations that is becoming
increasingly important in understanding systems with strong
electron-electron correlations is to estimate parameters for
model many-body Hamiltonians/45/, which are sufficiently simple
that sophisticated many-body techniques are available to provide
a better treatment of the correlations than the mean-field LDA
approach can do. An example of such a model Hamiltonian is the
two-band Hubbard model that is being applied to the
two-dimensional Cu-O planes of the new high-temperature
superconducting materials (e.g.. LaZCuO‘l). which can be

schematically written (we ignore all site and spin indices):

- Tqend!
H -Zepnp + Zednd + tZ(p d+pd’') + Ud nn, +
nn
Up npnp + Vdpzndnp .

The parameters € _and ep are the band centers of the

tight-binding O p and Cu d bands respectively. In the schematic
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Hamiltonian we only allow hopping between nearest—neighbor O p
and Cu d sites, which is controlled by the hopping parameter t.
More generally, other hopping terms can also be added. The
Hubbard U parameters Ud and Up control the size of the onsite
Coulomb repulsion terms. The V_, parameter controls the
nearest-neighbor Coulomb repulsion between the d and p orbitals.
Longer-range Coulomb terms could also be added, but it is fairly
standard to stop at the nearest-neighbor level. The other
standard model Hamiltonian of interest is the impurity Anderson
Hamiltonian, which can be schematically written as (again
ignoring site and spin indices):

H =2&k clth( +2ka(citf + erck) + Ufnfnf
k

This Hamiltonian, which was originally developed to understand
local moment formation, may be viewed as a localized orbital
{(here represented by an f orbital) that hybridizes with matrix
elements ka with a set of band states with band energies €
Again the Coulomb term involving Uf is responsible for the
strong on-site correlations. Without this term the Hamiltonian
is biquadratic and can be exactly diagonalized. The
Anderson-type Hamiltonian has most recently been applied to
mixed-valence, Kondo-impurity, and (when generalized to contain
a lattice of impurity sites) heavy-fermion systems. Both of the
above model Hamiltonians are, of course, extreme approximations
to the real systems; there are many more terms that should be
included. The conventional hope is that whatever interactions
are neglected will not change the physics of the standard simple
models, but will simply renormalize the standard parameters
(i.e.. their effects can be adequately represented by changing

the parameter values).
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Because these model Hamiltonians represent an Ansatz and
are not derived from first principles, except in an intuitive
sense, there is some ambiguity in how to calculate their
parameters. If we think of the different orbitals as real
localized orbitals (actually, Wannier states, since most of the
model Hamiltonians implicitly assume orthogonal states), then
the various hopping parameters and Coulomb repulsion terms could
be calculated directly in terms of the wave functions of the
orbitals. Different size orbitals would then give different
sets of parameters. In practice, because of the implicit
renormalizations and orthogonalizations and the drastically
simplified nature of the Hamiltonians, LDA calculations of the
parameters usually assume that the quasi-localized orbitals must
somewhat resemble the Wannier functions that make up the band
states. Thus the hopping parameters, hybridization matrix
elements, and band centers are typically derived from
tight-binding fits to the LDA band states. To make the
calculations tractable it is further assumed that these
parameters are independent of the Coulomb correlations. The
most difficult part of the calculation is the Hubbard U (or
onsite Coulomb) parameters. These parameters are calculated by
constrained total energy calculations. The orbital of interest,
which we will call a d orbital, is put in as a core orbital that
does not hybridize with any other states. In the simplest
treatments all of the other electrons are then allowed to
self-consistently relax as a function of the number (n) of d
electrons; for this reason the calculated U’'s are said to be
screened parameters. The total energy is then fit to the form:
E{(n) = constant + ne, + (1/2)Un(n-1). Alternatively, one can
use a theorem of density functional theory that the one-electron
o* U(n -
172). To obtain Upd type parameters, one must similarly vary

eigenvalue eq is given by JE(n)/3n, or in our case by €

two different occupation numbers. To handle charging effects



386 R.C. Albers, A.M. Boring, and J.C. Boettger

due to adding or subtracting electrons one can either force the
unit cell to be neutral (in effect, transferring electrons
between the localized orbitals and the other band states) or by
adding a uniform neutralizing positive charge background.
Ideally, the localized orbitals should be thought of as being on
impurity atoms that are embedded in the otherwise perfect
lattice. In practice, supercells are often used that have a
lattice of such impurity atoms with the hope that electron
screening will reduce any significant impurity-impurity
interactions. This is often an excellent approximation and for
some systems the screening seems to localize the effects of the
occupation changes to within the original unit cell so that even
supercells are not necessary. Another condition to make these
procedures meaningful is that the localized orbital should
actually be localized. If the orbital leaks out of the atomic
sphere radius by any significant extent, a core-wave—function
representation of the localized orbital becomes less meaningful.
This problem presents itself in the copper-oxide
high-temperature superconductors, since the oxygen p-orbitals

are quite extended.

8. Heavy Electron Systems

Heavy-electron (sometimes called heavy-fermion) systems are
a particularly striking example of the partial success that 1DA
theory can achieve even when applied to some very unlikely
systems. The heavy-electron systems are cerium or actinide
compounds (i.e., materials containing atoms with a partially
filled f shell) that have enormous specific heat and magnetic
susceptibility enhancements that are believed to arise from very
strong electron-electron correlations. Useful reviews of the
experimental literature for these systems are given in Refs. 41,

and for the various theoretical approaches in Refs. 42 and 43.
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An LDA band structure approach to these systems has often
been characterized as irrelevant. This dismissal has been based
on both conceptual and practical grounds. Typical conceptual
grounds include, e.g., (1) strong electron-electron correlations
are not expected to be handled very well in LDA approaches; (2)
large entropies were found experimentally for some of these
systems that would presumably imply localized excitations
instead of an itinerant band structure; (3) the success of the
Kondo model in describing magnetic impurities in metals
suggested to many that a "Kondo lattice" is a better description
of heavy-electron behavior; and (4) strong magnetic fluctuations
that are beyond LDA theory have been observed in some systems.
The most obvious practical grounds for dismissal are the huge
experimental linear specific heat coefficients, which are often
20-30 times larger than the LDA predictions.

Many of these objections are probably correct and there is
no doubt that a complete theory of heavy-electron behavior
requires a theory with much more physics in it than can be
encompassed within a conventional LDA. This is neither
disturbing nor surprising. Much of the anomalous properties of
heavy-electron behavior are a consequence of the unusual low
energy excitation spectrum due to the strong electron-electron
correlations, whereas LDA theory has always been expected to
only be strictly correct for ground state properties.

When we consider experiments that measure ground-state-like
properties or ignore the low energy excitation spectra, LDA
methods do quite well. As mentioned earlier, XPS experiments
that measure the occupied electronic states are in quite good
agreement with LDA results for UPtB. Even more strikingly, LDA
band calculations/40/ for the Fermi surface of UPt3 are in
excellent agreement with dHvA/49/.

In terms of experiments that probe the electronic structure

away from the Fermi surface, valence-band XPS experiments are
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the simplest to interpret because they are a high-energy bulk
measurement. For the heavy electron systems UPt3 and UBe13 good
agreement is achieved between theory and experiment/25,26/.
However, it should be noted that the agreement is much better
for UPt3 where the spectra mainly shows the filled Pt d bands
than for UBe13 where the U f bands dominate. Allen et. al./50/
have done resonant PES and BIS spectra, which they interpret as
showing U f spectral weight over a much larger energy range than
the ILDA U f bands. This claim is difficult to validate because
PES spectra strongly probe the surface region, whose lower
symmetry geometries would tend to widen the f bands., and also
involve problems with final state effects (by this we mean that
electronic structure in the 100 eV region above the Fermi energy
must also be folded in at least at the level of a joint density
of states for a simple interpretation of the PES spectra). On
the other hand, the PES off resonance looks very similar to the
XPS data, which suggests that surface and other effects are not
important for this system. This leads to the following problem:
band structure seems to give good agreement with XPS data but it
produces f bands that are far too narrow to explain the PES and
BIS data. This problem has been noticed by Allen in a recent
paper/51/, who suggests that the poor resolution of the XPS
experiments is the cause of the problem. We believe that the
XPS data probably agrees so well because it mainly probes the Pt
d bands, which should be as well behaved as any normal
transition-metal compound. The U f states, which are almost
certainly itinerant, based on the Fermi surface work, do provide
important structure near the Fermi energy. However, since they
blend into the top of Pt d bands and because of the poor (on the
order of 1 eV) XPS resolution it is difficult to separate out
their true width. The resonant PES has the advantage of
specifically picking out f character.
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The huge specific heats and effective masses measured in
dHvA experiments have been problematic for an LDA theory from
the very beginning. If one accounts for the specific heat by
using an enormous static DOS value at the Fermi surface, then
the average bandwidth would have to be extremely narrow.
Theoretically, such a huge DOS would immediately lead to
instabilities; the system would distort to lower the band
energy. It seems clear therefore that the effective masses must
be dynamic in origin, most likely due to strong low-energy spin
fluctuations. This would seem to lie outside the realm of an
LDA approach. Nonetheless, in analogy with the quasiparticle
mass—enhancement theories of the electron—-phonon interaction
that is observed in normal metals/42/, some work has been done
on "renormalized” band structures. These ideas are reinforced
by a number of hints that heavy-electron systems can be
described by Fermi liquid theory at low temperatures. Since the
IDA already provides reasonable Fermi surfaces, the main idea is
to use an ad hoc or phenomenological ("renormalized”) f-electron
phase shift in the spirit of Landau to increase the effective
masses for the f-electron-like quasiparticles and to use the
normal LDA phase shifts for all of the other electrons.
Zwicknagl/52/, who has reviewed earlier renormalized band
approaches, finds that these approaches seem to be able to
provide a realistic description of the low-energy excitations in
heavy-electron systems without reducing the Fermi surface
agreement provided that the spin-orbit splitting is sufficiently
large and that crystalline electric field effects are small
compared to the quasiparticle bandwidth. From these
considerations Ce compounds are expected to show more
discrepancies between the quasiparticle and LDA Fermi surfaces

than uranium heavy-electron systems.
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9. Films and Surfaces

The study of systems exhibiting two-dimensional periodicity
provides a perfect example of an area of research for which
theory, experiment, and technology. have undergone a rapid and
mutually supporting expansion. Under the constant driving force
of the technological need to develop ever smaller and faster
electronic devices, techniques have been developed which make it
possible to build devices or laboratory samples by depositing
single layers of atoms on a substrate (or previous layer) in a
well-controlled manner. Simultaneously, a number of relatively
new experimental techniques have been developed which allow such
samples to be characterized and studied in great detail (for
example, see Ref. 53). LDA has played a significant role in
this expansion by providing the only theoretical tool capable of
studying the full range of properties that may be exhibited by
surfaces, films, interfaces, and overlayers.

Two-dimensional systems are also a severe test for DFT
theory, since such systems combine all of the difficulties
inherent in bulk calculations with those of large cluster
calculations. Theoretically, there are reasons to expect that
the LDA approximation will eventually prove inadequate to deal
with many important aspects of these systems such as the
inhomogeneity of the Friedel oscillations known to form at
surfaces/54,55/, the highly localized nature of some surface
states/56,57/, and effects due to image potentials/57,58/. Thus
these systems should provide an important test for extending DFT
beyond the LDA-DFT approximation.

It should be apparent that the general field of 2d systems
is extremely large and we will therefore, only have space to
present a few examples of current work that illustrate the

diversity of the work being performed and some of the
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connections between theory and experiment. For a broader view
of some of the older work in this area, the reader is referred
to the 1982 review article by Inglesfield/59/.

The work function is probably the most easily
experimentally determined property of a film or surface. It is
also the only one-electron eigenvalue produced in a DFT
calculation which is rigorously interpretable as an electron
removal energy/60/. Thus, the work function is one quantity for
which extensive comparison between theory and experiment exists.
At the simplest level, systematic comparisons have been made
between the theoretical work functions for alkali metal and
alkaline-earth metal monolayers and corresponding bulk
experimental values/61,62/. The theoretical calculations do an
excellent job of revealing the qualitative trends exhibited by
the experimental data. Quantitatively, the theoretical values
are all larger than the experimental values by a few tenths of
an eV. This result is not surprising given that the monolayer
can be expected to have states which extend further into the
vacuum than those for a true semi-infinite solid, and the dipole
barrier will be larger.

More extensive LDA calculations have studied the behavior
of the work function as a function of film thickness/63-66/.
These studies have revealed significant oscillations in the work
function as layers are added. For example, Feibelman and
Hamann/65/ used LDA electronic structure calculations to predict
the work functions of Rh, Cr, Au, and Al for films ranging from
1 to 7 layers thick. In all cases, the work function of the
monolayer is a few tenths of an eV larger than the
experimentally observed bulk value. As layers are added, the
work functions exhibit damped oscillations which, for three of
the four metals, converge on the experimental values (see Table
II). These predicted oscillations in the work functions of

metals represent one example of what are refered to as quantum
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size effects (QSE) in thin films. The QSE is a natural
consequence of the additional length scale (thickness} that
appears in a variety of experimentally observable properties of
thin films/67/ when the thickness of the film is comparable to
the deBroglie wavelength of the electrons. Thus far the
quantitive predictions for QSE in the work functions of thin
films have not been tested experimentally due to difficulties in
trying to replicate, in the laboratory. the free standing films
considered by the calculations/65,67/. Such a test would be
quite illuminating, since the QSE in the work function should be
highly sensitive to the Friedel oscillations in the charge
density.

TABLE II. Work function ¢ (in eV), vs. layer number for various
l-layer films and for experiment (taken from Ref. 65)

Film 1=1 2 3 4 5 6 7 Expt.
Rh(111) 6.51 5.40 5.79 5.59 5.64 5.63 5.1
Cr(001) 4.93 4.46 4.60 4.51 4.48 4.46
Au(100) 5.96 6.13 5.92 5.41 5.66 5.43 5.47
Al(111) 4.74 4.53 4.10 4.43 4.34 4.31 4.26

Another area of interest has been the description of the
surface states (SS) which are known to form in the gaps of the
bulk electronic band structure/68/. Indeed, a number of LDA
calculations for thin films have produced SS which are in good
qualitative agreement with experiment/56,59,69-73/, i.e., they
produce peaks in the photoemission spectra at roughly the
correct energies. However, it is not yet clear that the SS
produced in LDA calculations are capable of giving detailed
quantitative agreement with more recent angle-resolved photo

emission spectroscopy (ARPES) data. For example, the
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(001) surface of W exhibits several SS in both ARPES data (see
Ref. 59) and LDA calculations/74/. However, the actual shapes
of the rather complicated SS bands are noticeably different.

For Cu (110), the situation is even worse with ARPES data
revealing the existence of SS which do not appear in the
calculated bands and failing to detect those which do appear in
the calculations/75/. It is not clear if these difficulties are
due to fundamental problems in LDA or if they are a result of
other factors, i.e.. surface reconstructions, finite thickness
effects in the calculations, etc.

One example of a SS band which has a simple shape, and
which has been mapped out in detail with ARPES, is the SS formed
at the center of the 2d Brillouin zone (BZ) on the Be (0001)
surface. That SS band is parabolic and has a measured effective
mass of about 1.5 me/76/' IDA calculations on 1, 2, and 3 layer
films of Be (0001)/56/ reveal an energy band which appears to
be that SS (or its precursor), in qualitative agreement with
experiment. However, the calculated effective mass of that band
is only 1.0 m, for all three film thicknesses considered. It
has been suggested/56/ that this discrepancy is due to the
relatively localized nature of that SS; the argument being that
for a localized surface state, the self-interaction problems
known to occur in localized states in other systems/51/ will
cause the SS to extend too far into the vacuum region, thereby
reducing the effective mass of the SS. If this analysis is
correct, it could be indicative of fundamental problems
associated with applying LDA to surface states in general.

The vast majority of existing LDA calculations for 2d
systems have tended to focus on the one-electron properties we
have discussed up to this point. Only recently have LDA film
calculations achieved the high precision and speed necessary to
determine the structural properties via total energy

calculations. Even now, the range of problems accessible to
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such calculations is limited by the complexity of the systems
involved and may be divided into three categories: 1) total
geometrical optimization of relatively simple films, monolayer
or dilayer/62,77-82/,3) surface relaxation calculations in which
the vertical spacing of the outermost layers for a thick film
are allowed to relax/83,84/, and 4) surface reconstruction
calculations in which the general positions of the atoms in the
outermost layer are varied/85-87/.

Of the three categories of structural calculations
described above, the most formidable is the surface
reconstruction problem. The basic difficulty is two fold.
First, the size of a single calculation for a given
reconstruction will generally be quite large, with an n X m
reconstruction requiring a least nm atoms per layer. Second,
even when the general form or symmetry of a reconstruction is
known the actual atomic positions may be unclear. Thus, the
theorist can only try to sample the more obvious possible
reconstructions that are consistent with the underlying symmetry

and minimize the energy (see Ref. 87}.
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Configuration interaction theory, 304-306
Configuration space wave functions, 65
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Levy-Lieb—Valone algorithm, 44
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Coordinate scaling theorem, 78-83
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Correlation functional, separate treatment-
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Crystallographic phase stability, LDA
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Crystal perturbation model, 354
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variational principle, 239
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D

Density amplitude, 308
Density functional exchange, bound for,
76-78
Density functionals
density-driven self-consistent fieid theory
approaches to, 312-315
formalism, 309-312
molecular orbital theories, 304306
nonlocal
density response functions,
179-180
energy response functions, 180
exchange-correlation functional,
181183
gradient approximation, 184
LDA and, 183-184
long-range anomalies for exchange and
correlation separately, 191195
¢ dependence of K, 185-191
one-particle wave functions, 306-309
Density functional theory
density matrix foundations of, 47—-49
history of, 8-17
with other methods, 24
practical implementations of, 24-25
in spatially inhomogeneous environments,
25
strong local electron correlation and, 24
time-dependent, 4, 24, 256-258
applications to photo-response of atoms,
molecules, and metallic surfaces,
281-287
approximations for the exchange-
correlation kernel, 277-281
exact mapping between densities and
potentials, 258-267
formalism, 258-271
frequency-dependent linear response,
271-281
linear response limit of, 271-281
self-consistent equations for linear
density response, 271-277
time-dependent Kohn—-Sham scheme,
268-271
variational principle, 267-268
Density gradient expansions
analysis based on Fermi—Coulomb hole
distributions, 218-232
coefficients, first principle derivations,
201-218
Density response, linear, self-consistent

Index

equations for, 271-277
Density response functions, 179-180
connection with energy response, 180—181
Density space, 37-39
Derivative discontinuity, 127-130
DFT, see Density functional theory
Diamond
calculated minimum gap, self energy
approach, 162
discontinuity in exchange-correlation
potential, 109
LDA gap error, 109
quasiparticle energies, 105
Dielectric screening, 158-160
Discontinuity
derivative, 127-130
for semiconductors and insulators,
101-103
Doppelginger problem, 3

E

Elastic constants, calculation, 371-372
Electron density, as basic variable for
electronic structure problems, 293-295
Electron gases, homogeneous, exchange-
correlation part, 23
Electron gas model, 343-346
comparison of methods, 355-361
Coulomb-stabilized non-rigid spherical
ions, 350-351
free ion approximation, 346-347
modified, 346-347
ionic crystals containing polyatomic anions,
353-351
modified, 344
neutral molecular crystal perturbation
model, 354
non-spherical, polarized ions, 352-353
spherically stabilized rigid ions, 347-348
variationally stabilized non-rigid spherical
ions, 348-350
Energy response functions, 180
connection with density response, 180181
Equidensity orbitals, special, 33-34
Equiensemble energies, He atom, 148151
Equiensemble exchange-correlation
functionals, QLDA for, 144—146
Equiensembles, Hohenberg—Kohn theorems,
138-140
Exchange component, 76
exact, theorem for, 88-91
Exchange-correlation effects, 24
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Exchange-correlation energy, 43-44
Exchange-correiation energy response
function, 182
local and nonlocal parts, extraction, 183
g dependence of, 185--191
Exchange-correlation functional, 21,
181-183
equiensemble, QLDA for, 144146
long-range anomalies for exchange and
correlation separately, 191-195
Exchange-correlation kernel, in time-
dependent DFT, approximations for,
277-281
Exchange-correlation potential, 23
discontinuity for Si, GaAs, AlAs, and

diamond, 109
for semiconductors and insulators,
101-103

Exchange functional, separate treatment-
related long-range anomalies for,
191-195

Excitation energies. calculation

equiensemble approach, 142
fractional occupation approach, 143144
Excitation spectrum, He atom, 151-152
Excited states
calculation of excitation energies
equiensemble approach, 142
fractional occupation approach,
143—-144
He atom
equiensemble energies, 148151
excitation spectrum, 151-152
Hohenberg—Kohn theorem, 138-140
Kohn—-Sham equations, 140142
QLDA application to the fractional
occupation method, 146147
QLDA for equiensemble exchange-
correlation functionals, 144146
quasiparticle description, 155-156
Rayleigh—Ritz principle for, 137-138

Exclusion potential, 308

Expansions, exchange and correlation energy
density functionals, see Density-gradient
expansions

Extensivity, 114-115

External potentials, exact mapping between
densities and, 258-267

F

False surface energy, 126—127
Fermi-Coulomb hole distributions, density

gradient expansion analysis based on,
218-232
Fermion reduced density matrices, 1-2
Fermi surfaces, LDA calculations, 379-383
Feyman path integrals, formulation of DFT
with, 295-299
Films, LDA applications, 390-394
Finite basis model, 35-36
loss of Hohenberg—Kohn theorem, 35-36
loss of N-representability, 35
Finite systems, Gaussian-type orbitals
approach to, see Gaussian-type orbitals
approach
Fourier path representation, 298-299
Fractionally occupied states, Hohenberg—
Kohn theorems, 138-140
Fractional occupation method
QLDA application to, 146-147
transitional state method and, 147-148
Fractional occupation numbers, 3, 329-331
Kohn-Sham formulation, 3
Free ion approximation electron gas model,
346-347
comparison with other methods, 355-361
Free negative ions, DFT treatment of, 4

G

Gallium arsenide
direct band gaps and minimum gap, 111
discontinuity in exchange-correlation
potential, 109
LDA gap error, 109
minimum quasiparticle band gap, 109
quasiparticle energies, 105
Gap error, LDA, for Si, GaAs, AlAs, and
diamond, 109
Gases, of noninteracting electrons, 20-22
Gauge-invariance, 241-243
Gaussian-type orbitals, 318
Gaussian-type orbitals approach
analytic treatment of X, functional,
326-328
fitting the Coulomb potential, 320-323
fractional occupation numbers, 329-331
SCF convergence, 329-331
Germanium
calculated band gaps and dispersions, with
model for dielectric matrices, 164
calculated minimum gap, self energy
approach, 162
calculated quasiparticle energy and LDA
eigenvalue differences, 167
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Germanium(111): As surface, self energy
approach to quasiparticle energies,
169-172

Green'’s function, in integral formulation of
DFT, 267-298

Ground state, many-electron system, particle
density distribution and, 13-14

Ground-state densities, from experimental
densities, formulas for, 84-86

GTO, see Gaussian-type orbitals approach

GW approximation, 157-158

GW procedures, separated atom limit, 3

H

Hamiltonians, many-body, LDA calculations,
383-386
Hartree equations, extraction, 19-22
Hartree—Fock density, extension of
Hohenberg—Kohn theorem A to,
73-74
Hartree-Fock equations, extraction, 19-22
Heavy electron systems, LDA applications,
386-389
Helium atom
equiensemble energies, 148—151
excitation spectrum, 151-152
Hilbert spaces, fundamental, 31
Hohenberg—Kohn-Sham theory, spin-density
version, 117-122
Hohenberg—Kohn theorems, 2, 28
constrained search formulation of, 72-75
current-density functional theory and,
237-239
energy contributions, 41-44
equiensembles and ensembles of
fractionally occupied states, 138—140
loss of, 35-36
two-step variational procedure, 50-55

I

Insulators
discontinuity calculation, 101-103
exchange-correlation potential calculation,
101-103
quasiparticle energies, self energy
approach, 162-166
Integer preference, 115-116
Integral formulation, of DFT, 295-299
electron density as basic variable, 295-299
limitations of, 299-300

Index

Interfaces
LDA applications, 390-394
semiconductor quasiparticle energies, self
energy approach, 168-169
fonic crystals containing polyatomic anions
comparison with other models, 355-361
model, 353-351
Ionic solids
Coulomb-stabilized non-rigid spherical
ions, 350-351
electron gas model, 343-346
free ion approximation, 346-347
non-spherical, polarized ions, 352-353
spherically stabilized rigid ions, 347-348
variationally stabilized non-rigid spherical
ions, 348-350

J

Janak—Slater theorem, 3

K

Kinetic energy, 41-43
Kohn-Sham equations, 140—142
extended, 59-61
Kohn—Sham scheme, time-dependent,
268-271
Kohn—Sham variational procedure, 2

L

Lagrange multiplier, in density-driven self-
consistent field method, 309, 315
Lattice constants, calculation, 368-372
LDA, see Local density approximation
Linear density response, self-consistent
equations for, 271-277
Linearly independent product basis
consequences, 40
definition, 39
Linear response, 179~183
connection between energy and density
response, 180—181
density response functions, 179—180
energy response functions, 180
Lithium chloride
calculated minimum gap, self energy
approach, 162
calculated quasiparticle energy and LDA
eigenvalue differences, 167



Index

Local density approximation, 1, 23
atom-surface interactions and, 3
for current-density functional theory,
244-246
gap error for Si, GaAs, AlAs, and
diamond, 109
properties of periodic systems, 365-368
bulk moduli, 368-372
cohesive energies, 368372
crystallographic phase stability, 372-374
elastic constants, 371-372
Fermi surfaces, 379-383
films, 390-394
heavy electron systems, 386389
lattice constants, 368-372
many-body Hamiltonians, 383-386
optical measurements, 377-379
surfaces, 390-394
two-dimensional systems, 390-394
X-ray photoemission spectra, 374-376
quasi-LDA
application to the fractional occupation
method, 146-47
for equiensemble exchange-correlation
functionals, 144-146
self-energy approach and, 157-161
Local density functional, 318
Local exchange potential, 23
Local operators, 32-33
Local potential methods, 318
analytic treatment of X, functional,
326-328
chemisorption on nickel surfaces, 331-335
fitting the Coulomb potential, 320-323
grid problem, 324-326
SCF convergence and fractional occupation
numbers, 320-331

M

Magnetic fields, current-density functional
theory, see Current-density functional
theory

Many-body Hamiltonians, LDA calculations,
383-386

Matrices, 31

Matrix spaces, 36-37

Metal alloys, concentrated substitutional,
cohesive energies of, 9-10

Metallic surfaces, photo-response, time-
dependent DFT appiications, 281-287

Modified electron gas model, 344

403

Coulomb-stabilized non-rigid spherical
ions, 350-351
free ion approximation, 346-347
ionic crystals containing polyatomic anions,
353-354
neutral molecular crystal perturbation, 354
non-spherical, polarized ions, 352-353
spherically stabilized rigid ions, 347-348
variationally stabilized non-rigid spherical
ions, 348-350
Molecular orbital theories, 304-306
Molecular solids
ionic crystals containing polyatomic anions,
353-351
neutral molecular crystal perturbation
model, 354
Molecules, photo-response, time-dependent
DFT applications, 281-287
Multiconfiguration, 61-63
Multi-configurational self-consistent field
theory, 304-306

N

Neutral molecular crystal perturbation model,
354
Nickel surfaces, coadsorption of alkali atoms
and CO on, 331-335
Noninteracting electrons, gases of, 20-22
Nonlocal density functionals
density response functions, 179-180
energy response functions, 180
exchange-correlation functional, 181183
gradient approximation, 184
LDA and, 183-184
long-range anomalies for exchange and
correlation separately, 191-195
g dependence of K, 185-191
Nonlocal operators, 32-33
Non-spherical, polarized ion modified
electron gas model, 352-353
comparison with other models, 355-361
N-representability, 2, 34
conditions, built-in pure-state, 55-59
loss of, 35

0

One-electron operators, 30

One-electron propagator, 2-3

One-particle wave functions, construction,
306-309
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Optical measurements, LDA applications,
377-379

Orbital-generated exchange-correlation
potential, conditions for, 87-91

P

Particle number, 30
Particle order, 30
Path integrations
Feyman, 297-298
Fourier representation, 298-299
Periodic systems, LDA applications, 365-368
bulk moduli, 368-372
cohesive energies, 368-372
crystallographic phase stability, 372-374
elastic constants, 371-372
Fermi surfaces, 379-383
films, 390-394
heavy electron systems, LDA applications,
386-389
lattice constants, 368-372
many-body Hamiltonians, 383-386
optical measurements, 377-379
surfaces, 390-394
two-dimensional systems, 390-394
X-ray photoemission spectra, 374-376
Phase equations, 25
Photo-response, applications of time-
dependent DFT, 281-287
Potential-induced breathing model, 351
Proper vectors, 306

Q

QLDA, see Quasi-local density
approximation
Quasi-local density approximation
application to the fractional occupation
method, 146-47
for equiensemble exchange-correlation
functionals, 144-146
Quasiparticle band gap, minimum, for Si,
GaAs, AlAs, and diamond, 109
Quasiparticle energies
for aluminum arsenide, 105
and DFT, 98-101
for diamond, 105
diglectric screening, 158-160
for gallium arsenide, 105
self energy approach, 157-161
bulk semiconductors and insulators,
162--163
semiconductor interfaces, 168169

semiconductor surfaces, 169-172
short period superlattices, 168—169
simple metals, 166—-168

for silicon, 104

R

Rayleigh—Ritz principle, 13, 15-16
Real space wave functions, 63-65
Reduction index, 37
Reduction superoperator, 32
Restricted operators, 32
Rigid ion modified electron gas model,
347-348
comparison with other models, 355-361

S

SCF, see Self-consistent field theory
Second-quantized formalism, 30
Self-consistent equations, current-density
functional theory, 239-241
Self-consistent field theory, 304-306
convergence, in GTO, 329-331
deasity-driven
approaches to, 312-315
formalism, 309-312
hybrid method, 313-314
Self energy approach, to quasiparticle
energies, 157-161
bulk semiconductors and insulators,
162-163
semiconductor interfaces, 168169
semiconductor surfaces, 169172
short period superlattices, 168—169
simple metals, 166168
Self-interaction correction, 122-127
Semiconductor surfaces, quasiparticle

energies, self energy approach, 169-172

Semiconductors
discontinuity calculation, 101-103
exchange-correlation potential calculation,
101-103
interfaces, quasiparticle energies, self
energy approach, 168—169
L.DA methods, 378-379
quasiparticle energies, self energy
approach, 162-166
Separability, 114
Shell radii, determination, 348-351
Silicon
calculated band gaps and dispersions, with
model for dielectric matrices, 164
calculated minimum gap, self energy



approach, 162
calculated quasiparticle energy and LDA
eigenvalue differences, 167
direct band gaps and minimum gap, 111
discontinuity in exchange-correlation
potential, 109
LDA gap error, 109
minimum quasiparticle band gap, 109
quasiparticle energies, 104
Single-shell polarization model, 352-353
Size-consistency principles, 114-116
implications of, 130-131
Slater local exchange potential, 23
Sodium, quasiparticle energies, self energy
approach, 166-168
Special equidensity orbitais, 33-34
linear dependencies among products, 38
physical significance, 34
Spherically stabilized rigid ious electron gas
model, 347-348
comparison with other models, 355-361
Stationary entropy and renormalization, 15
Stationary states, 63
Strong local electron correlation, 24
Superlattices, quasiparticle energies, seif
energy approach, 168169
Surface energy, false, 126-127
Surfaces
germanium(111):As, self energy approach
to quasiparticle energies, 169—172
LDA applications, 390-394
semiconductor quasiparticle energies, self
energy approach, 169-172

T

Third theorem, 63
Thomas—Fermi approximation, inversion, 12
Thomas—Fermi theory, 1
rederivatization and improvements of,
17-19
time-dependent, 256
Time-dependent DFT, 256-258
applications to photo-response of atoms,
molecules, and merallic surfaces,
281-287
approximations for the exchange-
correlation kernel, 277-281
exact mapping between densities and
potentials, 258-267
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formalism, 258-271
frequency-dependent linear response.
271-281
linear response limit of, 271-281
self-consistent equations for linear density
response, 271-277
time-dependent Kohn—Sham scheme,
268-271
variational principle, 267-268
Transition metal surfaces, chemisorption of
alkali atoms and CO on, 331-335
Transition state method, fractional occupation
method and, 147-148
Two-band Hubbard model, LDA calculations,
383-386
Two-dimensional systems, LDA applications,
390-394
Two-electron operators, 30

U

Universal variable functional
existence of, 74-75
partitioning of, 75-76

\%

Variationally stabilized non-rigid spherical
ion electron gas model, 348--350
comparison with other models, 355-361
Variational principle, 20-22
current-density functional theory, 239
discovery, 16~17
time-dependent DFT, 267-268
two-step variational procedure, 50-55
V-representability, 2

w

Wave functions
configuration space, 65
one-particle, construction, 306-309
real space, 63-65

X

X., functional, analytic treatment in GTO,
326-328

X-ray photoemission spectra, LDA model,
374-376





